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ISKENDEROY B.A.

ON BEHAVIOUR OF SOLUTION OF THE INITIAL-BOUNDARY
VALUE PROBLEM FOR THE SOBOLEV EQUATION IN
CYLINDRICAL DOMAIN AT ¢ — +©

Abstract

At studving small oscillation of rotating fluid by S.L. Sobolev in [I] was
distinguished the class of equation of the form
O pus P8 S)
o ot
and for its he studied Cauchy problem, first and second boundary value problems. In
article [2] he investigated behavior of solution of Cauchy problem at t —» +0 t00. At
present there are great numbers of articles devoted to studying different boundary value
problems for Sobolev’s equations. More detailed literature can be found in [3]-[6].

§1. Definitions, notations and uniqueness of solution of initial-boundary value
problem for Sobelev’s equation.

Let R, {(y) be m -dimensional Euclidean space with element y=(y;,%5,....,)
and R,(x) is the same space with element x=(x,x,,...,x,). Let II=R (x)xQ be a
cylindrical domain in R,(x)x R,(y), where Q is a bounded domain in R,(y) with
smooth boundary 8Q . Let Q =11x{0,0). We consider in @ the next problem

%;Anmu(x,y,t) +4 ulx,y,0)= f(x,)e' O
with the initial conditions
: u{x,y,0)=0, M:o, @
and the boundary condition :
3y =0, &)

where @ is a real number, A, , is the Laplacian on (x,y), A,- on (x),

Flry)eCy(II). We denote that, if symbol of operator at higher derivative on time
variable has not real roots (non-singular case) initial-boundary vatue problem for this
equation were studied in [3]-[6]. The singular case, with the exception of Cauchy problem
and initial-boundary value problem in a quarter space, is not studied. In given article the
singular case for problem (1)-(3) is studied.

Definition. The function u(x,y,t) we shall call a classical solution of problem
W-6), if ulr,p,1)e C*** 0, )N C**{[[0,0)), satisfies the equation (1),
conditions (2), (3} in ordinary sense and
D; DY DYulx, y.t) < Cle)e ™ | @)
uniformly with respect to (y), where ‘x| is Euclidean norm of (x) in R,, y>0 some

constant, 0<a <2, 0£ <2, 0sv<2, |C(t]sCt', q >0, continuous function.
Theorem 1. The classical solution of the problem (1)-(3) is unique.
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Proof. We show that homogeneous problem, corresponding to the problem (1)-
(3) has only trivial solution. Let o (x) be the sphere with center at origin of coordinates

and radius R in R, (x}, 1z =Qx o4(x). Then

3, = x oz (x)U Q2 xdog(x).
Multiplying homogeneous equation (1) to #, (x, ,t) integrating on [T, by part in this
using first Green’s formula and the boundary condition (3) we receive

R ORI
IECEIRS S

where dsis the element of the surface 8]1,. In (5) tending R— 0 by virtue of
conditions (4) we receive

aal JZ[ ] ok IZ[ ].dII=0- ©

i=1

Denoting by

2
2 a9 2
ol =lv
fof (2] en-w o, g

energy integral

Elt)== ||Vu,”im) + “V“"i(u} ,
and integrating (6) on [0,3‘] we obtain

E(t)=E(0).

Since for homogeneous problem E(0)=0, then

E(I)EO

for all 7> 0. From this follows, that u(x, Vs y) =0. Theorem 1 is proved,

§2. Construction of Green’s function of stationary problem.

By virtue of estimation (4) we accomplish Laplace transformation with respect to
t in problem (1)«(3). Then obtain next boundary value problem with complex parameter
k

K (B + B, Julry, )= (ffa;) @

ulx, y,ki =0, ®
Al

where Rek>0, ;J(x, y,k) is Laplace transformation of u(x, y,t). Problem (7)-(8) is

called stationary problem corresponding to the problem (1)-(3). Now we construct

Green’s function for the problem (7)«(8). Accomplishing in (7)-(8) Fourier transformation

with respect to x we have
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. £{8, - o - =4 (S 2 ) ©)
u(ssyski =0, (10)
Fe)

f(s, ) denotes Fourier transformation of f (x, y)- For simplicity we put

. ;t(s,y,k)z V(s,y, k).
We consider the differential expression L = A, with the domain of definition
‘ D(r)={80): s(r)eC*@NC(@), A,50) L,(Q), 9, =0}.

The differential expression L with domain of definition D(L) generates a
negative-definite self-adjoint operator L,. It is known [7] (p. 177-178) that spectrum of
operator L, is discrete and for its eigen-values A, are such that

0> 24,2242, }ﬁ’l’ =—0,

The eigen-functions ¢, (v) of the operator Z,, corresponding to eigen-values 4,,
forms a basis in the space L,(£2). Now we can prove the following theorem.
Theorem 2. Green's function of problem (7)-(8) is an analytic finction of the

parameter k , without pole-point k =0, singular points k =i and for its take place the
- next representation

]

a
3 )2
G(k,x,y,z)-v-l(zx) 2 I r_ [ Ak J N

aK? B+l

Ak
XHSL[IJd l f(y)ﬁ’;(z), (11)
2

K +1
. where HU(z) is Hankel function first kind, order v. At Rek2£>0, [f25>0 the
series in (11) converges uniformly with respect to k and (x, y,z) in every compact subsef
. Sfrom 11.
Proof. Using theorem 3.6. from [7] (p.177) for solution of problem (9)<(10) we
have
< Cils
Vis,y k)= — Cle (':) , (12)
AR | & +1)
where

)=y [T ekes

The solution of problem (7)-(8) is determined as the inverse Fourier transformation of
V(s, y,k) with respect to s :

ulx,y, 3, s =

an, (y) (St (S()e:'?]sf,ds . (13)

(Zﬂ')" =1 ijkz
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The intergration here is allo%ved because the series (12) and its derivatives converge
uniformly [8] (p.231). Taking into account

F6.2)=2(1(x.5))..

where 7 is Fourier transformation, from (13) we obtain

5 0,) J’ﬂ (rf{ e 'g_x)d“"] ’ }dr: : (14)

(@) ( i) A Ak (k2 —1)s

£i€)= gf(«:,z)wf(z)dé.

;(x, ¥, k)

where

Denote 7=¢—x,
f(f? 1) i

sk r?)_m”‘ﬂ |£N/1,k2 (k2 +1)s| (Z:I)" N—m Jlbn)

_ Generally speaking, this integral does not exist in the usual sense. Hence,
applying the theory of distribution and passing on to spherical coordinates, in this taking

into account spherically symmetry of A,k% - (k" + 1].s|2 we obtain

27l

Jin (k)= (M){*‘)Irzl zf Z‘:z ][dlst. (15)

0 /?-;
where j, (z) is the Bessel function of v order. We now calculate integral in (15). Let »

be an odd number. Then z2 j(z) is an even integral function. Expressing the Bessel

functions j,(z) in terms of the Henkel functions H®*(z) [9] (p. 175) we represent
Jix (k,77) in the next form

0
ISPH ) (ks

R e e
=N 4

s +

n 16)
|51EH§)‘(]'1|1~?|)

+ 2 dlslb = T (k1) + I (k1) |

Ly el AR

Poles of the integrand are

Ak

Isll,z =t Pl
For square root we choose such a branch, which is a pure imaginary number for the
negative arguments. Taking into account analyticity of integrand in J(k,n), e

asymptotic behavior of Hankel functions as z —>« [9], (p.219), applying theorem of
residues and tending ¥ —» w0, we obtain
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A
0 T {1} _ 1(271') 2 1“ ’ 2 {)] A kz
J}‘N (ksﬂ)_Nl_L:?ch',N( )_ 8/1 kz fﬂ* [ H‘;lul |’7i k;"l-] * (17)

By analogy form

"+l
s A,k
k)=l [ Vi +1J Hé‘l[‘ r‘;} as
2

Taking into account [9] (p. 218) \
HO 2= (-1 HY (-2) (19)
7 >

from (16)-(18), we obtain

(27)3 A AR 2" 1
Jj (k,a)=—'$ﬁf i) {1’1:‘:_-;1} ”{II A’kl} (20)

Now let # be an odd number. Then z2 Jn | (z) is an even integral function, Making
2

section (~0,0), expressing the Bessel function by the Hankel functions H?(z) and
taking into account formula (19}, we obtain

eHO G, EED (o)

af;t,kz—( 15 i _,{;;L,,kz (;%24-1]s|’*d|si

and from (15)

n Is |2H O {rls)
uv(k ) (2’:){ }M w}{aikz ( ]lz I""

Proceedings as before, for even n again we obtain formula (20). Putting this expression
of J, (k 77) in series (14), changing order of integration and summation, we have

u(x’ o i JF] x—& 3 x
’ 4(275)2572;5 1(0) i :,,1/1 k* | l

xHSl,[lx—efl kiﬂ}@s(y)@a(Z)f(é,Z)du.

From this for the Green’s function G(x,y,z, k) we receive expression {11). Now we show

the convergence of series in (11).-
In [10] is shown that

O, 2 LEN

H{n)

From this by S.L. Sobolev’s imdedding theorem we get
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1y m +1
lo: Yoy s Sl t{[Z] ]- @1)
It is known, that [8] (p.190) :
: 2 2
cod” S|Al<edm, 22)

where ¢, ¢, are constants, which does not depend of [. Then from (21), (22), it follows
that

)3
ot

2109 e JL (23)
_ It can be shown, that at Rek>s>0

Re ‘/_ i (24)

kz'!" 2 Jg +1

Considering the asymptotic behavior of the function H (l)(z) at z-—>o from
(22)«(24) we receive that the series in {(11) converges uniformly with respect to £ and
(x, y) in every compact subset of 1. Theorem 2 is proved.

Remark 1. Properly from the construction of Green’s function G‘(x, y,z,k) , it at

x # 0 satisfies homogeneous boundary value problem, corresponding to the problem (7),
(8) and infinitely differentiable with respectto x,y,z.

Remark 2. From the proof of Theorem 2 it follows too, that for solution of
problem (7), (8) takes place formula

;(x9ysk)=';"1".“"_['“f G(x—-:f,y,z,k)f(cf,z)dﬂ, (25)
—iw
where G(x,y,z,k) is defined by (11).

§3. Behavior of solution of homogeneons problem at ¢ -5 +o0.

We consider the following initial-boundary value problem for homogeneous
equationin O

5 Al 3,0+ A ulx, y,8)=0, (26)
u(%3.0)=0,(x.y), «(xy.0)=0(xy), (27)
u(x,3,t), =0, (28)

where @,(x,), @,(x,y)eCy(II). We shall study behavior of solution of problem (26)-

(28) at t ~> +oo. The problem (26)-(28) by Laplace transformation is reduced, as well as
in §2, to the next stationary boundary value problem

K2, (7, K)+ A, e, ,8) = By (6 7)+ £ 5,3), (29)
ulx, y,ki =0, 30)

. oLl
where

- An+m¢0(x9.]")= .ﬁ‘.}(x’y)’ —A, (x’y)':f; (x’y)-
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Using uniformly convergence of series in (11), for solution of problem (26)-(28)
we have the next representation

g S e

4(27? o u o=

“(x»y,f)= -

1“]’”[ MJ’ m{| o ](%(ﬁ,z)m(f.z))du G

2ri, L k| V&P 5

where &, is an arbitrary positive number, The next theorem takes place:

Theorem 3. Let n=1, ¢,{x,y), ¢,(x.y)eC(Ll). Then for solution of initial-

boundary value problem (26)-(28} takes place the next asymptotic representation at
>+

)= o), oS 0,0) -8z

/11;2
£u)= {!ﬁ(e’,Z)@z(Z)&, fu= R{fu(f)df,

where both series in (32) converges uniformly with respect to (xy) in every compact
subset of 11.
Proof. Using the expression of function H'){z), for interior integral in (31) we
2

(32)

have

gt Iﬁl

-4
\/_ﬂmrs_'[wm k2

Denote in the complex plane & by C, C® circles of radius & with centers at points
k =—i, k =+i respectively and

c¥ ={k:k eCW, - x <arg(k +i)s%},

?J(I](qs {) -

dk (33)

: CE)={k:keé’s(2)’_§53rg(k—i)51r},

k
@=arg ’
vE2 +1

C; is a half circle in the left complex half-plane with radius 4 and center at point k=0,
Making section (- —i,~i), {~c0 +i,~i), for square root we choose a branch, which is
positive for positive value radicand.

We put

? z(coo—i-i-e)UCOUY (1(5 1),i6)UC,; UG8, - £))U C(Z) U(~&+4,i— o).

Taking into account behavior of integrand in (33), usmg Cauchy’s theorem, it can

be shown that
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1 L k[:+i|:;[ 4)
24, 2 iA? e kot
7%,:){ ] i Y
O G D

Taking into account variation of @ atround k on contours C%, C® | we obtain
that cos¢ >0, therefore the integrand in (34) has summable singularities. Therefore we
can tend to limit at £ - 0 in (34). Then

(34)

1} 1 k[t+i|1;a| —f-’--)
70.1)= ( Jz 4 C 35)
I ’ 2 L
M) e M)
where T’ =1%1‘jF . We study now asymptotics of integral on countour T’ in (35) at
t— 40,
Consider the integral

() d ek[mlqlr] |
A| (”"‘):[,_k(;?ﬁ)_“ (36)

At k—i on ray (-ao-i-:‘,i), ¢9—>—%. Therefore the integrand in (36) exponentially

tends to zero together with derivatives of arbitrary order. This function tends to zero
exponentially at Rek — -« too. Therefore integrating in (36) onc time by parts

(integrating in this ¢ ) at t — +c0 we obtain
1
AP, )=lrlaol) (37)

uniformly with respect to 77.
By analogy is estimated the integral on ray (- —i,—i}. On this ray at t — —,

o— z-:- , therefore

K .r+.=|r;|

A0(,0)= J‘ Wk—h}ﬁ“@(ﬁ (38)

uniformly with respect to 77.
Now consider integrals

[t+i|q| —"i—l] | . [Hfirrl,/—]

L e a3

3 kNE + 3 kR +1

On contour (-i,-81) = —5 We represent &/ (77,¢) in form

5 (q’t)=[—i(ljs}+ _f] [mlrrlJ_ ]

i -i{l-5}

k2 +
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where ¢ is a sufficiently small number. Estimating modulo of the first integral and
second one mtegratmg one time by parts at ¢ = +o0 we obtain _
&’ (n.0)=|4*o() (39)
uniformly with respectto 7. '
By analogy is proved, that at t — 40 _
&; (n.0)=|nAl (1) (40)
uniformly with respect to 7.
Now consider the integral

foeit)
A t)= [

C k k2+l

Since integrand in A (77,?) is continuously differentiable and on contour C; Rek <0,
then integrating one time by parts at £ — +c0 we obtain
A2 1.0)= Aol ), “n
uniformly with respect to 7. '
From (35), (37)~(41) it follows, at f - +o0

ﬂ‘(md{-ﬁ%}z e A ol) @)

uniformly with respect to 77.
Consider the integral

ot & _Rf_..

© (4, 1 % *[‘ & M] dk

2t e .
(n.t)= 2| =¥ E.L K +1

By analogy it is proved, that at # —> +c0 |
70.0)= 4" o), “3)
uniformly with respect to 7.

Putting (42), (43) into (31), we receive for the solution of problem (26)-(28) the
representation (32). Now we establish the convergence of series in (32). By virtue of (21)

0 L0 IR 0l s IAL

I=1

A e
By virtue of condition on ¢,(x,y) the function
)= [A.r)ag (44)
R
belongs to Cy (Q) Then according to theorem 8 from [8] (p. 230)
IR scRO 4s)

where

F =njz O )y .
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Putting in the expression of %, instead of R(y) its expression from (44) and
according to Fibini theorem, change order of integration, we obtain

P = j{ Iﬁ(é,y)dé}%(y)dy = I{ Iﬁ(é,y)@f(}’)ﬂﬁ’}dﬁ = [fE)E=1,.
QLR RiQ R,

Putting in (45) f|; instead of fi, , We obtain

E"’vrlfu [ <ca0) v (46)
Then
0 17 m o —m [ mal
Z|&|5{?]|ﬁ,|s§|ﬂ,,| S, )
Taking v=m +[ ] by virtue of estimations (22} and (46) we received, that both
series in (47) converge.

Now we establish the convergence of the second series in (32). Putting in its the
expression of f;,(£) from (32), we receive

gﬁ(y) Jlx =&l g = Z% )[ g]x-ﬂ J;;(g,z}p,(zyz} =
=Ztlu@(xﬂ)@:(z}r:ﬁ]@(y)=§¢;(x)sv;(y). (48)

The function @(x,z) is infinite differentiable with respect to (x,z) and is finite on z. As
above we estimate the series in (48)

Eotnt] _<Solnblns
<C[Z‘ﬂ|*z“‘ L } (49)

The first series in (49) converges by virtue of estimation (22) and for the second series is
true the estimation

Zlil *[ ]‘|¢,(x] < Clofx,z) 3] oy

Therefore the series in (48) converges uniformly with respect to (x, y) in every compact
subset of 1. Theorem 3 is proved.

Substituting in the interior integral in (31) contour of integration by T'? and doing
as well as at proof the convergence of series in (32), it is possible to receive estimation
(4) for solution of the non-stationary problem (26 )}-(28).

Remark 3. If »23 is odd number, then using the method of proof of the
theorem 3 it can be shown, that at 7 5 40

(1 a_m][n+l]u(x,y,f) o).

uniformly with respect to (x,y) in every compact subset of L.
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