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AMIROVA L.L

ON THE COMPLETENESS OF A PART OF EIGEN AND ADJOINT VECTORS
OF A SECOND ORDER OPERATOR BOUNDLESS CLASS

Abstract

In the paper sufficient conditions ensuring the completeness of the part of eigen
and adjoini vectors responding to eigen values from some sectors in the left half plane of
one class of second order operational bundles, basic part of which contains a normal
operator, are found.

In the separable Hilbert space H consider the polynomial operator bundle
PA)=-2PE+ 24 + 4, + 4%, (1)
where E is a unit operator and the linear operators A, A4, 4, satisfy the following
conditions:
1°. The operator A is normal and has completely continuous inverse 4~' with a
spectrum lying on the finite number rays from the sector
S, :{l:|arg/l|£s}, Ose<nl2.

2°. The operators B, =AA"', B,=A4,A" are bounded in H, E+B, is
invertible in H .

By satisfying the condition 1° for any ¥ >0 the operator 4" is represented in
the form of

A=Y 2 (e )en,

n=1
where }/'l,||£|)4|5...|/ln|£..., A, are eigenvalues of the operator 4 and e, are

orthonormalized eigenvectors i.e
Ae, =Ae , n=12,..,

H non?

and
A=

¥ ivargd,
n H

A,| e —-g<argl, £&.

The domain of definition of the operator A”
D(AV ): {x (xe H, Z:lﬁ,,,[}’/l(Jc,rz,,)]2 < oc}
n=l
becomes the Hilbert space //, with respect to the scalar product

(x, y)y = (A”x, A7 y), X,y €& D(A” )
Let’s determine the class H, (a : H) consisting of vector functions 7(z) holomorphic in
the sector

S, = {z:largz|<o:}, D<o <n/2
satisfying the condition
2
Ly(R,:H)

¥i (te"“’ 1

sup!
[o}<a

® g2
=sup6ﬂ|f(te"]| dt <.

|of<ex
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As it is known the functions from the class H,{a:H) have the boundary values
fle*)e L(R, : H), flte’)e L,(R, : H) and this class is a Hilbert space with respect

to the norm (see [1])
112
U =gl b))
Further denote by

Wf(a:H]={u(z):u"(z)e H,{a:H) A’ve H)(a :H)} \
P;’i(a :H):{u(z):u(z)e wia:H), u(O):O}

Hilbert spaces with the norm -
142
Wl =(bE, +hed,, )

Here and further, the derivatives are regarded in sense of a complex analysis in abstract
Hilbert spaces.

Note that for the further functions from the space W;{a:H) the theorem of
intermediate derivatives and the theorem of traces holds:
Ifue Wf(a : H), then

" Az-;umnm <C, m““lz,w i=012,

a2, <€,

Let’s bind the bundle P(1} with the boundary value problem
Pld/dzulz)=0, zeS,, ()
wO0)=v, weH,,. (3)
Definition 1. We will call the function w(z)e W} {c: H) a holomorphic regular
solution of the boundary vaiue problems (2), (3), if the vector function u(z)e W} (o : H)

satisfies the equation (2) identically in S, and the boundary condition (3) is fulfilled in
the sense of

=0,

llff}l uz) - (9113!2 =0.
argz|<rx

Definition 2. Let the veciors @, 0, ¢,,...,9, € H, satisfy the equations

aP(A
P(A‘O)QG:O’ P(%)(Pl—'—'a_/(i,) (pu=0,
A=k,
8P(A B*P(A
P(ln)(pk -+ “'5&‘“2 . Gy +% ” 0, =0, k=23,..m

then Ay is called an eigenvalue and ¢, is an éigenvector, Q5-s Oy, are adjoint vectors
responding to the eigenvalue ;.
Denote by
S, = {1 tjacg 2> mi2val
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and by X (S';) - a system of all eigen and adjoint vectors responding to the eigenvalues of
the sector S, .
Further denote by o, (0 < p < =) a class of completely continuous operators B,

for which

o ' r

Z(AH(B*ByJ) <o,

n=1
In the present work we’ll prove a theorem of the completeness of the system X (3’; ), ie.
the parts of eigen and adjoint vectors of the bundle (1) responding to eigenvalues of the:
sector S, in the space I, .

Analogies of this theorem in different situations are investigated for example in
[1-5]. At first we will prove some auxiliary statements
Lemma 1. Let ¢ e H,,,. Thenfor z€ S,

e Aoew(o: H).
Proof. Really for z€ 5, and ¢ ¢ H,,, we have

el Aol -feeof, el

7,
Since
3 e Ry e ’ _
Ae ) 5‘- E]Ane ((p,e"* di =
_ uj-i llnlde-}!t]i"[cos(iamrglﬂ)l(q), ean dr <
g n=l
< ?i} l}vul‘l e—Ercos[a—w)l((p, e, ]zdt -
g #=
= leln[3[2 cosla + &) [(0,e, ]2 =[2cosla + &)} ucp“;z ,
i.e.

J=ol|, <~2leostc + &) o,

2.2
The lemma is proved.
Lemma 2. Let the conditions 1° and 2’ be satisfied Then on the rays
Fetrroppa = {A:argh = i(:r!2+o:)} the estimutions

- 225+ 4 < le) @)
A 2E+ 42| <) (5)
22+ a?) ]gcz (), 6)
where
1, O<a+e<m/2

Cley=Qcosla +&))', C,ls)= {

are valid

(\/fcos(a-rs)r, nld<ore<ni2
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Proof. Let A =re*™'>*) 0. Then from a spectral expansion of the operator
A we obtain

il

HM(“ A’E + A? )’1“ = supl}..n‘ # |r2e¢3,-q n |),nlzez"arsl,. |~1

? cos 2ta+argh, ))_”2

A

= sup|/ln|r (r" + |/lﬂ r‘ + 2?2’2.,,

/‘,n]r(r“ + 14, +2Ja, [ r? cos2(a + g)}”2 <

<sup
"

¥ [2r2|l,, Py 2|/1,,|2r2 cos2(a + e;):rf2 <

<sup|d,

<(2cos(a + 5))_1 .
The inequality (4) is proved. Now we’ll prove the inequality (5). Again with regard to
L= ret®2) 50 analogously previous one we obtain

A=re

A 22E + A2
Hence for 0 < +¢ <7/4 we obtain that .
225+ 2] [esut, F o 3 T <1,

<supla, |’ [r“ +1a,0" + 2P, )" cosla + a)}m.

andfor n/4<a+e<m/2 we get

A -NE+ 2 Tlﬂ < supl | | +
"

< sgp[ 2 0/1,, et )_”2 -(J-Z-cos((x + .9))"1 < (\E cos(or + S)Tl.

The inequality (6) is proved analogously to the inequality (5).
Theorem 1. Let the conditions 1" and 2" be satisfied and the inequality

K{e,a)=C, (e;al|Bt||+ C, (s;a][Bz || <1, (7)

where the coefficients C (e;a) and C, (a;a) are determined from lemma 2, is valid.

142

‘i (r‘ + ! )cos 2 + z—:)} <

A’H

Then the problem (2), (3} has unique regular holomorphic solution u(z) for any
v € Ha,,, where

o, < consily,, -

Proof. After the substitution u(z)=v{z)-e™y from the boundary value

problem (2}, (3) we find that
P(d/dzW(z)=glz), ze8S,, (8)
v(0}=0, (9)
where the vector function
g2)= {44+ 4)e 7y =(B + B, )4’y

belongs to the space H,{a:H). since B, and B, are bounded operators, and for
w € Hy,, by lemma | A’y e H,(o: H). Further note that from lemma 1 it follows
that
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le@H oy < (B1+ B0}, ., <constli,o- (10)

From the basic theorem of work [8] it follows that the problem (8), (9) has a regular
solution v(z) & W2 {a : H) which satisfies the inequality

“|v||\2,a sconstﬂg(z)umwm. (11)
Then u{z)=v(z)-e™y is a regular solution of the problem (2), (3), where by he
inequality (10) with regard to lemma | the inequality

led,,, <L, + v, <constlvl,.

holds.

‘The theorem is proved.

Theorem 2. Let the conditions 1°. 2°, the inequality (7) and one of the next
conditions be satisfied

I Aleo, |0<ps—T= ]
) 4vea, [0eps—t
9 Aeo, (0<p<w), B =447, B =44"

be completely continuous operators in H .

Then the system K (Sa} is complete in the space 5, .

Proof. From the condition of theorem 2 by theorem 1 it follows that for any
w ¢ H,,, there exists a regular holomorphic solution u(z)e W} (o : H ) representable in
the form of

ulz)= ﬁ Ja (R)e*da —;1—5 Ji (A)e*da, (12)

rfﬂ P2z - i-—(n PTra)

#2) = P (AN(AE - 4 )u(0) + ' (0))= P (A)Q(1). (13)

P(3)=-NE+ 24 + 4, + A =(E+ MA)E + B, )4,
where M(1)= AT, — A*T, and ,=BA'(E+B,)" € o, I;= BAYE+B) co
then M(A) is completely operator valued function and the operator £+ Af (0)=F is
invertible. Then by Keldysh’s lemma [2,5,6] the resolvent
PY)=a(E+B,) (E+MQR))"
is representable in the form of relation of two entire functions of order p and of minimal
type for order p.
Let the condition 1) be satisfied. Then on the rays T,(,/5,4),

@ =l r@) =l @llE - n@a @),
but from lemma 2 it follows that
lR)E ) =t + 4,)m7 ()] < W pr Y+ |4.p7 ) <

< “Blh“M(— NE+ 4 )11} + HBJ“& (- 2E+ 4] H <K(sa)<l,

where

Since

niz:

i.e.
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- J3fa 1 1 1
“P I(;L)"su}j”](ﬂﬂ l—K(a;a)= I-»K(E;mt)sgp_;L2 A SCOHNH}AF S

It is obvious that the inequality (14) holds and for some sector
S, = {}y :'argzl +(m/2 +a] <9} for sufficiently small 8 > 0.

Analogously proved that in these sectors the ineqpality
|42 P @) < comsii + A (15)

-1

holds.
Now assume that there exists a vector v & H,, which is orthogononal to all

vectors from the system X (S’; ) Denote by #{z) a regular holomorphic solution of the
problem (2), (3) and for ¢ > 0 denote by
1 ~
E0)=Glhv)y, =5 [l (2™ v it =
In
1 3/2 p-1 32 L g
*EJ.(A- PA)Q(), 4%y kM dn =

r
=L j(Q(A WA P )] 4 ye )dz -
271 ;
1 Y\
— NOA ), RIA Jle™ dA,
77 [0 ) R
where T' =T, . UL ,2,,) and R(ﬂ.):(As"'zP" (/T))*Amw.
From Keldysh’s lemma {2,5] it follows that if y is orthogonal to the system
K (S'; ), then the vector-function R(1) is holomorphic in the sector
S, = {l : |arg l[ >m/2 +a} and by the inequality (15) on the rays I,(,,,,) the estimation

l2(1) =|o(2). R(T) < constly +]a) (16)

is valid.

On the other hand in the sector S, ,,,, = {4 larg A <x /2 +a} .

g{A), as Laplace transformation of the function from H,{c : #) is holomorphic
and decreasing [7]. Thus g(1) is an entire function. Since the angle between T',,,, and
[ q1sequalto 7 —2a ,and p<n/7m—2a, so by Fregman-Lindelsf theorem [7] we
obtain that g{A)=a, + Aa,, where ay,a, € H . Then for ¢ > 0

§0= Oz === flag + 20 a1
2mi
But the last integral is equal to zero. Consequently, for ¢ > @ ’g'(t) =0. Tending ¢ — +0,
we obtain that {w,w),,, =0, i.e. ¥ = 0. In case 1) the theorem is proved.
In case 2) by Kedysh’s lemma [2,6] we have a system of the sectors

S, =C\U{). :|arg/1--mx-|<5}O{l:|&rg&—(ﬂ+m;)|<6},
i=} 1=}

outside of which the estimation (16) is valid. Here arg A = o, are those rays on which the
spectrum of the operator 4 from the sector S, is arranged.
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Again applying Fregman-Lindeldf theorem in this case analogously to the first

case we complete the proof of the theorem.

The author is thankful to prof. S.8. Mirzoyev and associate professor

M .M. Huseynov for their useful discussions of obtained results.
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