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MUSAYEY V.M.

ON SOME PROPERTIES OF THE SOLUTION OF INTEGRAL EQUATIONS
SYSTEM WITH TWO VARIABLE LIMITS

Ahstract

In this paper the integral equations with two variable limits are investigated. To
this end the corresponding theorem on imtegral inequalities has been proved. With the
help of this theorem the existence and unigqueness of solution and some its properties
have been proved,

Let X and ¥ be some Banach spaces. We’ll denote by X, and ¥, spaces of
continuous abstract functions determined on [~ 11 +a] with values from X and ¥

correspondingly, and § and S” are balls in these spaces with radius » and centers at the
points x, and y,, correspondingly.
Consider a system of the integral cquations

x(t) =x, + ]Kl [r,.s';x(.ﬂ),y(s)]ds',
avit 1)

B

H0) =9+ K lrsixls)sls b,

-1
in opological product X, x ¥, .
In this paper the questions of the existence and uniqueness of the solution of the
system (1), and the differentiability of the solution by parameter are investigated.
The tollowing theorem is of great significant in investigating these questions.
Theorem 1. Let continuous scalar functions u(r). v{t) (—~1<t <1 +a) satisfy the

svsiem of in equalities

ult) <y 1) + ssgn[: - g-] Tit (6Xs) + Lafs) ¢ 4.,
W< vo®) 5 [l Mo} Lol Ils) v v, ()i,

-1
where  u, (f), vy (z), (—- I<r<tls a) arc continuous, L, (f] (x', J=L2-1<r<l+ u] are

(2)

nonnegative summable functions, and tpg(t_.s) (.j=1L2—1<t, s<1+a) are continuous
by t and summable by s functions; let, besides, the inequalities

l4a -l T+a N
o :{] - ‘[Lz, (s)D, (v)dsw >0, = {I - .[Ln(s}isJ >0
-1 A -
be fulfilled.
Then

()< 5 (0) = a,0) {15V (oK
0= 1)+ ab [La IRk
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hold, where F(t), ®,(t), £,(r) are known functions whose expressions are indicated in

the prouf of the theorem.
Proof. Denote

o) =1,)+ sfgn[r 1 RO

(3)
(Pz(‘) "’0(“)"r J‘[L"l(‘s +‘P2(t 9)]ds
Then the system of inequalities (2) gets the following form
' .
u(f) < (t) + s:‘gn[t - %J j'L] I (s)u(s)ds .
“ (4)

<.+ [Lalsholas.

Applying the theorem on integral inequalities with two variable limits [],2], to the first
inequality of (4) we have

)< 0,0)+ s 1 - gju:jzul,(s)(p, (5)+ Luyfa - s)oy{a—s)Jexpx
x {sign[t - %]]{L] (2 L (e - r)dr]}ds.

Analogously, from the second inequality of (4) we have
w)<o,()+ 8 ILzz (s)p, (s)ds. {6}
Allowing for the notations (3) in (5) and (6) we get

ult)= fi{e)+ “g"LI - ) JLis (sl )ets + ls-:‘gn[z —%jx

a-f

(5)

y a;g{[[,“(s) o L fa- .s-)].sign(r - %l]:tu(r)v(r)dr}expx %
} {sfgn(; : g]ju )+ Ila 'r)dr]}als‘,

0= 10+ 8 L Oulokis. ®

where

fik)= #0 () + ss‘gn[z - ;—II_[% (t,5)ds + sign(t -;-} %
fols f)df |*

Y

+ L, (a- s{uu (a—s)+ sz‘gn(.s - -g-]a:(:yt (a- s,r}er} expx

L
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{ ay
X {.wgnkl - E)J[L“ (r) + L {a— f)}ir}ds,
fr)=vy + “ﬁi’z {t.s)ds + ﬁHan(S{Vu(S) + hﬁ!’z (s,'r)dr—!dx.

By virtue of (8) from (7) we obtain
I+a .
ulty< F 1)+ @, {r) fLm(s)u(s)ds, (9
J

Fln)= f.(r)ﬂfgn[t—EJ [L,,(s fz(s)dﬁwgn(f_ﬂ
xa‘{ L {s)+ L,(a —v)lwgn(w*l jf,” f(r)df}xpx

r

x i_,-ign{t - Jj[L” iy la - r)dr]fda
@, ()= ﬁ{ sign[t - f] J‘L]Q(s)ds + sign(r - %] x

=l a-t

o (OIS e

i RN
[ ay ‘-
% expl.\'ign[t - ;-) ﬂL, | (r) + Ly (a - 1‘)dr]J'>ds .
Multiplying the both sides of (9) by ,,{t) and integrating from ~1 to — 1, we obtain.

1ifi-;n(r)a(s)civ <a]TLm (s)F (s)ets ©")

Allowing for (9) in (9) and (8) we have

Vher

ult)< F () + a® (1) Iin(-“)E(S)dS »

W) £,0)+ aﬁ’_"fLm (+)F (s .

Q.E.D.,
To prove the existence and uniqueness of the solution of the system (1) we’ll
construet for it sequential approximations by the following way:

0=, 50 5,0,
”)(I) xﬂ(f IK [t A ” ) ¥ tr- U(a)}]

=) (Kol s, =12 a0)

-
Theorem 2. Let the operaror
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K,(t,s;x,y) (5:1,2; ~lst,5sl+a, xe8, yeS*)
be continuous and
|k, s, p|<ps,, MQ2+a)<r (i=12) (11)
Let besides
”K,- ({,s;x, y) - K, (t,s;f,j?][ <L, (t]|x - J?" +1, (I)Hy - ﬁl
i=1,2 -lgt,5<l+a,x,Xc8,y,yeS" )
be fulfilled, where L, (t) satisfy the conditions of theorem 1.
Then the system (1) has a unique solution and the sequential converge to this

solution.

Applying theorem 1 it is easy to prove the uniqueness of the solution and also the
fundamentality of the sequences {x(”}(t)}, {y(”)(z)}, determined by the equalities {10),
that proves the existence of solution of the system (1).

Now let’s pass to studying the solution of the system (1) by parameter, i.e.
consider the system,

E

:I:(!) = x[,(t) + ]Kl [!,S;x(&'),y(s),l]ds.
oo (12)
)=y, () + ._[Kz [t,s;x(s), yls)Alds.

Here A € £ is a parameter, where E is some Banach space. We’ll denote by §
the ball from E with radius » and center at the point 4.

Theorem 3. Let the operators K, (r,s;x, y,l)
(i=1,2; —iI<t s<l +a, xeS,yeS,)
satisfy the conditions
||K‘. (I,S;J?, ¥, ﬁ:)— K, (r,s;f, f,}_:] <L, (!]|)? - ?" + L,-z(tmj;‘ - flt + 1, (IH‘I - f”

(f= 1,2) where LU-(I) (f',_,r' =:l,2) are nonnegative summable functions on [- LI+ a}, and

also ,(t) (i =1,2) are continuous functions on [— LI+ a].
Then solution of the system (12) [x(t,ﬂ.),y(t,&)] determined on [-1] +al
continuously depends on parameter A

Proof. Let (f(t,x),ﬁ(t,)f)) and (f(l,fljf;(r,l:}) (~1<r<1+u) be two solutions

of the system (12) corresponding to the values of the parameter A=1 and A = 7 . Then
we have

-

@)~ Z+ W56 - 56 0, Y ~ T

& f

I~ 50 Tt (50) -7+ L5 568+ o, 0 - T,

() - x()| < se’gn(r - g] X

le.
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i?(t) - ;” = UI - A"l(p, (shds + sz’gn[t - %’ﬂ ]' ;L, : (aj

x — ;li +L, (.s*? - ﬂ]}ds,
- i

- 500 < -7 Jostobt - a3+ atol-sths 019

The obtained system of inequalities (13), corresponds to the partial case of
system of inequalities of theorem (1), i.e.

— I T+
W, (I,S)——— 0, 71=12; “u(f)znx— A “ _[(Pl (5}155 Yo (I):“' "l - A N _.‘(92(5)‘]5 : (14)
a-t -1
Then applying theorem | to inequalities (13) and allowing for (14) we have
—_ T+er
uf(f)_ f(_I)”S [‘I - AM':F}‘(!)&- o, () .[Ln(s)ﬂ*(s)ds} >
A
— l+u lea 1
)~ 508<[7 T Joulh oo 00
Lol ]

where F(f) is a bounded function expressed by given functions, and @, is a function

(15)

denoted in theorem 1.
From the inequalities (15} follows the statement of the theorem.
Theorem 4. Let the operators K, (t,s,x,y,A) for any fixed t,s ¢ [—- L1 +alact in

XxYx £, has derivatives by x,y and A which we'll denote by K| K|
K (i=12).
Let operators K| ,K. K| and K (i=12) be continuous and satisfy the

&, (x| <L, (YA, k=% xeX, (i=12),
HK:},(I,S;X,}’)TI“S L,z(s)”g‘, h=y-ye¥, (i=12),
’[K,.',1 (t._.s‘;.lr_.y)h1 ” il}ﬁ(f,s”hl || By = A—Aek, (i — 1,2),

where L, (s} (t,s) (.7 =12,~1<¢, s <1+ «) fulfilling the conditions of theorem 1.

Then the solution of the system (12) has continuous derivative by A coinciding
with the solution of the system

and

inegualities

i

U = ik lsia) s AR o) +

- f

+ K sl AT ) + KLl six)yls) allas ”

V{h = I{K;_‘_ [t,x;x(s), y(.s‘),i](/(s)h, 4

-1
+ Kéy [t,s;x(s), y(s),k]]/(s)h] + K5, [t,s;x(s), y(s), /”,]}ds.
Proof. Denoting the solution of the system (12) according to the value
(J_c{t),}(t)) by A=A, we have

“x({) - f(tm < ._\'igr.{r - %] ;[{HK;I [t,s;x(s),y(;),)b] Hx(s)— E(\m t
- ”K]’J: [t, s x(s), _v(s), 2.]” “y(c) - _“)J(sm + ”K " [t, s, x(s), y(s), 2,] " ")T - A” +
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+ ooy [r.532, v, = 7]+ 0, (530, . 2,y - F) + lly, (6,57%, y. A A - /T]]}ds,
[70)- 50 < fifc. s A1 o) 505}
+ HK{,E [t,s;x(s),y(s),l]“ ”v(s) - jz'(sm + ||K;l {t,s;x(s),y(s),l]” “}T - ln +

+ Hﬂ’z [t.5:2, % — 55]”+ H62 {t.s;x, 3,1,y ~ )711 + "71 (t,s;x, YA A - I}I}dﬁ',
where @,,9,.7,, (i,j =1,2,...) are infinitismall quantities. Hence fixing the values A and

A, A#A we obtain
oy ﬂg,{ o),

l}f‘t EA

1|" i n_— ||
|7(s)-» "][<]T{L2]( )|| x(s)|| (s [l}’n_ “‘)“ +1y2(t,s)}d5,
) R 21150 71 N

-4 [+ -4
-4l

Obviously, that w,{r,s) (i =1,2; - 1<¢, s <| + &) satisfy the conditions of theorem | and
HO-T0,, DO,

where

W:(t55)='F:(IaS)+

besides as A and A are fixed, then the equalities

continuous functions on [— 11+ a].
Then applying thearem |, we have

hx(t) i(‘}l (!)’ “y(t)—)?(t]l < QJ(I),
- =41
where F(t), ®{t) are bounded functions. Hence it implies that the limits

0Ty b0

= P»—ﬂﬂ -

exist.

Let’s show, that these derivatives by A coincide with the solution of the system
of equations (16).

Indeed,

h(e) - Ule)h = JJ'{K,'_T [ssx.5.Z B - Us)n 1+ K ts3x, 3,7 )

u—f
x [uls) - v {s)h, I+ [K,'x (t,s; X. ¥, :l')— K, (r. 53X, ¥, ﬂT)]U(s)h, +
+ [K;}, (t,s;x,y,f)w K, (t.5:x, v, A)]V(x)hI + o, (1,55, v, 4,5 — x)+
+ 9] (t,s;x,y, AV — y)+ 71 (!,S;x,y,/l,z - ;u)}ds,
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VO = K fsn 7 ) - UG Ko, (s )
-1

X l;?—(s) ~V{s)h ]+ [K;_Jt (t, X, ¥, ;'L“)— K}, (I, 8%, /:LF)] U(s)h] +
+ [K;__,, (t,s;x,y,)f)- K, {t.5:x, y,l)]l’(s)h, + o, (6,55, Y, 4,% — x)+
+ Gz(r,s;x,y,).,j? - y)+ ¥ (I,s;x,y,iL,I - A)}ds.

Hence, fixing the value “h || # 0 and allowing for conditions of the theorem we have

|He)-Ule) hlﬂ<ﬂ (: “{L”()Hh $)-Ulshh|

21 2.0 il
+ !,IQ(S)W—Y)HEQP"I(IL}!]”Jr "K]'_,(I,S;x,ﬁ,/'f)—K]'x(l,s;x,y,fl“’U(sll + a7
K G Gx. el el
e B Ky L
M% V(rh,“{um{L “h( U(s)h}" L, ()1|h(s) s h]H+

T ke il
&5 x5, 3) - K5 (sixp AYIU( -)” ¥ (8)
O N I 2
6 7)ol i G

where #{t)=%(t)-x(t)e X, B(t)=3)- vt)e¥. b =X -LcE.
Under the conditions of theorem one can affirm the following:
Let € >0 be an arbitrary number. Then there exists such &,(g}> 0, that for ||h“ <5, are

fulfitled Jiﬂi”»<£ £=1,2). On number &, there’ll be found such &, >0, that from

|ih|u<5 follows “hFlcé Consequently for ||h,,‘<5 holds H ”«J (1—12) Further for

Ve >0 thee exists &; >0 such that for |3 <5, holds I{Y ) <& {1=12}.
f.] F
Analogously, for this £ >0 there’ll be found such 3;(g)>0, that for ”EH&@;

will be Ha ¢ (i=12). Also on number 3" >0 one can choose such &; >, that from

thﬂqﬁz follows [A[l<8 . Consequently for &£>0 there exists such
8 = min{®,,5,.5,,57,8;}, that for [ ] <5

fed A, kd_,

| 7 R 7

"1&,._r r,s,x,;,;f)—- ,-x(!,.s,x,},lmég .
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"K £SIX, V. JL) K,"_.(t,s;x,y,lm<£ (i=12)
are fulfilled.
Obviously,

ol _lod 1414 __r o
“hiu uh” ||iz,” ”;’1” ) ( 12)

0 L o), -12)

Jaul \Ihll Tl =" al

Then we will rewrite the 1nequal1lles (17) and (18) in the form

[p-vn] _ [rm—\le, )|ih(5) Uls)] |

|71 \Ih |
Hh(&) V(s " oo (e Yoot
12( ) ” ﬂ "1”1( 2 )fd »

Vov@m] v, G- vem , FO-vidk]

< ks t,shds
BT Rl e T viles)

where w (r,s)=2~2®()+ F(r) (i=1,2) which satisfy the conditions of theorem 1.
Then applying theorem | to inequalities (19) we have

(19)

p-vn] o -]
T I 1 B
where F (¢ (1 =1,2) are bounded functions expressed by the given function.
Hence

i ) - Ulehin] o tim [e) - ¥ (e ) I_,

A A
Q.E.D.

References

1. Mycaes B.M. Heaunednele ypasienus muna Bossmeppa-Ppedeoaoma. b., 1992, 182 ¢.

[2]. Kypbaumamenos H. OF oonom unmezpaienom ypasnenuu Boremeppa ¢ yHKyLoniIsioly
apeysmenmonm. Map. AH TCCP, Ne3, 1994, cep. pm3.-tex. n xum, Hayk,

[3). Hpecnep JI. Pesonancroe nozronjertie ¢ a0eprutx peakmopax. M., 1962, 453 ¢.

Musayev V.M.,
Azerbaijan State Pedagogical University.
34, H.Hagibeyov str., 370000, Baku, Azerbaijan,

Received November 12, 2000; Revised February 20, 2001,
Translated by Nazirova S.H.






