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QULIYEV C.X.

CLASSICAL SOLVABILITY OF THE FIRST BOUNDARY VALUE PROBLEM
FOR GILBARG-SERRIN EQUATION

Abstract

In the paper the Dirichlet problem for Gilbarg-Servin equation is considered.
This problem, generally speaking, has no classical solution. In this article the modified
Dirichlet problem is put in conformity to given first boundary value problem. The unigque
classical solvability of the modified problem has been proved.

Introduction.
Let E, be »n- dimensional Euclidean space of points x:(xI vesX, )y #23, and

D be a bounded domaia in £, with boundary 8D, O D. Let’s consider in D the
following first boundary value problem for Gilbarg-Serrin eguation

Lu=Au+ ;l(r)wzl—r—z’”'gx—ax—" -f(x) xeD; ”‘ ap Z‘F‘(x)5 (1

where r = [x[, fx}ec*(D), acl0,1}, o{x}e C{aD), and relative to function ,u(r) the
following conditions are satisfied
ur)ec (D), | 2)
dy<ulr)<d, ; di>n-2, dy<w. (3)
Here by C%(D), 0<a <1, denote Banach space of functions u{x), defined on D, with
finite norm

|
(i) :.upﬂu(x] + sup =

It is well-known that the problem (1) in general case has not neither classical nor general
solution in non-weighted Sobolev spaces [1-2]. In case of y=const weak generalized

solvability of problem (1} in weighted Sobolev spaces was established in [3-3]. For
equations with z{r) £ const analogous results were obtained in [6-7]. In present paper the

problem (1) is put in conformity 10 some modified Dirichlet problem and then unique
classical solvability of the last is proved.

1", Generalized by Wiener solution of the modified problem.

Let ©'=D\{0}, a is any fixed number. We will call modified first boundary
vajue problem for Gilbarg-Serrin equation the following problem
Lu=f,xeD'; W,,=¢, ul0)=a. 4
[ other words the point O be in problem (4) boundary for domain D', and what is more
it is the carrier of the Dirichlet’s data. _
Let’s give now the definition of generalized by Wiener solution of problem (4).
Let {D, }, m=1,.., be expanding sequence of domains with twice smooth

boundaries &0, , approximating domain D from within, i.e. D,cD, D, cD

W+l 7




Transactions of AS Azerbaijan 105
[Classical solvability of boundary value problem]

1
lim D, = D. Let’s consider further the sequence of spheres S, ={x:‘x]:——} and

n—ye m
closed balls O, = {x %] < i—}, m=1,.,.
m

Let D, =D, \Q,,,m=1,..,. It is obvious that for sufficiently large m for any
domain D subdomain D) is non-empty. Not losing in a generality, we will suppose that
D!, is non-empty for all natural m. It is not difficult to see that the sequence {D}
approximates domain [ from within. Let’s continue boundary function ofx) as
continuous from 8D to D and let’s denote the obtained extension by ®{(x). Let’s
consider for natural m the sequence of Dirichlet problems

Luy=f, xeDp; tyly, =0y, , u,lg =a. (S)

Later we will show that for any natural m classical solution of problem (5) really exists.
If there exists limit uq)(x) = lim u, (x), x € D', independent neither on method of

extension of function ¢{x) from 3D to D, nor on method of approximation of domain
- D by sequence of domains {D, }, then function u, (x) is called generalized by Wiener

solution of the modified first boundary value problem (4).
Theorem 1. Let relative to function uconditions (2)-(3) are satisfied. Then for

all functions ¢(x)e C(6D), f(x)eC*(D) and for any a < E, there exists generalized by
Wiener solution u, (x) of modified first boundary value problem (4). Moreover
U, (x)e CH{D') and for xe D’ Lu, (x}=7(x).

Proof. In proof we will keep to a method stated in the monography [8]. First of
all w will show that generalized solution u, {x) does not depend on method of extension

of boundary function ¢{x) from 8D to D. Let ®,(x} and ®,(x) are two different

continuous extensions of function q:l(x), and u’ (x) are solutions of Dirichlet problems
Lu,=f, xeDj; “;]am,,,chflau,, : “inlsm:a-

Here i=12; and m=1,..,. It is not difficult to see that for every natural m the

difference w,, (x)=u.,{x) - u> (x} is a solution of Dirichlet problem

me:O, xeDr > M fif)mz((bl_cbljau ] wm S,Nzo'

!
mo? H

According to a maximum principle

supw,, = max{sup W, , SUpW,, > = maxssupw,,, 0 < sup|w, |=sup/®, — @,].
. a, o, an,

"'
‘Jm | Wt ] e

and analogically

IEf w,, = mm{g}){ w’"’l.?mf wm} > —Zgﬂ@] - ®@,].
Hence we conclude that

sup|w,,| < supl®, - @,]. (6)
o, an,

On the other side
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lim supld) ~D,|=0 (7)

since @,{x)and ®,(x) are continuous exten51ons of the same boundary function o(x),
and 0D, — &D for m— « . From (6)<7) we obtain

lim suplwm| =

from here follows independence of u, {x) on method of extension of function (x).

Now let’s prove that classical solution u,, (x) of the first boundary value problem

(5) exists for any natural 2.
Letfor i, j=1,...n, x€ D,

4y (x) 6!.4 + ,uﬂx‘)

H“

where &, is Cronecker’s symbol. We have for x,y e D],

_ __I xx:'x_;' y:'y_;'|{
et pbth s s
i

_ yr'yj —
e * b bf
Using a condition {2}, we receive
<[} ol s e - 51" @

where a constant C, depends only on function 2.

We have further
i a xx
S50 [ }

=l |x‘

=

-”G U Qy ‘}‘ !2

iy

xf'x.,r' y:yj
N
S
where ¢ is a point located on an interval, connecting points x and y.
Taking into account that

0 [x:-x,- } AN

4

2

=8

ax, AR

8 {xx ]| |’ 4 *
W ‘E"f |

But € D, , and consequently |49J > 1 . So
n

f

we will conclude

iy < 4d1mi‘xk -y < 4dmilnlx - < Comix - 5, (19)

where the positive constant C, depends only on functions u, n and domain D,
Taking into account (9) (10} in (8), we receive
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Iay- (x)- ay-y’ < (C1 + sz)‘x - yl“ .
where i, j=1,..,n; x,ve D, . '

Thus the coefficients of operator in every subdomain D) are continuous in
Holder’s sense. Moreover dD!, €C?, f{x)e C®(D). Then according to well-known
Schauder’s theorem, the first boundary value problem (3) for any natural m has unique
classical solution u, (x)e C***(D. )NC (f)',;) .

Now we will prove the following fact: if a limit u, (x} exists, hen it does not
depend on method of approximation of domain D by sequence of domains {D,,,},
m=1..,. '

Let {D,,,J} and {Dm,z} (m=1,....} be two expanding sequences of domains with
twice smoath boundaries, approximating domain D from within, D, , =D, A\ Q,,.

Let’s further u,, (x) are solutions of the first boundary value problems

:Q\ =da.

p— f y
Lu,, =f, xeD,,i; u

mJi A ¢ E um,f\s’”

an,,
Here i=12;m=1,..,. Let's denote lim u,,,_,-(x) by u:p(x), i=1,2. We will fix an
arbitrary £ >0 and sufficiently large natural number = . Since lim D, , = D, then there

exists a natural number 71, =m,{m) such that Dy,cD, ;.
Without losing of generality we will assume that m, > m.
Let for xe D, &, (x)= Uy (x)— u,,,hz(x). It is not difficult to see that the
function ,(x) is the solution of the folowing Dirichlet problem
. |
L '9m =0 L Xe Dm,l 3 ‘gnaJaDN = ‘Drap,,_, "_uml[aﬂm_L d '9;-» [Sm =0.

Since lim D, ; = D, then there exists a natural number m, such that for m = m,

R —pag

|CD <£

1
é?‘Uwr_] _umrz r ajr)m-,l

Thus if m=m,, thenif xe D, ,

l%,(xk%- | (11)
On the other side for xe D, |

[ (Y= [t ()~ g )+ 2 () 2, » ()} i () — 22 ()] 2

\ (12)
> Tufp{x) ~u, (xl - ltt,, {x)- u, (x1 - yum“;, (x)f u, (xj )
There exists a natural number m;, such that if m>m, and xe D, , then _
it ()~ 4 () < -i— : (13)

Simtlarly, we will conclude about the existence of a natural number m,, such that if
mzmy (and m, 2m,)and xe D, |, then

et 2 () - 2 () < -‘;i : (14)
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Let mg = 1nax{m2,m3,m4}. Then from (11)-(14) we obtain that if m = m, and xe D, |
fufp(x)— ui(xj <&.

Now taking into account arbitrariness of £ and tending m to infinity, we conclude that

u('p(x)z ué(x) for xe D' .

Let’s prove that a limit u, (x) exists. For this purpose we consider such
continuous extension of boundary function o(x) with 4D in D, that ®(x)=awhen
xe (. We will fix arbitrary o >0 and let F(x) is twice continuously differentiable in
D function such that F(x)=a for xe @, and

}G)(x)—}*“(x]<cr, xeD. (15)
Consider a function
Fr=t0
2 k=1

where the positive constant 4 will be chosen later. We have
" 2
LF*:%LF+2AM+2AM&EEE%2—C3+4A&—4L
=1 ¥

where the positive constant C, depends only on functions _u(r), F (x) and n.

1

Choosing 4 = 4—(”-:T)[C3 + %S?)plflJ , We receive

1
LF* z—suplf]. (16)
2 p
Completely similarly it is possible to show that if
I (x) = f_gx_) — AZ xf .
k=1

then for xe D

LF~ S--F—sup|f}. (17)
2 b
Thus it is easy to see
F'(x)+ F-(x)=F(x), xeD. (18)

Let’s introduce into consideration two sequences {u; (x)} and {u,; (x)}, m=1.., of
solutions of the first boundary value problems '

P f . -+ . + + — a
Lunr =T, XE Dm vy, ab, — F o, 2 U, 5. — 4
2 2
and
- f P - - _a
Lu, =y xeD, “m'an,,, =F L?Dm ’ ”mlsm 5

correspondingly.
Let further for natural m w, (x) =, (x)— F*{x). According to (16)

Lw, <0 for xeD.

it




e
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iF‘S _A :*i, since
2 b m

_a
P el 2
2

S"‘_Z

+

Besides that w;

s,,:_z‘

w,=0 and w,
. o ' + A4 .
Fly =a. By maximum principle we conclude that w,{x)> —— for xe D), te.
" m

u;,(x)zw(x)m—“if. (19)
m
By analogy, if for natural numbers m w; (x)=u, (x)— £~ (x), then according to

(17) Lw,, 20 for xe D, and w;,(x)sﬁ, ie.

ur(x}< F(x)+ f;. (20)

For natural numbers m>1 we consider the domain D, , and in it function
2y (x)=26,(x) - 17, ().

it is clear that Lz, =0 for x e Dj,_, and besides that by virtue of (19)
4 A

., T3 HUm -
"''“m m

z

+ + .
" 60,,,_,2 F D, ~

and
A A a

4 1
L e

+
Ht

sm—l -

_ _.H_‘:i__ — _‘.4__ > __{t“
{m-1y wm
Again we apply a maximum principle. We will receive
z7(x)2 A4 . xeD,
m
ie,

+ + A
MBI (x)z—;n-;. 2t

Now for natural numbers m>1 and xe D, ,, we consider the function
g {x)=u’ (x)—-/{. By virtue of (21)
m

. S 1
g;—gm-1=u;—um..l+z4(—-*—l —_]2—*‘47+ 4

—— > 0.
m—1 m mt m{m-1)

Thus sequence {g; (x)} increases. Besides that it is bounded. Really for xe D;, |

+ 1 ! £ -
2 () <u (x) < max ——sup[lF(x} + ZAfo] \ E} +C,suplf],
2 I beq 2J o
where the positive constant C, depends on function x4, domain D and ».

So, sequence {g; (x)} converges when m - . The convergence of a sequence

{u; (x)}, m=—>® is proved,
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Similarly, if for naturals m>1 in domain D), we consider function

z, (%)= u;(x) - u,_,(x), then using (20) we can show that

z,;(x)si2 . xeD; .
m

. - - A ,
After that the sequence of functions g, {x}=u, (x)+ —;m=2,.,, xeD, | are
L m

introduced into consideration and is proved that
8, {%) - g, {x)<0.
Thus taking into account boundedness of sequence {g; (x)} we conclude about
the existence of its {imit when m-— oo . So we have shown that the sequence {u; (x)}
converges, when m— .
Now we will consider for natural m in domain D, the sequence
3, (x): U, (x)+ Uy, (x) From above proved follows that this sequence converges, when

m—>w,
Let at last {u, (x)} be the sequence of the solutions of the first boundary value

problems (5), m =1,...,; x& D] . According to (5) and (18) the difference u, {x}-&_(x)
for any natural » is a solution of the following Dirichlet problem
L(um - ‘gm)”_'o s X€ D:n 5 (um - "ngaDm :((]) *FXGDM t (um - '9’“]3,,, =0.
Using now the maximum principle, we receive
suplu,, — &,|< 53p|(D - Fl< s%pitb - Fl.
' u i
Last inequahty with (15) entails
suplu,, — 9, |< o,
FEa
that by virtue of arbifrariness o, allows to make a conclusion about convergence of
sequence {u, (x)}, when m — 0. So existence of a limit u, (x) is proved.

Now we will show that u‘t_,(x)e_(j2 (D). With this purpose we will consider any
strictly interior subdomain D of domain D' .

It is obvious that there exists a natural number ", such that D < D), for all
m2m . Let’s consider subdomain D'. . . ltisclear that

v=distoD, aD’. }>0.
o+l

Let for natural m #,(x) be a solution of Dirichlet problem (5). According to a
condition on function f(x), (9) and (10}
l]f !(_.“’[D;F' )éCS,

+

“a&. .(r”(u;r._ﬂ) <Cq, Lj=l..n,

where a constant C; depends only on function f, and a constant C¢ - only on function

- L] ' x:x_;' PR .
4, domain D, » and number m . Here aﬁ(x)zéy. +,uﬂx1)—~5—; i, j=l..,n. Let’s

[

apply Schauder’s interior appriori estimation {[8]).

™
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We abtain that for all naturals m
bt ll ey <o (22)

where the positive constant C, depends only on functions f, u,domain D, n, m" and
v . Here

ey =l z]

c*{B)
Thus, it is easy to see that estimation (22) implies compactness of sequence {x,, (x)} in
norm C 2(5). The last by virtue of uniform convergence of u,(x) to 'u‘p(x), when

m~» oo allows to conclude that «, (x)eC 2(5) Now it is enough to take into account

arbitrariness of subdomain D, and we receive uq,(x) e CHD').
Now we will show that
Lu,(x)=f{x), xeD'. (23)
Again we will consider an arbitrary strictly interior subdomain D of domain D' .
For all naturat m >m’
Lu,,,(x):f(x) , xeD,
that together with estimation (22) and by a continuity of coefficients a; (x) in D implies
equality
Lu,(x)=f(x), xeD, (24)

Now it is enough to take into account an arbitrariness of subdomain D and from (24)
follows required equality (23). The theorem is proved.

2'. Unique classical solvability of the medified problem.

Let for B-set H C E, cap(H) means its Wiener’s capacity [8]. Consider any
point x” ¢ AD and let for z >0
ﬁ(z)z cap{{x : 'x - xﬂ! < z}\ D}.
According to [9] it is possible to show that if
digm/} .
pe)d_,, @)
PO A
then a point x° is regular relative to Dirichiet problem, and for any function
o{x)e C(BD) the following equality is true
' lim u,, (x) = (p(xo ) .
xeid

Thearem 2. Let at every point x° € 8D condition (25) holds, and function ,u(r)
satisfies the conditions (2)-(3). Then the modified first boundary value problem (4) has
unique classical solution u{x)e C*{D')N C(ﬁ ') for arbitrary  f(x)e C*(D),
(p(x)e C(E}D) and a € E;. Moreover

x)—a|<Cep”, xeD’, (26)
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where the positive constant & depends only on function u and n, and a constant Cy-
also on a, functions ¢, [ and domain D.

Proof. Without losing of generality we may assume that O, < D. We will show
that a solution u(x) of the modified Dirichlet problem (4) is its peneralized by Wiener
solution u, {x). According to theorem | this function is classical solution of equation

Lu=f in D'. Besides that if at every point x” € 3D Wiener’s condition (25) is satisfied
then utp(x) is continuous up to boundary 8. At last the uniqueness of the classical

solution directly follows from a maximum principle. Thus, we have to prove the
estimation (26). It is enough to show its truth for x € 0, \ {0} .

Let’s find at first radial symmetrical solution ngD of equation Lg=0 in
0\ {0}. We have for i,/ =1,...,n
g VXX gy Oy XX
- W LI
Ox,0x | -E (r r* g( { r r

where &, is Cronecker’s symbol.

From here follows that
" n—1 ]
Lg=g" M1+ )+ —g'r).
Let’s suppose for 7 & (0,1} solution of ordinary differential equation

201+ )+ g (r)=0

as

g(r _[exp

I
Then Lg=0 for xe O, \{0}.

But on the other side by virtue of a condition (3)
ulr)zd =n-2+6,
where &, >0. So

Y dr 1 chr |

Je( I+,u(r)) n-—-1+35, n_148, ¢’
and hence

i< aexp.,?{: v T o3,
where Cy = nolio - We will take now 6 =— It is clear that & € (0,1). So we

S, - 1 + &
have shown that
0<glx)<c,h’, xe {0}, (27)

Let’s consider in O, \ {0} an auxiliary function

)=, (x)+ A,
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where the positive constant 4, will be chosen later. We have
n 2
Lw, = f +24n+24u4(r)3 2 > —C\ +44,(n-1).
=1 ¥
Here the positive constant C,, depends only on function f . Thus, the function w;(x) is

L-subelliptic in @, \ {0}, if only 4, 22(%%1}'
Let’s introduce into consideration a function
P(x):wl (x)—— a —C]lgﬂxl)s e\ {0}=
where the positive constant C,, will be chosen later,
According to above proved the function P(x) also is L-subelliptic in @, \{0}.

Besides that P(0)=0, and

P

wlssgp\%} + 4y +al— Cg()< Cpp + 4) +jo| - € 18(1), (28)

where constant C, >0 depends only on functions ¢, f, n and D.

On the other side

g()=Cp3 >0, 29

where a constant C,; depends only on functions & and n.

Using (29) in (28) we receive

Plog <Cpy + 4, +]d| - C,,Cy5.
Let’s choose and fix
Cp+ 4+ \a{
Cys -

Then P‘ a0, 0. According to a maximum principle we conclude that P{x)<0 for

xeQ {0}, ie.

Cll

uq,(x)— asw (x)w a=< Cnngi).
Taking into account (27), from the last inequality we obtain
. &
u,(x)-a<CC ", xeQ \{o} (30)
Completely similarly it is possible to show that function
2

wz(x)z um(x)— Alle .

is L-superelliptic in O, \ {0}.
Further, introducing into consideration a function

Pl(x)z W, (x)~ a+ Cllgqx‘)s
it is not difficult to prove that

LB <0, xe \{0};
R(O);‘O, Pllﬁ(_)1 20.
Thus according to a maximum principal follows that P(x)=0 in Q,\{0}, ie.

um(x)— az wz(x) -az *Cllgqx[).
Thus

uw(x)—aawcgcuwé, xe @\ {o}. 3D
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From (30)-(31) we conclude
%uq,(x)— a‘ sCs‘xé, re {0}
where Cy = CyC), . Last inequality coincides with required estimation (26).
The theorem is proved.
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