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ASLANOV G.I, EYVAZOV E.H.

ON THE EXISTENCE AND ASYMPTOTICS OF THE SOLUTIONS OF
NEUMANN’S PROBLEM FOR POISSON EQUATION IN THE LAYER TYPE
MULTIVARIATE DOMAINS

Abstract

Let TI=R" % Q, where Qe R" is a bounded domain with Lipshits boundary.
Ini the layer TI we consider the equation
$ou S
=] 6212 i=l azf’ .
We establish the theorems on existence, uniqueness and asympiotics of the generalised
sofution of the given equation in 11 satisfying the boundary condition

Cu
T = 0’
Ot {5,
where n is the owtward normal to 6Q in R".
Let’s consider the layer I1= {z z= (Zp ZaseesZys Zpators Ty )}

x= (%, %00 %, 1= (21,2352, € R, 3= (31, Vo ¥ )= (2 1000r 2w )€ £2, where Q2 is
the bounded Lipshits domain of the space R™ with the bound 5O .
1. let’s consider in the domain 1T=R" x Q the equation

nem o
An = Z};{" : (N
where Aw= ”f 22‘ is Laplacian operator. The generalised solution of equation (1} is
considered wi:;ch s:atisﬁes the boundary-valued condition
il @)
Miag

It is supposed, that f,(z)e Ly (ﬂ) \

Y j‘ £(z)cos(i, z, dxd 2 =0 3)
=i+l a0y, pe

By the generalised solution of the problem (1), (2), where f(z) satisfy the
condition (3) such u(z)e W} o (l'[) is named that

fzfﬁ—aﬂd 53 {7 (z)—"idz (4)

7l i=1 11
if only (z)e #, (I1} and vanishes for |x]> p .
Theorem 1. If

j(1 + L z(z)}iz<m
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a<n-2, 2s+a—2+n=0 for no entire nonnegative s, then there exists the only
solution of the problem (1), (2) such that

J{u)= r_!'(! + \xD‘J f{—gg—}z dz +ﬁ[(1 + ‘xDa"z u{z)dz +

i=1

. ![xr-"- { Ju(z}iy}zdx <

and for that
I @< {f), (5)
where C =const doesn’t depend on u, f .
Proof. Let’s prove first the existence of the necessary solution of the problem

(1), 2).
Expand each f(z) into the series

70)=3 £ 60,0), i=12, 04 m (6)
k=0

by the ortnomatized eigen-functions of the boundary-valued problem:
AP+ AD=0,

7
o 2
on |x,
Nearty for every x the series (6) converges in Z,{C2). We will seek the solution

of the problem (12} in the form of the series
u(z)=3 u, (), (), @®)
k=0

where the functions u, (x) are unknown. Let’s take as u,{x) the solution of the equation

Auy(x)= ngax—”—(‘f) + foolx), xe R 9)

satisfying the inequality

I(l + ixj)alV_tuG (x}zdx < Z _Ki + ixl)aj fio (xfdx. a0
R =l g7
Such solution is the function ]

H

)= Y L[ ) £, o
i=1 i
where F(x) is the fundamental solution of Laplacian equation.
The inequality (10) for u,(x} is fulfilled by virtue of the theorem on restriction
of the singular integral in the weight space (7).
From (10) and from Hardy’s inequality (for the domains of the form QxR" it
was proved in {8)) it foliows:
w{x)=C +u,(x), (12)
where
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Jiee by taiop < ot E[ ] (13

forag+n=2,
Therefore, the constructed by (12) the function R is the solution of equation (%)
in R" and satisfies the inequality

;'[[(1 + |x|)”2 u; (x)+ (l + |x‘r§[aa%?J }[g
<c3 Jo+ ol fulol ar

=l
We will seek the coefficients of the expansion (8) u,{x) for k>1 from the

eguation:

4

Auy (x) - Ay, (x)= [Z fakx )]

-1 OX g (15)
xeR” .
For investigation of (15) let’s make the substitution u,{x)= v(x)l] + ‘xﬂ As the
result we obtain the equation

Av— A, v+ i%“! (x)+ a, (x)v =

i=l

afvz (16)

(] +]x} ) Z f;k e
32 0 500,

1—n+]
where ¢ (x)e (,‘““( "), a,-(x)eC“( ")
lima,(x)=0, i=0l..n,

i:[—)w

S flrx) ) [0+ £ oot (17)

=l e el
The equation (16) determines Fredholm’s operator

wir )~ L (R ).x 1 (R7).

Al Hmes

It’s solvable uniquely if the corresponding homogeneous equation has only a
trivial solution. Let’s show that it has that. Let v,{x) be the solution of (16) for

f{”(x) 0, vy(x)ew, (R") In this case, the function #(x)= v(x)(lﬂ—*x[ T satisfies the

equation
Av—-A,u=0 (18)
and

ﬂ1+[x\2}'u2(x)dx<w. - (19)
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It is krtown that from
qu (x)edx < o0 (20)
R
it follows that u(x)EO. As for as the condition (19) is weaker than (20), then (19)
means, that x(x}=0. Thus, the equation (16) is solvable uniquely and gives a possibility

to find such u,(x) - the solution of equation (15), that

Z j(1+|x\ I J dr+(1+lk)'f(

§1RJI

<o [Sl i PG+ ¥ e, [+ [qalﬁ(z)‘”’;f afv[ dx

1 i=l r=n+! R"

@1

The structure of (1) is such that, we can consider
J'f, 0, i=n+l,..,n+m.

Indeed, if (z) an arbitrary function, then if we denote by
£12)=flz)-—— j' 2}y, itis obvious, that
mesQ a

[# @)z =0

gfi :%J:- for i>n. So the equation (1) won’t be changed, if we substitute £(z) by
za’ zi
£,

The condition (4) and also the equality

ZIf(z)cos ,.‘,)drdQ -0

i=p+l gy
are saved, too.
Using the above said, let us estimate the last sum in the right-hand side of the

inequality (21). Let’s take for that A w, = f, (x,y), %V-’— =0.

7 a1

Then
J7 e gy, [,y
0 ayf ¢}
Therefore, from (15) it follows:

>] [( I%f"]z + +\x5”)~f]dxs

= g

(22)

il
Let’s show that the constant in the rlght-hand of the inequality (21) doesn’t
depend on & , if & is sufficient great. From the equation (16) after multiplication by v

and integration by R” it follows

<e¢, IZ(““M lf,k(x)dx ey _[1 (1-4 x| I:IW(D dy]
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N Lo v Y
J dl— + A v’ decjvzdx-r—_“ — ldx+
R"| =1 ox, R 2 ox,

wd (|

As far as A, — oo for & — o, then for 4, >4¢ we obtain (21), with the constant ¢,
which is single for all £=1,2,..
Let's sum the 1nequalltles (22) by all k. As result we obtain:

i{Z I( s { ] de+ {1+ A,) j(1+\x| )uza'x}

R

(23)
2

IZ(I + |5 lf dx + I(l +|+ )Z/L* { J'w Q)kdy} dx.

1=l

From the theory of eigen-functions of Laplacmn operator it follows that

Z/u[w@ F < E{gy‘”—} dy

a = iJ
Hence from the definition of w, it follows that

H+m oo, M-+t

> > [jw@ dy] <[

el k=l yi=n+l
Therefore

1+‘x|r Ja’x+ jl+|xD” dx <
R (24)
<c[S0 HY £
=l
where u(z) is determined by (8). The series (8) converges in the mean, the series
obtained from (8) converges in the mean, too by the differentiation term by term by x.

A Su ,
L et’s estimate now — for i>n.

X,

It’s easy to see, that for j>n

Idxdu(t)— dy=4, =4, j

il
Hence and from (23) it follows, that

™

v,
Z”k(x)a

k=1 !
converges in the mean and consequently

’fjl( M”I -]dx+j(l+\x| };.«,ix{‘] ().

=l g "

(] + ]Ix‘g )”2, Jj>n
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Now let’s prove the uniqueness of the selution of the problem (1), (2) in the
statement of Theorem 1.
Let f, =0, u{z) is the solution of the problem (1), (2), J,(u)<cc. Let’s

represent #(z) by the formula (8). Each of u,(x} is the solution of the equation
Auk - A&ﬂk = 0, Xe R”

gibw{§ﬂ+MMﬂ%mm

Also u, (x) satisfies the inequality (20) and it means that «, (x)=0 for k>1.

If x=0,then A, =0 and %, (x) is the polinom by virtue of Livill’s theorem, As
far as J,{u}< o, then J, {1 )< oo and u, =0.

2. Let’s consider the problem on the asymptotics of the solution of the equation

and

11+ af
An=Y L.
" ; oz,

in the domain IT for fulfilment of the boundary-valued condition (2).

Suppose, that
j(1+[x| )u (z)dz + j(uixr"}f[ ]a&<oo (25)

=]
f,(z)s() for ‘x|>p, xell
Represent u(z) in the form of the servies (8). Let’s consider uk(x), k >1. This

function is the solution of the equation (15).
Let’s fix arbitrary a4, >a,. The inequality (21) has been proved for any

a = const , particularly, it is valid also for a =a,. Summing all the inequalities (21) for
k=273,.. we obtain

Zz IRn 1+ [ fauk] d”z _{(14 x| Lf(x)drgc

k=2 =1 g k2
since f, (z) = {} is out of some compact.
Now let’s consider #,{x}. This function is the solution of Laplacian equation
Au, =0, xe R", M 2 7, = const
and

3 i H{%]ﬁ+ﬁﬂﬂLuM<w

fl g
From the formulas for the asymptotic expansion in the neighbour of the infinity
{for example, (1)) it follows, that for any &

u,(x}= P(x)+ Za DT (x)+ u; (x),

|a[<2 -n+ i

where P(x) is the harmonic polinom of power less than 1 — f’%ﬁ

=N "
l !V“] =

3

O(jxr”" )

Q, = Const, [u: (xj = Oex
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From (8) it follows

(o) = e, guk(xm(y){fa(xn zaamr(x)w:‘(x)}m](m

'u|<2 N

+ kiuk (e, (v)= P)e, ()’)+I b, (v]b“]--(x)+ u®,(y) + éuk (o, ()=

af<2 miN

=F(x,y)+ Sb.0)0°T(x)+ V(). (26)

|a|c2-n+n
The function V'{z} is the solution of Laplacian equation in II for ‘x|>p, it
satisfics Neyman's boundary-vaiued condition and

J(’V(z]2 (l +1x" }ix <w,
r
Hence it follows, that )
Vz(z)scrixl_"r”, W V(z]z gc!xl_a‘_ﬂnz . (27)
From (26), (27) it follows

Theorem 2. If f,(z) have a compact carvier, u(z) is the solution of the problem
(1), (2} such that (25) to be fulfilment, then

ulz)= Zba (DT (x)+ Flx,y)+ ¥(2),

o <2 oheN
where F(x,y) is the harmonicl g}oiinom whose power is less than 2—n+ N ;
I"(x) is the fundamental solution of Laplacian operator in R ;
’V(z} < clx]mN Y V(z] < c‘xl_ﬁ *
Jor ‘x]:>p, xell.

We express our deep gratitude to professor Iskenderov B.A. for the useful
discussion of the obtaincd results.
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