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GLOBAL SOLVABILITY OF THE MIXED PROBLEM FOR QUASILINEAR
HYPERBOLIC EQUATION OF THE FOURTH ORDER WITH INTEGRAL
NON-LINEARITY

Abstract

In this article we siudy the mixed problem for the guasilinear hyperbolic
equation of the fourth order. We prove that for the sufficient small initial data this
problem has the global solution.

Let Qc R" be a bounded domain with the smooth boundary I'. In the half
infinite cylinder Q=[0,90)xQ let's consider the mixed problem for the quasilinear

hyperbolic equation of the fourth order

u, +om, + ANu+ Z(—— 1)1“!1)“ (aaﬁ (t,x,[u])D‘Bu)= f(t, X, [u]) s .' H
,a]r,ﬁ]sQ

where aaﬁ(z,_x,[u])x Aop| 1., _ﬂurdx, JDu|2dx, .ﬂDzu 2dx}a = (05, )5 lo|=a, +...+a,
Q 0 0
Df=p% D¥ D, = }?" i=l..,0 A= in , with the boundary conditions
R} " i xj e )
u(t,x)=0, Ault,x)=0, (t,x)€[0,0)x T’ 2)

and the initial conditions
u(O,x)=u0 (x), u, (O,x): u (x) (3)
Before formulation of conditions at which we will investigate the problem (1)-
(3), let’s remark that Jf will indicate the sphere with radius 6 >0 and with cenire at the

origin in the space R .

Suppose, that the following conditions are satisfied:

1°. The functions aaﬁ(l,x,gf) are defined for all (t,x,&)e[0,0)xQeJ?,
continuously differentiable by + and £, twice continuously differentiable by x, and but
the function a4 (!,x,é’) is continuously differentiable by ¢ and twice continuously
differentiable by x. For any (t,x,«f)e[0,00)x QxJ] and for any
BIS2 ag(txd)=agltx.¢).

There exists the constants p>1 and c¢>»>0 such that for all
{t,x,£) e 10,20 x € x J{ the inequalities
' |Da,; (e.x. &)<’

are satisfied, where Dg(t,x,): (g,g, ,Dg,g;,ng, Dg, ,ngg). For all (r, x,«f)e
[0,00xEx.J3, [eh|Al<2 a,ltx&)=0.
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are satisfied, where Dg(t,x,}= (g,g‘,,Dg,g;,_ng, Dg, ,ngg). For all  {,x&)e
[0,00)x T x J3, <2 a,{tx,&)=0.

2" The function f{f,x,&) is defined for all 1,x,&&[0,0)xQxJf, and
continuously differentiable by £,x,&. The function f;(t,x,f) is continuously

differentiable by ¢ and twice continuously differentiable by x.
There exist the constants ¢, >0, p, >0 such that for ali (¢, x, §)E [0,00)x Q= J7

Drfene) <l
Suppose that for all {t,x,£)e[0,0)x T x J? f{t,x,£)=0.
Let H*(Q) is Sobolev space. We denote by H{ the subspace of functions from
H*{Q) which are equal to zero on T'. Let’s consider the space H = H: x L’ (Q) with the

scalar product:
' (w‘,wz) = IAuIAuzdx + Iv, (v, (x ),
0 Q

YeH,i=12.
We also determine the space H, by:
H, = {(u,v):(u,v)e Hy xHy, Aue H{f}
Let U, = H, be the sphere with radius & with the centre in zero.
We introduce the denotations:

(o) =[le,» 2o = ), + Y,
where w(r)e L (0,00; Hl) w(t)e L (O,w,H)
Theorem. Let the condition 1°.2" are satisfied. Then there exists 6, e (0 8y} such
that for any {ugu)e Us < H, the problem (1)-(3) has a wunique solution
u()e Clfo,0 H)NC! ([o,oo),Hg)nc [0.0):12()).

Before the proof we will give some auxiliary confirmations.
[et’s consider in Hilbert space H the bilinear forms:

(z],22>m,w =(z],22>+ 257 Iaaﬁ(f,x,[wDD“z{Dﬁzfdx,
ji®
where z' =(z{,z;)e H,i=12, w=(w,w,)eU,, 0<8 <6, tc[0,0).

Lemma 1. For sufficient small 5>0 the set of bilinear forms (,) Hew)’

where w' = (u

.i’.f

wel,,t€|0,0) are determined uniformly equivalent scalar products in H and the
mapping (t,w)-—)(h,h) () satisfies the local Lipshitz condition, ie. there exist

0< 9, <&, such that for any w,w,wy, €U, and he H the following inequalities are
valid:

| aliy <Pl <calbl )
[~ Wl | 5 006 ) + 1 Goa e D s — ]+ oy — o, T,
where c(f)z o(:fll &->0,p>1, 0,0, >0 and depend only on 6, >0.
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We determine the operator Az, w) in space H by the following expressions:
(D(4lt, w))= H,
0 I
A(r, w)= -A - Z{* I)G‘D“(daﬁ (r,x,[wDDﬂ) o
PE
Lemma 2. For any t€{0,00), we U, the operator A(t,w) generates the strong
continuous contraction semi-group in Hilbert space H (t, w), and for any he H,
(Al By <0
Lemma 3. For any he H, the mapping (f w)a A(t w)h satisfied the local
Lipshitz condition, i.e. for any t,,f, €[0,x), w),w, e U,
H[A(‘l Wy — Ay, w, ))h]\,q <cle,(w (t)) + & {w, (f)))’,ftt ~b|+ ““ﬁ W, ”H J”hHH, .
Lemma 4, The operator A, generafes the strong continuous decreasing semi-
group expltd,) in space H , i.e. there exist the constants M 21,1>0 such that for all
1z0
lexpto|l < M exp(- 1),
where A, = A(0,0). :
Let’s determine the non-linear operator-function F(z,w} as follows:

Fleow)= (f(, ,[uD] (HJ

Lemma 5. The operator-function (t,w)—> Flt,w) act from H, to H, and

satisfies Lipshitz condition in the sense;
Jor any 1,1, €[0,0), w,,w, € H, the following inequality is satisfied:

”F(IUWJ“ {*‘{rz,wzn‘sc(e!(wl(f))Jr 31(“’2(‘)))“’1 - fz’ +“W1 - WE"_H j’
where o{&)= O(g”’l E0,p>1.

Now we can prove Theorem 1.
The problem (1)-(3) is reduced to the problem

{w’ = Alt,whw + F{t,w) (5)
w(0)=w, (6)
with substitution #, =u, u#, =u,, where w:[u1 J, {uu(x))
U, #) (x)
We will investigate the problem (5)-(6) in Hilbert space H = H; x L, (Q)
Introduce the denotations
W= {w.a) € L,_c((),oo;H,),m e L, (0,00,H)}.
Let W5 W be the sphere with the cenire in the origin and with the radius &.
Using Lemma | we can prove that for any we W, he W

%ﬁ‘h(‘nm(; ],;))5 2 (). e »H(w[; ¥ W) (M
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where £=g,(w(t)), c(£)= O(:,“’). £->0, p>1. From Lemma 3 it follows that for any
weW,, he H,
4, () 4, () < ole O - sl (8)

where A, ()= 4@, [wl )])

Hence, particularly, we obtain that
i% A,

Introduce the denotations

P, (t)= P, (i, wlt))= A0, [wDR, (1. w)

where R, (r,w)=(I + M(t,w))_' is the resolvent of operator Af{t,w), A>0. (Note that the
existence of R, {t,w) follows from Lemma 2). \

Lemma 6. P, (I) is the bounded operator acting in H for any (t, w)e [0,00) x W
and A >0 and the following estimations are satisfied:

<cle; (), - )]

"Pft(t]lﬁ,-m <c, A=0, (10)
anl)  sda o), an
! H—=H

where ¢ >0 is the constant depending only on 8, >0 and the non-negative function cf:)

satisfies the condition: c(é" )= 0(5” l Eo0,p>1.
From (7)-(11) follows that the fixed we W; the problem

{u'(r)z A ul)+ F, () (12)

u(0)= U, (13)

has a anique solution u(-}e ¢{[0,%), #,)N c'([O,oo), H,), where F,(t)= F(t,w).
Using (7)-(11) we can prove that

3
e20)sTeiw)+ ¢ [ (s Ned (ol Yed Gls)) + 3wl s . 19)
0
The solution of the problem (12)-(13) satisfies the following integral equation
u(l) =e™u, + j.e(" Mo [Ew (s)u(.s) +F, (.s)}:’s
0

where 4,()=4,{)- 4.

Hence we have
!

X, < Mo o, + fe 4, (), + 126N, s
0
Using Lemma 4 and (7)-(10) we obtain from last inequality the following:

e (W) < My )+ [Meef GloWes o)+ 2o, 15)

Now let’s determine the set
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D= {u cueW, supe, (ult))< &, supe™ s, (ult)) < 5} .
=0 10
Let u, € U, such that Te; (4, )< &, My, (uy )< & . Then from (14)-(15) we have

S l)< 6° + ¢ [ (s ol s *
e, (e <+ MJ (@M @ls) + 6, ol Vs

Using the last inequalities choose £ and & such small that for \Einy we Dy the
cotresponding solution of the problem (12), (13) belong to D; .
Consequently, the sequence {x, }— D; can be constructed so:

ity (f) = Uy, _
w, ()= Al v, (0 r, () + Fle,, ()

u,(0)=u,.

Further, using Lemmas 1-4 we can prove that the sequence {un} is fundamental
in C(0,T}H).

So as {un}c Dy, so we can separate the subsequence {unk} from the sequence :
{u,} from the sequence, that

u,, —>u strong in C{{0,00),H},

u, —>u *-weak in L (0,7;H),

¢ “u, —>e“u x-weakin L_(0,7;H),

ul, »>u' *-weakin L,(0,T:H),
where u(-}e Dy N C(0,00), H).

It is proved that u(-) is the solution of the problem (5)<(6) and
u()e C([0,00); K, )N ([0,00)H ).

Using Lemmas 1-4 we prove that the problem (3)-(6) has a unique solution.
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