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THE INVERSE BOUNDARY VALUE PROBLEM FOR A THIRD ORDER
PSEUDOPARABOLIC EQUATION WITH NON-LOCAL BOUNDARY
CONDITION
Abstract

The inverse non-selfadjoint boundary value problem is investigated for third
order linear pseudo-parabolic equations with non-local boundary conditions.

On the domain Q={0<x<l,0<i<T} we consider the foliowing inverse
problem:

u, - a(r)uxx "—bu_m +C(t)u = F(xvt)’ ('7("()E Q H (I)
u(x,0)=ofx), x[o.1], 2
w(0,0)=0, u (0,0)=2u,(11), ref0.7], (3)

ﬁu(l,r) + I_l’u(x,t)dx = h(r), te [0, T]_._ (4)

here c(t),h{r)ofx) and F(x,7} are given functions, »>0 and B given numbers, and
functions u(x,f) and a{t)>0 are to be defined. The inverse scattering problems were
considered in papers [1], [3]. [4] and others.
Under the solution of the inverse scattering problem (1)-(4) we understand a pair
of functions {u{x,?),alf)} satisfying the following conditions:
1) The functions u(x,t), %,,u, .u,, are continuous on Q ;
2) The function aff) is continuous and positive on [0, T];
3) The equation (1) and all conditions of (2)-(4) are fulfilled in the ordinary sense.
To investigate the problems (2)-(4) we need some auxiliary facts from the
spectral theory of differentiable equations (see [5]).
Here we cite these facts.
Consider the following Sturm-Liouville problem:
X"(x)+x{x)=0, 0<x<]1, (5)
x()=0, x(0)=x1{1). (6)
It is easy to find eigen values and eigen functions of the problems (5). They wiil have the
foliowing form:
l} = (27:k)2, k = 011325"'1 (?)
Xo(x)=x, X, {x)=sin2zkx, k=12,... (8)
The system X, (x)} doesn’t form a basis in £,(0,1).

Now define the adjoint functions of the system {X, (x)}. They are defined as the solutions
of the problem

Xy (x) + (2”}‘)2 X, (x) = —4nkX,_, (x), (9)
Xk(o):osX;r(O):Xk(l) (10)

and are of the form:
Ek(x)lx cos2mkx, k=12,.... an

This system also doesn’t form a basis in L,{0,1).
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Make a new system
Xo(x)=x, Xy (x)=xcos2akx, X, (x)=sin2mkx (12)

The system (12) forms basis in L (0,1) (see [2]).
The eigen values and eigen functions of the corresponding adjoint problem (5), (6)

Y"{x)+ AY(x)=0. (13)
r(0)=7(1). Y'(1)=0 (14)
have the form:
A =2k, k=012,.., (15)
To{x)=2, ¥ (x}=4cos2rmkx, k=12,.... (16)
We obtain the corresponding adjoint functions of the system (16) in the form
7 {x)=4(i - x)sin 2mky, k=12,.... (17)
They are found as the solutions of the problem
¥y + 2k ) Y, (x) = -4rkY, , (x), (18)
5 {0)=x,01) v ({)=0. (19)
By means of the systems (16) and (17) we form a new system
Yo(x)=2, ¥, ()= 4cos 2mkx, ¥y, (x}=4( — x)sin 2nkx . (20)
The systems (12} and {20) form a blorthogonal system such that
(x,,7,)= jX (), ()dx =5, 1./ =01.2,... @y

where &, is Kronecker's symbol.

Theorem. Let
1 olx)e CP0,T]). 97(s)eL,(0). o{0)=¢"(0)=0, ¢'{0)=¢'()

[
o = fo(x ) (x)dx20  (k=0,12,.)
0
and there exists at least one entire number k,, such that ¢, | >0

2 H)e 0,7 and A() <o, H'({) <0, ctye c0,7]), ()20 vielo,7];

3) Flx)eCl@) Fx,- YeC®(0,7], #(x, ) L,(0.1)
F(0,1)=F,(0.7), F(0,1)=F. (1),

E )= [Fledo, (=0 (k=012...):
4 h0}- lJ‘(F’(x)dx” B —-ﬁi%k 1=0, 5>0. B>0
) [rlnikic 05,2y ()4 HOK)> 0, 0. <[0T

qt
o l |

55 4be” + e b T<l,
){ [ ~1+bA, ba, 1} f

where by " and f, we denote mgx\f(x,!} and n}_}nlf(x,t] respectively.

Then the inverse problem has unique solution {u{x,t),a(t}}.
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Proof. Construct the first component of the vector function {u (x, t), alt).
Obviously, it has the form

ulx1)= 310, ()X, (x) 22)
k=0
for each fixed ¢ from [G,T], where

u (1) = lj‘u(x,r)cp,, (Xdx, (k=0)2,..). (23)

To find the unknowns u, (t) (k =0,l,2,...) we multiply the both sides of the equation (1)
by Y,(x) and integral according to x from zero to unit. Then we obtain the following
system of equations:

(1) + cleug (1) = Fo o). 24)
(1+b;l'k)“2k )+ [’1& ()"‘C(f)]”zk ()=Fa ), (25)
(i + b2y Juy (¢ [ﬂ.ka(r) * C(f)]“zk (r) £y (‘) 4ﬁk[“2k—1 (‘) + |(f)] (26)
Solving these equatlons under initial conditions
u,(0)=0,, k=012,.., (27)
we get
Jade o ftn
un(t):(pae o + _[Fo(*.:)e ‘ dr, 28)
6
" J[A*a{s brofs ))u‘ | ' e—— J‘{l,{a{ b (x heds v
tye 1 (1) = @ye K M “_ b {_]szk (z)e - M dr, (29)
[Cuatopets i
Uy (1); Pai€ K M‘ +

30
ju (s hecls s G0

lvrb;t J-[ﬁlk(r) 4mk(u’k l(f)‘i‘“z;c ,(‘.':))]e s ot .

It is easy to show that for any a(f)e C [O,T ] the function

ulx, 1) = uo ()X, () + g“u-x(f)xzk--l (x)+ guzk(flxzk(x) (€1}

formally satisfies the equations (1), initial condition (2) and boundary conditions (3).
Now choose the function lt) so that complimentary condition (4) also be satisfied.
Integrating the both sides of (1) according to x from zero to unit, we obtain

1 1 1
% Jule, 1) + () fule, ) = [#(x, ) (32)
0 0 0
To fulfill the condition (4}, the equality

W )e(r)= p (x,8)dx - B () + Blelth(,6) + B, (1,2)]. (33)

should hold.
As

u(l,t):uo(t)+ i”zk—l ), (34) .
i
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then
h{e)e(t)= _[Fxt)dx H () + Blelehug () + g ()] + [f(‘ > 1y, (1) + Z“ze 1(’)—1 (35)

It is easy fo see c{t)u, (1) + up )= 0 . Therefore

HOHQ)= [Pl =) 9 0SSt G0

So, to determine a pair {u{x,¢},alt)} we obtain a system of equations (31) and (36). Then
substituting from (25) and (29) the values u}, {f) and u,,_ 1(1) into (36) we obtain
I [healsprets s

hle)e(e) = IF(x )b — H(1) + [}'C(I)Z(pu e i .

S j[ata{ s et

F’ . dr -
+ ﬁc(!)g] blk ] k- 1(T)€ .
37
IM (el
Z q’z;ﬂik [)LI( !)+L(r)]t ek, R
I r
A, +}—'*_“l,'.u[.s}+ (s )Jh:_\.
ﬁZ b/l 2;( 1() ﬁz (](J(I)+c qu 1( )L o .
k

Hence, to define the second component of the solution {#(x,s).a(f)} we obtain a

functional integral equation
a(t) = CD(I)[P(a)]"I + bc(!),

'I ! N S
A o el
(ﬂ) ﬁl[z T Paaf e * %)

15 ba,

[).,'u[ }la ]a’\

+i(_—/1—_"—_[ - |( )‘ HMJ dr |,

b2 )
Let
7=lal)eco.7]) a, <al)<a” vielo.T]},
|
where ¢” =bc” + @'e¢7 ”[ﬁ;l—nf-}
a, =he, + —= b, -
ﬁ’-i 2 P i i _[h T)dt
| #= f”l Mlk1(+b/l)2 o

Obviously a, <a”.
It is easy to see for each a(t)e 7
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I}'n: ](r)dr

and P(a) - ﬁz € I+,s,3_i [‘Ha T+7e ] S ﬁi j{ 0 ?a'h"e-?'u' -5
bz,( TS e ba, e
By denoting the right hand side of (38) by B(a) we obtain an operator equation

of the form

P
(a) ﬁ;l M%(szi (l+bFL

alt)= Bla). (39)
It is not difficult to see that B{a)e C{J0,7]) and
A T
2 P21

aTp T . -
Bla)sbe, + —2f <be' + DT ]( 5y
1 k=l 1+4

D T

Bla)<be, + D, Zwmgi;(pzk__, (l+bl#)2 J' . ](r)er =a,

]

k=l

consequently the operator B(a) is defined in ¥ and transfers 7 to 7.
For any a,(r) and a,(f} from 7

[Ble)- Bla, )< )= Pla,) (40)
since
’ !
: el - I EREIN 7
‘P(at)— P(azxgﬁ §l+;,1 @ysle T+hA, g e - h) .
= *
2 I |1y (shectas [hactptepectrfes
Z 2_[F2kl( lw —e IMI flg
I(l +b)» Y J @1
{E( )2 Pap _ﬂal (5) 32(5]d5+
" Z(:f‘;‘l—yf Fou s flnls) - a, (sld’]g o o) ¥
= b 0 T 0
where
s DI A
= T L .F‘—, . N
ARGy E ey e
then

18(a,) - Bla,} <5 -2@*5(:]1.9, () —ay (e

tsing mathematical induction method we can prove that for any integer m it holds the
inequality

(5 @)- 5} < T o, @)
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where & =8 "®"a. B" is m -th iteration of the operator B .
Choose the number m so sufficiently targe that

=-(9_-T—)-r—n~<].

" m!

From
|P"(a)~ P ()]

It follows that B™ is a contracting operator in C[0,7]. Then according to the generalized

= T "a' 4 “E([‘j'ﬂ (43)

[0.7]

principle on a fixed point, the operator B” (a) has a unique fixed point @(¢) in C([0,7])
and this fixed point is a unique solution of the operator equation (39) and consequently of
38).
oy Then, substituting c‘z(r) into the right hand side of (31) we find zT(x._t).
We can directly show that by fulfilling the conditions of the theorem, zT(x,.-f)
satisfics the equation (1), initial condition (2) and boundary condition (3).
Show that a pair {E(x,r),ﬁ(t)} satisfies the complementary condition (4).
Obviously this pair satisfies (32) and (33). Then

{ﬁu(],t) + ]_[u(x,t)dx - h(t_)} + c(t{ﬁu(l,r) + ]_[u(x,t)dx - h(t)} =0.

Set

2{t)= Bu(l,0) + ;fu(x,t)dx - h).

By the condition of the theorem

z(O) = ﬁu(l,o) + Tu(x,t}!x - h.({]) = Pu, (0)+ ﬁg“u- [ (0) + Iju(x,()]dx - h(()) =

- ﬁq)[) + ﬁ;j(pzk_.l + J-(P(X)dX“ h(O): 0.

Then we obtain the following Cauchy problem for z(t):

z’(r) + c(r)z(.f.) =0, z(0)= 0.
Hence it follows that z(t)EO. Consequently and complementary condition (4) is also
satisfied.
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