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NAJAFOV Kh.M.

ON ONE GENERAL BOUNDARY VALUE PROBLEM WITH DISPLACEMENT
FOR ONE SECOND ORDER HYPERBOLIC EQUATION

Abstract

In the present paper a general boundary value problem with shift for model
hyperbolic type equation
U,-U, =0 . (1
is considered. The boundary value problem for the equation (1) is investigated in domain
D, when on J = {(x, y):y=0,0<x< ]} the value of the function Ulx,y) is given, but in
characteristics AC and BC - the condition that pointwisely connect the value U{x,y)
and its derivative in some direction.

As a model of second order hyperbolic partial differential equation of two
independent variables x,y consider the wave equation

U,-U,=0. (1)
Let D be a finite simply connected domain of plane of variables x,3 bounded by
characteristics AC:x+ y=0, BC:x— y=1 of equation (1) and segment 48 of the axis
y=0;J = AB is unit interval 0 < x <. As regular solution of equation (1) in domain D
we’ |l understand a function U{x,v)e C(l_))ﬂ C’ (D) satisfying equation (1) in D.

Consider the following boundary-value problem for equation (1} in domain D,
when the value of function U (x, y) is given on J, and on ACU BCthe condition
pointwise connecting the values of U(x, y) and its derivatives in some direction.

Problem C. Find a regular in domain D solution U (x, y) of equation (1),
satisfying the boundary conditions

U(x,(}): T(x), Yxe .)_f, )
a(x)(/[%,—gj +a (x)d%-U@—,—g-J +p (x)U( x; L x; lj + o
BEU( L6, vaeT,

where 7(x), a(x), B(x)a,{x). 8.(x).5 (5} are given sufficiently smooth functions.
Note that the considered problem is the generalization of two problems from
paper [2] and analogous problem from [3]. We’ll go over to investigation of problem C,
Regular in domain D general solution U{x, y) of equation (1) satisfying
boundary condition (2) can be represented in the following form

1 1
U(x, y)= E[r(x + y)+ r(x - y)]+ > jv(t)dt, 4)
where v{x)e C'(J) is an arbitrary function.
Taking into account (4) in boundary condition (3) we’ll obtain

o)+ BN () + ey () + By )k () - oy (x) - B, ()} -
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- o) o ) ol =255~ o 0)- ). ©

Denoting by v, (x)= _[v(t)dt the primitive v(x) we’ll write equation (5) in the following
o

[on ()~ B, ()1 () + [ax) - BLe) () + B 1) = ©
=falx) + B+ o, () + B ()l () + alx)el0)+ e (t) - 25 (),
v (0)=0. 7
By virtue of (4) solvability of the problem C is equivalent to solvability of Cauchy’s
problem (6), (7) for loaded differential equation (6) with respect to the unknown function
v,(x). Substituting the value v{(x}=v(x) obtained from (6), (7) in (4) we’ll define
solution of the problem C.

We’ll investigate solvability of problem (6), (7) for different cases of
representation of coefficients of equation (6).

The first case. Let conditions (a) be satisfied: o, (x)= 8, (x), ¥xeJ ,a(x), B(x),
8{(x),z(x) are given functions, where

(x)e C(T)NC? (), a(x). B(x).6(x)e C(T)NC' (),

form:

al[x),ﬁ, (x)eC (.;_f)
We'll rewrite equation (6) in the following form _
o (x) - B ()i () + e (x )- Bl () + Bl ()= 1), ®)

where

Fx)=lal)+ BEN()+ o (x) + B, ()] () + alx)e(0) + B (1) - 25(x).

By virtue of conditions (a) equation (8) can be written in the following form:

h vilx)+ plawn (x)=qlx), )
) B @) Al .y, ale0)
A iy 6 L w3 o o o Y 0

BRD) 256 pm0) o al)-pl)
@, (x)_ﬁl (x) al(x) B (x) @ (x) ﬂl(x) o (x)— By (x)
Assuming that right-hand side q(x) of equation (9) is known, taking into account

initial condition (7), the general solution of equation (9) (see [4}) after some
transformations is obtained in the following form

»(x ___al(x)“'ﬁl(x)rrx _al(0)+ﬁl(0),r )
i er s M ey vy
+297 “on (B0) - B0~ B (e ) - a](t)]_ -
O 0B 0F )l

+r(0).9‘1(x)J a(‘)g(f) )dt+ ()9 (x )j pe)o(e) _BePY)

o, ()~ B, (¢)
+287Y )j 5('”g)()dt+vl(1}9 (x)j%%:-)(r— (10)

where
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- ex al)- () L9 (x) = expl — aff)- plt)
o) "[f - ﬁl(t)d} (=en - 2L }

From formula (10) at x =1 we’ll obtain

w()- {HSA(I)I ﬁ(f)‘g(’) ] o 1)+ 51(’)1(1)_

1() ﬂ](t) 1(‘) ﬁ](t)
_ Zl (g;-rg] 8; )87 1)+ c(0)9™' () J' Ca()’)'ggl dt+
1( 1 [ (i1
e B0y g 800
(1)9 ér o, 1( )dt 2 (I)I ( ) ﬁi(‘)dt

”9'1“)5&10)[[3(’)_[28]- f((ﬁ[() O] Yot

The expression in square brackets in the left-hand side of relation (11) we’ll denote by C,

and right-hand side — by C,. Then at C, =0 from (11) we’ll uniquely define v, (1):%
i
If simultaneously C, =0 and C, =0 then relation (11} is satisfied for any finite v,(1). By

tulfilling conditions C, =0, C, #0, equation (11} isn’t solvable. Consequently, in the

first case solvability of the problem C depends on solvability of equation (11) with
respect to v,(1). From (10) the unknown function v(x) is defined in the form

v(x)__al( x)+ B (x) () -2 a(x)B,(x) - Blx)o (x) o)+
()~ B(x) for ()~ B ()

alxj(©@)  plk) B 25(x)

al(x) ﬁl(x) a(x)- ﬁl(x) o, (x)- ﬁ,(x) (%)~ ﬁl(x)

SO P ) ) (0l )2V

2.(0)= ,(0) ()= ﬁ1(f)

—t()plx)9 " (x 1040, t+y x}97 (x PO f

L)plx)9- ()f ) ﬁl()d (el ()5 a, ()~ ﬁ,(t)d
r2pla)o () 200

a0-HO"

1 E LU

where v,(1) is solution of equation (11), p(x)- alx)- Blx) Note that in particular if

1()_ ()

condition ﬁ() ,0 is satisfied then C, >0 and vl(l) is uniquely defined from
l(f) B
(.

So substituting the obtained value for v(x} from (12) into formula (4) we’ll find
solution of the problem C. From the stated above follows
Theorem 1. Let conditions (a) be satisfied. Then:
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1} if C, 0 then problem C is unigquely solvable and solution is vepresented by formula
(4) where v(x) is defined by formula (12), and v, ()= %2— is solution of equation
1
(11);

2) if simultaneously C,=0,C,=0 then problem C is solvable and solution is
represented by formula (4), where v(x) is defined by formula (12) and v, (1) is an
arbitrary constant;

3} ifconditions C, =0,C, 0 are satisfied then problem C isn’t solvable.

Second case. Let conditions (b) be satisfied: &, (x)=8,(x), a(x)= p(x).vxe J,
8(x)c(x) are given functions where a(x)B(xha,(x)8,(x)5(x)eC{T)NC* (V) and
r(x)e ! (.;_f)ﬂ C*{J} at o (x)= B, (x}2 0,2{x)e C’ (.7)0 C*(J}, at ay{x)= B, {x)=0.

In this case equation (6) takes the form

[elx) - Bl () + B (1) = g (), (13)

where glx)=[alx)+ Blx)lr{x)+ 20, () (x) + alx)r (0)+ (x)e (1) - 25(x).

Taking into account condition (7), from (13) we’ll obtain the following relation

BlOW.(1)=2(0). (14)

It’s obvious that at S(0}=0 from (14) »{1)= %((%% is uniquely defined. Substituting this

v (0)={2(x) - Bl flecle) - BG)N (15)
and in turn v(x)=+' (x). If conditions B{0)=0,g(0}=0 are satisfied simultaneously then
relation (14) is valid for any finite v,(i). Fulfilling conditions B(0)=0, g(0)= 0 equation
{14) i1sn’t solvable.

Consequently, in the second case solvability of the problem C depends on

solvability of equation (14) with respect 1o v, (l)

From (13) at x =1 we also obtain
a(ih (1)=20). (16)

Relative to the equation (16) the following statements hold:

1) at a(l)#0 is uniquely define v,(1)= —gﬁ—) ;

2) at afl)=0, g(1)=0 equation (16} is solvable for any v, {1);

3) at a(l)=0, g{l}= 0 equation (16) isn’t solvable for any v,(1);

From above stated follows
Theorem 2. Lef conditions (b) be satisfied. Then:

1) if conditions B(0)=0, a(l)e(0)= g(0)g(t) or a(l)=90, a(l)z{0)=pB(0)e(l) are
Julfilled, then the problem C is uniquely solvable and solution is represented by the
formula (4), where v(x)=v',(x} is defined by the formula (15), and v,(1) is a unique
solution of one of the equations (14) or (16);

2) if conditions all)= B(0)= g{0)= g(\)=0 are fulfilled simultaneously, then problem C
is solvable and solution is represented by the formula (4), where v(x)= vy (x) is
defined from expression (15), and v,(1) is an arbitrary constant;

value in {13) we find
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3) if conditions $(0)=0,2(0)=0 or a(l)=0,g{1}= 0 are satisfied then problem C isn't
solvable.
Third case. Let conditions (¢) be satisfied: @, (x)=8,(x)#0, a{x)= g(x),vxe J,
5(x),z(x) are given functions, where

1(x)e C(f)ﬂ CHJI), alx)a,(x)8{x)e C(j)ﬂ cHJ).

In this case equation (6) takes the form
a(x) a(x) 5(x)
t'(x)+ Tix)= vl—r(})vrl)+ .
(9 £8 )= 72k )- )0+ 240
From (17) for (x) we’ll obtain the following representation

'r(x) = 'c(())w‘I (x) + —;—[1 —w (x)][c, - 'r({)) - 'r(l)] +w (x);[gl-% w(r)dt, (18)
alt

where ¢, = const, wix)= exp[ ;E_(f)_)m] W (x)zexp[_ _[z—((%dr}

The following theorem holds
Theorem 3. Ler conditions (c) be satisfied Then if r(x) represented in the form

of (18) and equality ¢, =v,(1) holds then problem C has infinitely many solutions,

(17)

X

depending on arbitrary function v{x)e C'(J) and solutions are represented by the
SJormulda (4).
Fourth case. Let conditions {d) be satisfied:
Q, (x)= B, (x) =0, a(x)= )S(x) 20, VxeJ, 5(x),'r(x) are given functions, where
t(xha(x).6{x)e C(f )ﬂ C*{J). Then equation (6) takes the form
1 1 1 5(x)
==y (- =1(0)—=7(1) + X 19
te)= )= 570570+ 765 (19)

On the other hand, by force of condition (3) and properties of characteristic quadrangular
we have

_8) 080
(x)= )" 7{0) 20 (20)
From {19), (20) we obtain relation
¥, (1)2-‘3”{(0)-}-1'(1)—*2-@ (21

a(0)”

Consequently, the following theorem holds

Theorem 4. Let the conditions (d) be satisfied. Then if the conditions (20}, {21)
are fulfilled then problem C has infinitely many solutions, depending on arbitrary
Sunction v(x)e C'(J) and solutions are represented by the formula (4).

If the trivial case holds

a(x)= plx)=0(x)= B, (x)=6(x)=0,vxe J,

then it’s obvious, that problem C has uncountable set of solutions depending on arbitrary
function v{x)e C*{J) and solutions are represented by the formula (4).

In conclusion we note that the considered problem C can be used at statement and
solvability of different boundary-value problems for mixed equations (see for example

{1), {2}, 3D
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SALMANOVA Sh.Yu.

THE APRIORI ESTIMATE OF HOLDER'S NORM
OF SOLUTIONS OF DEGENERATE ELLIPTICO-PARABOLIC
EQUATIONS OF THE SECOND ORDER

Abstract

In the article a class of degenerate elliptico-parabolic equations of the second
order in divergent form is considered. For weak solutions of these eqautions the apriori
estimate of Halder's norm is proved.

Introduction. Let R, be an » - dimensional Euclidean space of the points
=(x|,...,x,), Q2 R, be a bounded # - dimensional domain with the boundary 82,

B}%O be an »- dimensional open ball of the radius R <1 with center at the point x% such
that B} <Q, BS =B, @ ={(xt):xeQ0<t<T<w}, Sp={(x.1):xec8Q,0<r<T},
I'(Or) be a parabolic boundary of Qr, ie. IQr)=s; U {.t): xeQ, 1 =0},

0o L0 o o (7T o o (T
Q; :B})é X(O,T), le :B;' x[?!TJ9 Q2 :BR' X[—, Js Qg:QRa QIO=Q13

424
o =(,,where R' =—

Consider the following equation in Of

_ IR IO
Lu= z 15 [,J,(xt) } a:( (r l)a:) = =0, (1)

with supposition that “a (x tm is a real symmetrical matrix with measurable in Oy

elements, where for all (x,t)e Qr and arbitrary »- dimensional vector &

y|§| Za,_, (x, 0 <y 1|§| y €(0,1] - const . (2)

i, j=1
Besides with respect to the function ¢{z} for z >0 the condition

0(0)=0,0(z)> 0, 9'(z)> 0, 0"(z) > 0, 0'(z) 2 p(z)p"(z), % 2 p (3)

be satisfied, where § is a positive constant.

The aim of the present article is the proof of the interior apriori estimate of
Hélder's norm for weak solutions of equations (1). Note that for the second order
parabolic equations in divergent form the corresponding result is derived in [1-2]. We
indicate monograph [3] in which the the Hdlder continuity of solutions of the second
order quasilinear parabolic equations was proved. As to the second order parabolic
equations in divergent structure we mention in this connection papers {4-61. Note that in
proof of apriori estimate of Holder's norm is the analogue of the classical Harnack's
inequality for non-negative solutions of equations (1) established in {7] is a basis
instrument.




