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HARNACK INEQUALITY FOR NONUNIFORM DEGENERATED ELLIPTIC
EQUATIONS OF SECOND ORDER

Abstract

In the presemi paper the class of elliptic equations of second order of
nondivergent structure with the nonuniform power degeneration is considered. It is
assumed, that a part of eigen values of the matrix of the main part of the equation can
unboundedly increase and the another part tends to zero. For the nonnegative solutions
of such equations the inequality of Harnack type has been proved,

It is will known, that if the matrix ”au- (x]' satisfies Cordes condition, then for

nonnegative sofutions of the equation (1) the Harnack type inequality [1-2] is true.
Meaning of the Cordes condition is in the «smaliness» of scattering of eigen values of the

matrix “aﬂ. (xm The analogous fact, for arbitrary uniform elliptic equations of second

order with generally speaking, disconnected coefficients, has been set up in [3-4]. In
[5-6] this result was transferred to quasilinear parabolic equations of sccond order of
nondivergent structure. As to the clliptic equations with nonuniform generation we must
note the paper [7], in which a class of such equations with the eigen values of the matrix
of the main part tending to zero has been considered and the analogue of Harnack
inequality for their nonnegative solutions has been proved.

The aim of the present paper is the proof of the inequality of Harnack type for
the solutions of elliptic equations of second order of nondivergent structure with the
nonuniform power generation at some point of the considered domain. [t is assumed that
a part of eigen values of the matrix of the main part of the equation can unboundedly
increase by tending to this point, and the another part tends to zero. Note that for the
solution of the indicated class of equations the integral apriori estimation of the Holder
norm has been set up in [8].

Let D be a bounded domain of n dimensional Euclidean space R,, n=3 .

Consider in D an elliptic equation of the form:

" 2 "
Lu= :?;la” (x)—g;T(j) + ;b; (x)%%) +c(x)ulx) =0, ()
where for xe D the matrix ”a”- (xm is uniformly positively determined g, (x):aﬂ (x).
(i, / =1,....n), the coefficients b,(x) {i=1,....n) and <(x) are bounded, however ¢(x)<0.
Let a =(a,,...,z,) be a vector and
—-2<a, <2, (i=1,..,n) (2)
Assume, that 0e D and forany x< D and & € R, the condition

’ui‘li (x)éa'z = iau (x)‘sﬂ'écj s 1“_] iﬂ,i(x);z (3)
i-1 i=1

tor=1
is fulfilled.
e (0,1] is a constant A,(x)=] A e, = ii XJ_IE-’{M,-) .
=l

We will also assume, that
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—dsefx)<o0, ]b,(x]gbg, (i=1,...,n), (4
where 4 and b, are positive constants.
Let’s introduce the following notations:

[ _ 0 <
E’f:u (k): {XZET.?): < (kR]Z} is an ellipsoid .
i=l

We’ll also introduce the following ellipsoids:
E =E,(4), E=E;(),

for x” eR,

where x' € GED(S).
Lebesgue measure of the set G we’ll denote by mesG .

1°. The lemma on increasing of positive solutions.

Lemma 1. Let in ellipsoid E, the nonnegative, L -superelliptic function u(x),
continuous in E, be defined. Then there exist the positive constants 1, and 8,
depending only on p.o and n, such that, if R<1 and

mes(E, N{uz21})> 8 mesE,
then
i:‘}}fu zn,.
Proof. Let us denote by D the foliowing set
D= {x:xe £, u(x)<l}.
Then by the condition of the lemma:
mes D <(1 - & mesE, .

u(x)’r. =1,
where I” is a part of the boundary @D, lying strictly inside F,.
Two cases are possible by constructing the domain D :
a) DNE,=, by DNE, =& . In the case a) the lemma has been proved. Let the case
b) fulfilled. In this case we get that all conditions of lemma 4 from [8] are fulfilled.
Then according to this lemma there cxists positive constant 1, depending on

Obviously, that

.o and n such, that

;l)H,ﬂfl HEm
On the other hand it is obvious, that

mfuz].

E
Consequently,

1511 uzn.

L.emma has been proved.

Lemma 2. Let in the ellipsoid E, the nomnegative, L-superelliptic function
u[x), continuous in E, be defined. Then there exists the positive constant 1,, such that,
if R<1 and
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irilf uzl,
& (e}

then
infuzn,,

E,
where & (0,1} and n, =n2(u,a,n,s).
Proof. Consider the set
D= {x:xe £, u(x)<1}.
If DO E, =4, then it means that u(x)?_l for xe E,, i.e. in this case lemma has been
proved. Assume, that D[} E, #& . Consider in D the following function:

v(x) =1- u(x).
Lv(x) = c(x) - Lu(x) = c(x) = c(x)sup v(x) .
D
From the condition of the lemma it follows, that

H=E,\D>SE! ().
On the other hand it is obvious, that

Then

v(xlr. =0,
where I is a part of the boundary 8D, lying strictly inside £,
So we obtain that for the function v(x) all the conditions of corollary | to lemma
2 from [8] are fulfilled. Then there exists the positive constant 7, depending on u,o,n
and &£ such, that
supv(x)z (1+7; ) sup w(x).
2

DOE,
or
. m
inf ulx)= =1, .
N, ( ) 1+7, (P!
Obviously, that
1 >
=1
So we have
inu 21,

and lemma has been proved.

Lemma 3. Lef in the ellipsoid E| the nonnegative, L-superelliptic function
u(x), continuous in E, be defined. Then there exist positive constants 11, and &,
depending only on p,a and n, such that, if R<1 and

mes(E, N {u21))= 8, mesE,,
then
i}]_fu =15,
Proof. Let’s introduce the following set
D= {x:xe E,, u(x)<l}.

If D E, =&, then in this case lemma has been proved.

Assume, that DN E, # .
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Let
H={x:xeE,,ulx)>1}, ie. H=E,\D.
By the condition of the lemma:
mesH = 6,mesk, .
From the construction of the domain D follows, that
u(x][. =t,

where T is a part of boundary 012, lying strictly inside £,.

Consequently, all the conditions of lemma 5 in [8] are fulfilled. Then there exists
the positive constant 1, depending on i« and », such that

inf uz
DNE, s
On the other hand
infuzl,
Lyl
Consequently,
mfuz=mn,.
iy N

Lemma has been proved.
Lemma 4. Let in E; the solution of the equation (1) be defined Further
let R<1 and u(x')? L. If for some constant M >1
supu <M,

Iy
then
i?_’r‘u 21, >0,

where 1, =1, (/.t,o:,n,JM).
Proof. Let’s introduce the following function

()— —ulx), (5)

-1/2
Hence we’ve
v(x)-"z 0 on £, and Lv(x)é(} in E,.
It easy to see that
M -]
r-,.élr(lil:‘a)v(x){ v( )< ?I/x’_-—T/ﬁ:Z_ <l ©)
Applying lemma | to the ellipsoid £, we will obtain:
mes{E, N {v(x)2 1)) < 8, mesE, .
Indeed, otherwise will get contradiction with (6). Consequently
mes(E, N {v(x)<1))2 (1 - 8, mesE, .

Allowing for (5) we’ve:

me[E { ()

Then according to lemma 3:

E J > (1 - 8 JmesE, .

m]—

. ]
1?11?u25n3:n4.

Lemma has been proved.
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2°. Harnack inequality:
Theorem. Let in the ellipsoid E, the positive solution u(x) of the equation (1}

be defined. If R<1 and the conditions (2)-(4} be fulfilled, then there exists the positive
constant (', depending on p,a and n, such that

sup u(x)s_’(_'] inf u(x).
£5 (1716)

55 (116)
Proof. Without loss of generality we’ll assume that
sup u(x) =1.
i3 (118)
Let
L <k < 1 )
16 8
Assume
P(k) = sup u(x), q(k) = (2 - 16k)""' .
¢ (k)
where 5 >0 .

Let’s define %, as the greatest root of the equation P(k)=qg(k). Since
p{1716)=4(1/16)=1, g(k}—>= at k—>1/8 and ufx) is continuous and bounded in
E;l {k}, then k, is correctly defined and k, <1/8.

For some point x, Ejf,l {k,), it is true the equality u(x,)= plky )= glk,). Assume
k, =(t — 8k, }/16 . Consequently

]+8kﬂ]

E2 (k)< E; [ P

By the definition of &k, we have

3 L
sup u(x)sp[‘ + Bk, i<q[‘ *8"“]: (1-86,)" =2"qlk,).
£ ) 16 ) 16

Applying lemmia 4 to the function u(x})/ g(k, )
{E; (k) = E;;u (2k| )C E‘,;I (] ! 8), M = 2‘)

we will obtain
inf u(x) >, q(ko ) .

£ k)
It is easy to see that
xp € E} (k) £5(1/8) and
EL(16)c EX(3/16)c EX(3/8) E,.
Then according to lemma 2 we have (E;I (k)= £ (3/8).e = 8k, z’3):
inf  w(x)2 inf ulx) = )H(lj,fs)u(v] =gk, ) > 0.

52 (1116) EL(3016) {3
Let’s denote C, = (le"h‘](ko ))] , and theorem has been proved.
Letfor p>0 D = {x:xe D, dist{x,aD)> p}.
Covollary. Let in domain D the positive solution u(x) of the equation (1) be
defined for whose coefficients the conditions (2)-(4) have been fulfilled.
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Then for any p >0 there exist a pusitive constant C, depending only on p.o,n

and p such that

sup u(x) <, inf u(x) :
B, 2

Author expresses his grateful thanks to his supervisor prof. I.T.Mamedov for the

formulation of the problem and for the valuable discussions of results.
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