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KHANMAMEDOV A.Kh.
STABILIZATION OF SOLUTIONS FOR A SEMI-LINEAR WAVE EQUATION
Abstract

Sufficient condition for the stabilization of solutions for a semi-linear wave
equation is obtained. An example is cited also for the case when by not fulfilling this
sufficient condition, the solutions of this considered norm are not stabilized.

Consider the following initial-boundary value problem:
8, + 1(9)3, - 3, + g{9)="h(x), (t. x) € (0.+)x (0,1}
9(1,0)=9(2.1)=0, 1 € (0,+0) (1)
H0,x)= 9, (x), 8{0,x)= 3 (x), x (0,1}
where f{-)eC' (Rl) is positive function a.e. on R!, g(-}e(" (Rl), g(0)=0, g'(-}20,

B(-)e L,(01), 9(-)ew 0.). () L,(0,1).
In the case f(S):]SIP y>1, g{-)=0, A{(-)=0 problem (1) has been
considered in paper [1] and the decrease of solutions in the norm L ., has been proved.

Stabilization of solutions of problem (1) for £ — +w in the norm W, is studied

in the paper.
o) ]

Using the transformation 9(r)= (9 (t) problem (1) is led to the Cauchy problem
!

for the first order operator equation in the space ¥ E((],l)x L, (O,I) which according to [2]
generates a strong- continuous group V(r), teR inw é({),l)x L, (0,1).

|9 -]
Now for V&, = (‘9]0] e W 3(0,1)x L,(0,1) we construct a set

a@ﬁﬂ{um@]w ,

{20 sz

where [ ]w is a weak closure in W 20,)x 2,{0,1). Since for Vs 20 6(s)=v{(s), is

bounded in W 3(0,1)x L,(0,1), the set [UV&SG} for Vt=0 is weakly compact, and
H}

raf

consequently the set 5(90) is not empty and weakly compact in w 12(0,1)x L (0,]).
We can easily show that

) gedld)e exists {,}

® s t,—>+o, such that V(, )0, »>¢ weakly in
W 30.1)x L,(0.1);
2) v(,)B(0,)=a(g,), ve=0.

Denote by ¢°(x) the solution of the foliowing problem




56 | Azoerbaycan EA-nin xoberlari
[Khanmamedov A.Kh.] :

~ 8, +g(®=h, ae in (0,1)} ¥))

3(0)=9(1)=0

0
Theorem 1. 5(90):[(‘0 ]
0

9, )

1
Proof. let o= ? le @{6,). Then [ JE V(e )8, —>¢ weakly in
(Pz ‘9: (‘tn)

W Ho,1)x L,{0,1), where ¢, — +co. In other words, there exists such i, }:=1 , t, = +w
that 9(z, )~ o' weakly in W '2(6,1), 3.(t,) > 0 weakly in Z,(0,1). Hence it follows that
7(9,)-8.2,) > £lo' Jo? weakly in Z,(0,1). ©)
On the other hand, multiplying (1), by & and integrating on {0,4+e0)x {0,1) we get
w ] )
{17(8)8} dxdr < 0
00
and since f (.9( ))E L, (O,+oo; W, (0,])), consequently
flr9)s, ”if{l{n,]]dt < flris)s “iz(l),] it <o
0 9

Now to the fanction y(r)z” 7(9)9, ”i; we can apply the lemma from [3].

'0.)
Then
F(9): 8 ——~——0 strongly in #,(0,1). e)
.

From (3)-(4) it foliows that for Vo = [(pzl € (3(6‘0 )
©

f((pt)qo2 =0 ae. in {0,1).
{3()

Since for V20 t 5 )J =V{)pecd(8,), then

| f(g(!‘,')}ng:(t,-)zﬂ ae. in (0,1),

and consequently

g;¢(§(;,x))=0 a.e. in (0,),

where (D(.s) = iff(l)dt .
; )
Hence for ¥t >0 and vxe [0,1] we have: _
®{3(r,x))= ©{F(0.x)). 5

By virtue of that ®@:R' — R' is a monotonically increasing function, from (5) we obtain
5(.%)=8(0,x), vr=0, vxeloy).

Since 9(t,x) satisfies (1), with initial conditions 9(0,x)=¢'(x), ¢(0,x)=0¢(x), then

from the latter equality it follows
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2(Jr)—() a.e. in (01)

¢'(x)=9"(x). ae. in (0, 1)
and this completes the proof of Theorem 1.

tg a
Theorem 2. If k(- }# 0, then for V6, = (;] eW L{0,1)x L, (0,1)
1

(;(EI))J Vil {OBJ strongly in W (0.1 L, (0,1).

Proof. If h(-}#0 then ¢°(-)#0. Then there exist such a [a,b]c (0,1) and such
a & >0, that for ‘v’xe[a,b]

I ((po (x))z d.
By virtue of Theorem 1 we have

[ (8.x)- 10" )

consequently for Ve e [ gj there exists T{g)> 0, such that v¢ 2 T{g}

£S89 x)> 1 ((p“(x))-— e, ¥xelo].
Denoting af{x)= max{(}, I (tp“(x))w s} we get that a{x)# 0 and
Fx)zalx)20 vizT(e), vxelo]. (6)
By definition S(t,x) satisfies the problem (1). Represent it to the sum of the functions

clo] oo

ult,x) and w{t,x) that satisfies the following problems respectively:
u, +aleh, —u, +g(9)=h
u(t,0)=u(t,1)=0 7
u(0,x}=0, #,(0,x)=0
and
w, +alxhw, —w, =a(x)% - F{9)9
wit,0)=wlt,1)=0 (8)
w(0,x)=5(x), w,(0,%)=4(x)
For solutions of the prcfl:ilems (Nand (8) itis valid the following representations
U Ale-s
) L spenf

o) ‘["(S)] B I

0 {
where A=| &% o J, is a linear operator on W 4(0,1)x Z,(0,1) with domain
ax? J
D{A)=W20.)NW L(0,1)x W 10,1} and 0<s <.
Now by using Theorem 1 from [3] estimate the solution of problems (7)~(8).
Then
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)

<c|[” 0” W o, (01}] 62"11”!_2{”‘]} , Viz0, (9)

w2 (0,1NW Yo 1 4(0.1)

[W(f)\ < A o) [W(S)] .
() W00 (01} w,(s) 401 L,0,1) (10)
| —elims)
M- dr .
" ,:I.e [—' a‘g.‘ (I)— f(‘g)'gf (T)) l;’ ';(0,1)*1»;(03} :

Applying Hélder’s inequality with regard to (6) we get from (10)
W(f) —glf—x = — - ! 2
OL el )8 W) T,
P fouynaon) _ s -

Now pass to the limit firstly on ¢, then on 5.
=0. (11)

Then
[w(t) }
L (t] W 40, b L (0.1

Thus, it follows from (9) and (11) that for any {, }:J:l, ¢, =+, the set {V'{r, )0, }:;} is

Tim|

{—riin

precompact in W ;(O,I)X L, (0,1).
By virtue of Theorem 1 for ¥8, e W 1(0,)x ,(0,1)

i

(o° .
V(f)‘ga ——‘—“)LO ] weakly W E({],l)x L (0’]) :

Considering the abovementioned precompactness of the set {V'{¢, )8, }:=1 from the latter

limited relation the statement of Theorem 2 follows.
Note that if 4(-}=0, then Theorem 2 in generally speaking, is not true. As an

example consider the case f($)=|9°, p>2,#=0,g=0. Assume, the statement of
Theorem 2 is true. Then for V6, W {0,1)x L,{0,1}, 8, 0,

(t) ——>0 strongly in 4 ‘o, }) and &, (t)——T_:_c—rt) strongly in L,{0,1},
consequently, multiplying (1), by 9 and integrating on (5,+oo)x(0,l) for ¥s>0 we
have

+

2] Jorrs B CIO HES P10 S

Now take {sn Yoas s, > +w such that |8 (s, )|

sup”&' (t]” 01)" We shall

40,1}

assume that
19.(s,, I(LZ{GJ) >0, VneN.

On the contrary there should exist such », ¢ N that
:9, (S”:J 1 = sup”lg!' (I}ILZ(O,” = 0
IZ.&'"“

Ly{0,1}
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Hence, using equation (1), we get
t,x)=0, vtz S, » Vxe (0,1},

conseguently
$(x)=0, 4(x)=0, wvxe(01).
This contradicts to that £, = 0.
It follows from (12) that

152”]3|”

—dxdt <2 ﬂ|.9(t)|( . (13)
“ ( ]l},,(o 1) S
Since f(.9)= ‘19|P, £=0, h=0, the from equation {1}; we can easily get the following

estimates:
1 1

T (18" Saxat < +oo0 T 1817 9 et <+
00 o0

or
915" €3 (0,400} (01).
From imbeddings
w3 ((0,4+00)x (0,1)) = w, ((0,+0)x (0,1)) L, (0,+oo; W, (0,1)), l<g?2
we have
-P-i-] 2p
92" & L, (000, Q1)) £, (04e0iCTo], g =—2.
p

i.e.

JSeN gyt < 40 (14)

¢

(13) and (14) contradict each other.
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