100 Azorbaycan EA-nin xobarlari

KERIMOYV N.B., MAMEDOV Kh.R.

THE STURM-LIOUVILLE PROBLEM WITH NON-LINEAR SPECTRAL
PARAMETER IN THE BOUNDARY CONDITIONS

Abstract

The Sturm-Liowville problem containing non-linear spectral parameter A in the
equation and in the boundary conditivns is considered:

"+ glx=Au, 0<x<l, (1)
(cco +a]/l+a2&2)u(0)+u’(0)=0, (2}
(B, + Bia + Bo? ) ull) + (1) =0. (3)

Supposing that g(x) is any real- valued function from the class C[0,] allocation
of eigenvaluey is studied, the theorem on number of zeroes of efgenfunctions is proved,
the asymptotic formulas for the eigenvulues and eigenfunctions for the boundary value
problem (1)-(3) are found.

Consider the next boundary value problem with a spectral parameter in the
equation and in the boundary conditions

_“"Jrq(x}“:lzu, O<x<], 0
@y + o + a2 Jul0)+ w(0)= 0, @
3210 00

Here A is a spectral parameter, ¢(x) is a real-valued function from the class C[O,]] . Q,
and ﬁ,(.r’ = 0,!,2) are real constants. For the case when q(x) is a non-negative function
from the class C[0]] and a, <0, @, >0, 8, >0, B, <0, ‘al‘+|ﬁ,‘¢0, the problem
(1)-(3) was described in paper |1]. In fact that even for a more common case we can

describe the spectral properties of the problem (1)-(3) essentially fuller.
In future everywhere we™H suppose, that q(x) is real-valued function from the

class (,'[{},]] and the condition
ay >0, B, <0, || +]B,[20 (4)

is fulfilled.

Lemma 1. The exists such a number R, >0 that any cigenvalues A the
boundary value problem (1)-(3), satisfving inequality |/1| = R, is real.

Proof. Let A be an eigenvalue of the boundary value problem (1)-(3) and u(x, 1)
is a corresponding eigenfunction. Multiplying the both sides of the equality (1) by the
function ;(x,_l) we integrate the obtained identity by x from 0 to 1.

I i I R
- Iu”(x,&) uix,).-) dx + Jq(x} ulx, &]2 dx = A’ ﬂu(x, l]zdx. (5)
1} & {t
Using the formula of integration by parts and the boundary conditions (2} and (3), we get:

I
Iu"(x,?») u(x,l Vix - (a(, +a o+ (x:f )‘ u({),if -

L]
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(B, + Bk + AN 1,2 - J_ﬂu'(x,lfdx.

From above and from {5} it follows that
AR + B(AR + C(1)=0,

where

A= [l 2 i+ 0,2 — Bl 2
B(A)=c w0, 1) — Byl 1),

CO)=aolul0.AF — Bolulh A — Jaleulx, A _;ﬂuf(x, Y .

Thus the eigenvalue A is the root of quadratic equation

A{2)z? + B(A)z +C(1)=0. (6)
Let us use the estimations
1
{]r;?g}u(x, A]z <, (l + [}LD 5[ lu(x, /1]2 dx, (7)
i 1
[l Ce, Y et {1+ 2]) flulx, Y, (8)
[t a

where ¢, and ¢, are positive constants, not depending on A. These estimations are
obtained in {2].
Let g4 = gaaxlq(x)i, By virtue of (7) and (8) we have
=x3)

1

C(A)<lag|- (0, A)Y" +{B, Jull, AX + g flulx, A} dx -

o

- :_ﬂu'(x,ﬂlzdxﬁ [cﬂ ﬂaol +18, })(1 + P.})"i- g —

—c (1 + [ADE ];”u(x, 2,] .

Thus, we proved that for any eigenvalue 4 the following inequality is satisfied:
1
c(A )=+ [,q)z{q - __E_] fluele. 7Y . ®)
)i

where ¢, =¢, anl ‘*“30’)"“ do -

Let R, =22 ks easy to show that if P.[ZRO then the following inequality is
<
satistied:
L
I+ \ll

From above and from (9) it follows that when IJ,‘ > R, the inequality C{1)<0 holds.

g.

(8]

Besides, by virtue of (4) 4(1)}> 0. Therefore when P.I z R, the following inequality is
satisfied:
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B (A)-44(a)c(2)>0.
Consequently, the equation {6) when ]AI 2 R, has only real roots, Thus, lemma 1| is

proved.
Lemma 2. The eigenvalues of boundary value problem (1)-(3):
(u) form at most countable set, not having a finite limit point;
(b} are real and simple excluding a finite number of eigenvalues.
Proof. Similarly to the theorem 1.1. from the {3, p.14] we can prove that there
exists a unique solution of the equation (1) satisfying the initial conditions

w(0,A)=1, w'(0,A)=~c, ~a, A ~a A%, (10)
where at every fixed x e [0_,1] the function y{x, A} is a entire function of the argument A .

The cigenvalues of the boundary value problem (1)-(3) are zeros of the entirc
function

(B, + Bia+ g2 (L2) + (L2,

We proved (lemma 1) that this function doesn’t turns to zero at non-real A, satisfying
the inequality [Al ='R,. That is why its zeros form the at most countable set, which hasn’t
finite limit point.

For the proving of the statement (b} it will be enough to show that the equation

(B, + B+ .22 (1, 2)+w'(1,2) =0 (a1
outside the circle {/l : ll] < Rﬂ} has only simple roots.

Really, if A=4" is the multiple root of the equation (11) and |11 > R, as it was
proved in [ 1] the equality

Bor (2" )- e, ——-21-‘[].W2(x. A Mxva, - ﬁ;._l,uz(l,&'ﬂ. (12)

L |
holds. Besides proving lemma 1 we showed that
AR+ B W el )=, (13)
where
A )= ljtyz(x,/l‘ vy — P (L4, (14)
i3
Bl )=0, - py?(L1%) . (15)

(f.*(l* ):a(, - Bow’ (l,),‘)* qu(x)yz (r /’L')d, - l_’.w’z (_x, X }Ix.

By virtue of (12), (14) and (15) we have A" =— 21,;4/:, (since A(/l‘)> 0). From above

and from (13) we get

B ()= a4 Jo(n). (16)
By proving lemina 1 the inequality C(&* < {t was shown, The latter contradicts with (16).
The lemma 2 is proved.

The following two statements (theorem 1 and theorem 2) are corollaries of
lemma | and 2 of presented paper and theorem 2.1 and 4.1 of paper [1].
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Theorem L. The set of eigenvalues of the boundary value problem (1)-(3)
consists of the finite number of non-real eigenvalues, of infinitely decreasing sequence of

negative eigenvalues {&_n }f=1 and infinitely increasing sequence of positive eigenvalues
{4, }:=I :

€A, <A << Ay <A <L, <A, <.
Besides, there exist such numbers n.,n° € N, and k., k" e NU {0} that eigenfunctions,
corresponding to the eigenvalues _{n>n.) and A, (n Zn'), have correspondingly
n+k,—n and n+k’ —n simple zeros in the interval (0,1).

Assume, that me Z\ {0}, \ml 2 N,, where N, is a sufficiently great natural
number. Let 9, (x} be the eigenfunction of the boundary value problem (1)-(3), having
lm‘ zeros in the interval (0,1). By the p,, it is denoted the eigenvalue, corresponding to
the eigenfunction 9, (x) From the oscillation theorem t tollows, that u, =A . . for

=k +n

m>0and 4, =4 for m<Q

W+kyl Ha

Theorem 2. The next asympiotic ﬁ}rmulas- are true:

ﬁ}ﬂ)ﬁi olm[). a7

2

8,,(x) = sin z{m| - l)x + O(—],
"
where ol(8)=38 + w,(8) and w,(8) is a modulus of continuity of the function ¢(x) in the
segment |0,1). Besides, if q(x)# const, then the function w(6 ) in the formula (17) may be
substituted by the function o, (6)

Ho Jr(mvsg,nm +—{—
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