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A STATE SPACE MERGING APPROACH

Abstract

Quality-of-Service (QoS) in high speed packet switching networks is largely
determined by buffer size and buffer allocation strategies. Performance evaluations of the
buffer allocation strategies are computationally difficult problems due to the complexity of
the large state space when the number of traffics and/or the buffer size is large. In this paper,
we propose the approach based on the state space merging to avoid these difficulties for the
systems supporting two traffic flows when buffer size is large enough. The design and
optimization problems are discussed for Complete Sharing (CS} strategy more detail and the
results of appropriate numerical experiments are carried out. The objective function is to
achieve the desirable level of the blocking (loss) probability (PB} under minimal value of the
buffer size.
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1. Introduction.

To evaluate the congestion of traffic at a computer network node in [4], Irland
proposed to use the models of multi-stream queuing systems with finite common waiting
room and typed channels in which each stream has its own channels. After this work, these
models have successfully been used for the analysis of the performance of buffer sharing
strategies at a node in a store-and-forward packet switching networks. To obtain optimal
system performance of specific sharing strategies, Irland [4] and Latouche [7} developed
some heuristic procedures. Performance evaluation of the buffer allocation strategies is
computationally a difficult problem due to the complexity of the large state space when the
number of traffics and/or the buffer size is large. These problems have intensively been
investigated during the recent two decades, especially after the publication of the classical
study of Kamoun and Kleinrock [5], where five strategies were proposed. Their showed that
for the Poisson arrivals and exponential service times the probability distribution of the
buffer occupancy have a well-known product form.

Buffer allocation strategies can be broadly classified into push-out strategies and
non-push-out strategies. Strategies, which can accept an arriving packet by dropping another
packet from the buffer, are known as push-out strategies. In this paper, we consider the non-
push-out type strategies, which do not allow the drop of already accepted packet of any type.
Note that the above mentioned five strategies [5] are strategies of non-push-out type. Further
references might be found in [3].

There have been a few works in which the finding of the optimal strategy in the class
of non-push-out strategies have been addressed. In [1], Foschini and Gopinath proved that in
tase two output ports for the Markovian systems, the optimal sharing strategy in the sense of
minimization of the PB (or equivalently of maximization of the throughput) is in the class of
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SMXQ strategies. They do not discuss the computational aspects of finding the parameters of
the optimal strategy. Yum and Dou [9] proposed algorithms for finding the optimal
(minimatl) value of parameters of the above mentioned five strategies [5] to support the given
level of multiple QoS classes when the latter is defined by indicating the upper bounds of the
PB for each class of packets. In fact, none of researchers did not deal with the computational
complexity the problems due to large value of buffer size and/or the number of types of
packets. However, until now the major problem in the performance evaluation of the large
scale buffers remains to be the “curse of dimensionality”. In this paper, we propose a new
approach to avoid this problem for the non-push-out type buffer ailocation strategies in case
two output ports with large buffer size. Our approach is based on state space merging [6].
Previosly this approach was presented in [8].

2. Model and Algorithms.

The system consists of a buffer shared by packets destined to two output ports.
Packets are said to be of type i, if they are destined to port 7,i=1,2. Type i packets arrive to
the buffer according to a Poisson process with finite rate A, , and are transmitted by output
port i during the random time derived from the exponential distribution with finite rate g, .
We assume that arriving and transmission processes are mutually independent. The total
buffer size is B, and a packet releases the buffer when it has completely been transmitted. -

Assumption: A, >> 4;and g, >> u,. This is a regime that commonly occurs in
multimedia networks, in which voice calls arrive and depart more frequently than video calls
{2]. Moreover, as it will be shown below, the final results do not depend directly on 1, and
g, but depend only on their ratio v, = A,/ y;, i = 1,2, However, this assumption is useful to
provide rare tramsition between classes of states underlying Markov chain (MC) for the
application of the state space merging algorithms,

As it was mentioned in previous section, for this strategy an arriving packet any type
is accepted if any storage space is available. Thus, a two dimensional MC with states n =
(n; ,n,), where n; is the number of the type i packet in the buffer might be used to describe
the functioning of the system at equilibrium. The state space E.; of the given MC is defined
as follows:

Epg={n:0<n,<B i=12;0<n,+n,<B}. (1)
The elements g(n, n'), n,n ¢ E¢, of the infinitesimal generator matrix Q. of the given
MC are calculated as follows:

A if W=n+e,
gn,ny=4p, if #'=n-e;, (2)
0 otherwise,

wherei=1,2,e =(1,0), ¢ =01
Let p(n) denotes the stationary probability of the state ne E. It is well known that
the stationary distribution p(n), n € E, of this MC possesses a product form [5]:
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2
pn) =GB [v", (3)
i=]

where (¢ (B)is called normalizing constant over state space E.,
2
Ges(BY:= Y TIvr.
neley i=l :
Various performance measures can be calculated from the stationary distribution (3). Hence,
the stationary blocking probabilities for packets both types are the same:

PB.(B):= Y p(m)(n, +n,=B), 4

nefqg
where I(4} is an indicator function of the event 4.
But for other performance measures of the system, that is, throughput and utilization

are not the same. So, the throughput TH . (B} is calculated by

TH.(B)=A[1-PB(B), i=1,2 , (5)
where TH (B) denotes the number of completed packets of type i accepted to the buffer
per unit time. The utilization, PUL(B), of the output port / is a measure fraction of the time

that the port is busy and is calculated as follows:
PUL(B)=1- Y p(m)(n,=0), i=12. ' (6)

ek
The buffer utilization by packets of type i, BU.(B), is measured by means average number
of packets of given type in buffer and is calculated as follows:
_ )5
BUrs(B)= 3 3 jp(mi(n; =) . o
nefl,.; f=1
However, when B is large (as in realistic switches), the computational burden in calculation
of the performance measures (4)- (7) is great due to large scale of the state space (1). Now,
we propose a new approach to avoid this difficulty.
Consider the following splitting of the E:

B
Ecs=\JEGs »  Ei (\EG=9 ,mzm, (8)
m=0
where Ef :={necEp 1nj=m }.
Name the class of states E[; of the initial MC as the merged state and denote it as

<m>,m =0, 1, .. B Starting from the splitting (8), we can form the mergement function
U:Eq — Epg, Epg={<m> m=0,1,.,B } defined as

Umy=<m> if neESL . )]
Thus, mergement function (9) defines the merged model with respect to the initial model
which is also MC with state space E‘CS. In view of the above assumption, the classes

E7; ,m=01,.., B are the ergodic classes supported by the initial MC. By using (2), their
stationary distribution p” = { p"(n):ne EY }can easily be determined as the stationary
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distribution of the one-dimensional birth and death processes describing the classical
MM/ /B —m:
I-v,

2
Taking into account (2) and (10), we conclude that the elements g(x,y), x,y e Ecs of the

pr(mk)y=vE k=01,..,B-m m=01...B. 10)

generator matrix ch for the merging model, which also is one-dimensional birth and death
process, are :
AI-Liv,,m)] if x=<m>y=<m+i>
g, y)=<p, if x=<m+l>y=<m> (11}
(0 otherwise
where L(v,,m) denotes the stationary loss probability in M/M/1/m+] system with the
offered load v, , that is L(v,, m)= 1?3" (I-v,)/1 —vI),

Therefore, by using (11) the stationary distribution x_ (<m>),<m>e ECS , of the

merging model can be written as follows:
)

ml<m>)=v] [] 11-Lv;, D]Ir(<0>), m=1,.,B, (12)

J=B-wmi+f

where xc(<0>)=[}+ivf ﬁ -Lv,, NI

k=1 j=B~h+i
Then, the stationary distribution of the initial model is
p(n)= p™(n.n)m (<n >), nekr. (13)
Finally, taking into account (5)-(13), we obtain the following formulae to calculate the
performance measures (4)- (7):

PBes(B)= Y. Ly, mz (< B~m>), (14)
m=t}
]
UlsB)=1-m (<0>), PULB)=1- Ly(v,mim (<B-m>), 15)
mi={
B B B+1
BUly(B)=Yin(<i>), BUL(B)=(1~v, )3 vy Y ——a(<B+1-j>), (16)

i=t i=t y=irid TV
where L,(v,,m)is the stationary probability that the system is empty in model M/M/1/m+1
that is, L,(v,,m)=(I1-v,)/(1-vI").

Using (14) T/s(B) might be calculated from (5).

In summary, we can propose the following algorithm to calculate the performance
measures of the given system.

Step 1. Input v), v, B.

Step 2. Form =0, 1, ..., B calculate 7, (< m >} from (12).

Step 3. Calculate PB.o(B), PULs(B), BULg(B)and TH 5(B) from (14), (15), (16)
and (4), respectively.
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It should be noted that the complexity of the given algorithm is too low, that is, it
can be estimate as O(B’). Moreover, it is very convenient to calculate because it applies well-
known parameters L(v, m) and L¢v, m) for which there exists a perfect software product
(also commonly tabulated).

3. Numerical Results.

In order to show the numerical tractability and some results for calculate the system
performance measures in CS strategy , we have solved the set of equations (12)-(16),
assuming both the values of v; and v, are change in the range 0<v </, i=/,2 (i.e. in the
normal regime). It is worthwhile to note that the proposed here formulae enable us to realize
appropriate calculations in heavy traffic regime (i.e. when loading parameters exceed {).

Fig. 1-3 show the some results for the symmetric (v;=v;) and asymmetric (v;=v;)
cases. It is noteworthy that difference between approximate values of performance
measures calculated by proposed here formulae and their exact values calculated by
product form stationary distribution (i.e. by formulae (3)-(7)) is negligible. So, for instance,
the values of PBqs(15) and PBs(90} for vi=v,=0.5 in exact approach are 1.22087E-04 and
1.83773E-26 , respectively. By comparision these values of PBqs(B) with their appropriate
ones in Fig.l we conclude that with increasing of B this difference is close to zero.
Analogous situations there are in other values of buffer size (B) and loading parameters (v;
v;). Latter indicate that proposed formulae are asymptotic exact ones for calculating the
systems performance measures for large value of B

Now we consider the optimization results for CS strategy. It is clear that for this
strategy, the problems of minimization of blocking probability and maximization of
throughput are equivalents. That’s why, for the sake concretize we assume that QoS is given
by indicating the upper limit of blocking probability, and our problem is to find the minimal
value of the buffer size that provides the desirable level of QoS. That is, formally this
problem may be written as follows:

B :=arg min{PB(B)s¢ }, a7

B
where £ > {} is a given upper limit of blocking probability. To solve the problem (17) as in
[9}, we may use the dichotomous search method since the function PBcs(B} is monotonic

decreasing with respect to B. For this purpose, we first should determine the upper and the
lower limits for B" in (17). From (14) it is clear that PB.(B)2 L(v,, B). It means that as a

lower limit of B in (17) we may use B, which is determined by the following condition:
ﬁ; =arg mgn {L(Vz,B)‘SS}. (18)

The solution of the problem (18) is B, =int(x)or B, =int(x)+1 (here int(x) denotes the
greatest integer less than or equal to x) if x is not integer, where x is obtained as root of the

equation L{v;, x) = ¢, that is,
1
x= In—— —In(i +v, )},
Inv, | 1-v, I-v,
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It is clear that as an upper limit of B  in (17) we may use B which is given by

B =§; + B, where B is thesolution of (18) wherev, issubstituted by v,. The results

of numerical experiments for the problem (18) carried out by using the indicated above
method is shown in Table 1.

LR N SO R HItmih

v; | 01 0.9 0.1 0.9 0.1 0.9 0.5 0.5 05 | 05

v, | 09 0.1 0.9 0.1 0.9 0.1 0.5 0.5 0.5 | 0.5
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4. Conclusion.

In this paper, we propose a novel algorithmic approach to determine the approximate
performance measures of non-push-out type allocation strategies widely used in packet
switching networks in case of large-scale buffers. Our approach is based on the state space
merging principle and we are develcp efficient algorithms in the sense of low compiexity to
solve of the problem indicated above for case two output ports. Calculations that are carried
out by using the proposed formulae show that they are refined approximations for the system
performance measures in engineering practice.

The results that are obtained by using the proposed algorithms show that by
appropriate choice of the parameters of the CS strategy required QoS may be achieved
(analogous problems for other strategies might be carried out also). The latter is carried out
by unconstrained optimization of the sample model performance measures to determine the
optimal value of the strategy parameter depending on the loads offered by packets of
different types. Hence, the proposed approach also permits us to develop the situational
algorithm for optimal control of the buffers under a given strategy provided that accurate
measurement or prediction of offered loads could be carried out.

Meanwhile, this approach enables us to obtain the accurately appropriate solutions
for push-out type strategies as well, if we let only the first type packets (slow time scale
packets) may push out the second type packets {fast time scale packets) when the buffer is
full since under this assumption, we may provide the rarely transmission between classes of
states that is a necessary condition for applying the state space merging theory. Thus, we
may study the interesting problems of analysis, optimization and optimal control of the push-
out type strategies too and this issue will touch upon in our further studies. Another
imteresting research area is that the given approach may successfully be applied for models
with arbitrary number of output ports.
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TAGIYEV R.K.

ON THE OPTIMAL CONTROL PROBLEM BY COEFFICIENTS OF A
HYPERBOLIC EQUATION

Abstract

In the paper the optimal control problem by coefficients of a hyperbolic equation
is investigated. The correctness questions of statement of the problem are investigated,
the differentiability of an aim functional is proved and the expression for its gradient is
obtained, the necessary optimality condition of a control is established.

The optimal control problems for the processes described by hyperbolic
equations with controls in their coefficients are studied in [1-4] and etc. By investigation
of these problems a series of difficulties associated with their incorrectness [1,5] arises.

In the present paper one optimal control problem by coefficients at the first
derivatives and by solving a linear hyperbolic equation is investigated. For the considered
optimal control problem the correctness questions of its statement are investigated, the
differentiability of an aim functional is proved and the expression for its gradient is
obtained, the necessary optimality condition of a control is established.

1. The statement of the problem and its correctness. Let it be required to
minimize the functional

2
I(v) = aoﬂu - yo"iz(Qr) + a1"u|f=T ~ W ﬂLz(Q) (1)
in the solutions u = u(x t)— u(x,?,v) of the boundary value problem

]
ou
2z lﬂ% e J*E“f(‘)a:* 20

* a(t)u = flxt), (e)eOr,

Urg = 9o ) —(Pl(x)s xe{l, “|ST:0= (2b)

a:
corresponding to the admissible controls

v= v(r)e V= *v(r) ={a,{t)....a, (t), a(t))e H= (Wzl [0, T])'+1 :Ia,- (t),a(t) <1y ,]a,’. (r),
a’(rls_: T (1' :f,_r;) ae. in [0, T ]} )

where Q is a bounded domain in R, with a piecewise smooth boundary
S:0 =Qx @71, S, =8<(0,T); T>0, a,¢,14,20, 4, >0, a;+a, >0 are given
numbers, yo = yo(x.6), f = f{xt)e Lo(0r ), 31 = ni), 01 = 01 (x)e Ly (Q),00 = 9o (x)e

eW é(ﬂ) are given functions, ay (x,r) are the known functions having the properties

a,{x, =a a, (x.8), vn.’,’" ZG,J (x,22, <

i =1
o —_
$,u".§Hz,V(§ER,,, gt"' <pu, (f,j=1,n)

ae.in O, v,u=const >0, py=const>0.

(3)
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