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ALIYEV AR.

ON CORRECT SOLVABILITY OF BOUNDARY VALUE PROBLEMS FOR
SOME CLASSES OF OPERATOR - DIFFERENTIAL EQUATIONS OF ODD
ORDER WITH VARIABLE COEFFICIENTS

Abstract

In this paper the sufficient conditions of the correctness of the solvability of the
boundary-value problems for the op erator-differential equations of order 4k —1, whose
main parts are discontinuous, have been found, and the relations of this conditions with
the estimations of the norms of operators of infermediate derivatives, have been shown.

1. Let H be a separable Hilbert space, A-be a self-adjoint positive-defined
operator in H . Let’s consider the boundary-value problem for the operator differential
equation of the higher odd order with discontinuous coefficients

{ak-1} 451 ES {ak-1-1) - -
A )+ ()4 e+ Y A (t)u (B)=1{t), tem, = [O,+oo), (1.1)
4=
W 0)=0, j=0n, n<dk-1, (1.2)
where f(f)e L, (2+;H), u(r)e Wil (=, H), A;(t)(,." =14k — 1) are linear, generally
speaking, unbounded operators determined aimost forall 1 e R_, A, = £{ ({ -is a unit

operator in H), n=2k~2 or n=2k -1depending on the choice on choosing of the
operator A,, and p(t) is a scalar bounded function, given by the following way:

a,, if 0<1<1,,

o, if I7<t<T,

p{f)=<a,, if T,<(<T, (1.3)

o, if T, <i<+mw/
where a,.a,.a,,...,a, are positive, generally speaking, uncqual numbers. Here and

. !
further the derivative '/ E% 1s regarded in the sense of the theory of generalized
2

functions.
By 1,{®,:H) itis denoted a Hilbert space of all vector functions determined in

&, with the values in 5 which have the finite norm;

”f"f,!lf.ﬂ?_,H} :[ !”"(’)Hi"”) ’

and
&
w (=, H), Wi(”,;H), E&g*"’(a,;ﬂ)
are the following Hilbert spaces:
W;k-- | (E+,I]r) - {ll((jumk”(f)E LZ(E+ : }1),[4-'”(- IH(I) e L2 (E+ ;H)},
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W (2, H) = W) (R, ) (0)= 0. =822}

W (R, 1) = W) e W (2, M) N0)= 0.7 = 02K 1}

with the norm [1]

172
], fa5-0) 2 R
M%“""(*: H] _[ ! “L;{zu;n) ’ "A“ u"f’-z(*‘h'ﬁ}} -

Under L(X;Y ) we’ll consider a set of linear bounded operators acting from Hilbert space
X toanother Y, and L_ (2+;B) is the set of the B valued essentially bounded operator-
functions in &, , where B is a Banach space.

Definition. I/ the vector-function u(r) from W (?+ ;H), satisfies the
equation (1.1) almost everywhere in ®,_, and the boundary conditions (1.2} ave fulfilled
in the sense

A"lk‘.f‘%u{f}(r) zO., ij—,Ea

H

lim

i—l)

then u(t) we 'l be a regular solution of the boundary-value problem (1.1)-(1.2).

Further in order to avoid cumbersome records and for the sake of simplicity of
the representations of results we’ll assume the function p(t) as explosive only at one
pant, i.¢.

p(t):{a,%fOSZST, (1.4)
B, if T<t<+o0,

where a.f are positive, generally speaking unequal numbers. It is necessary to note that,
the boundary value problems for the operator-differential equations of the form (1.1)
with the continuous constant coefficients, ie. the case p(r)=1, re®,, and

Afty=s A,|j=1, 4k-1] are investigated in articles [2]-[4], with the variable
y i\

coefficients in the case p(t) =1, ¢t €&, have been studied in work [5]. In these papers the

sufficient conditions the existence of the unique regular solution for the boundary-value
problems, have been shown,

Note that, the correct and onevaluedly solvability of the boundary-value
problems for the operator- differential equations of the form (1.1} on the constant
operator coefficients and on the function p(f) of the form (1.4), has been investigated in
6], [Tlincase £=1.

The investigations on a semiaxis of the operator-differential equations of the
higher even order with discontinuous coefficient p(f) of the form (1.3) with different

boundary-value conditions were carried out in [8], [9], [10]. But works [6] and [7] gave
us the idea of construction of the general method of investigation for variable opcrator
coefficients of boundary-value problem for some classcs of ditferential equations of
higher odd order, whose the main parts are discontinuous, that is one of the aims of the
present paper.

In the present paper the sufficient conditions of the existence of the unique
regular solutions of the boundary-value problems (1.1)-(1.2), which are closely related
with found upper estimations of norms of the operators of intermediate derivatives by the
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0 L))
main part of the equations (1.1) in the spaces W3*'(® ;H) and Wi (=, ;H), have
been oblained.
The mentigned conditions of the solvability of the boundary-value problems
(1.1)-(1.2) have been expressed only in terms of the operator coefficients of the equations

(1.1).

2. Remind, that in led investigations we’ll assume p(t) as the function of the

form (1.4). Let 4, =—7 and n=2k 1.
At first let’s consider the main part of the equation (1.1)

—d "V (e)+ p(e) A" () = £(2), @1
where f(1} e L,(®R,: H), u(t)egiggk"l(?.l.;H)‘
By £, we'll denote the operator acting from the space :?;”"(a_;ﬂ) to Ly(®,;H} by
the following way:
2y == ey + (1) 4 s), (t) < (=, )

Then the foliowing theorem is true.
Theorem 1. The operator £, reulizes the isomorphism hetween the spuces

;}10’;“"](2,,:]{) and Ly(®, H).

Proof, It is not difficult, to see that the homogenous equation .A‘Du(r)z 0 has
only zero solution from the space I(;}’ 3*_’(2+;1f). Let’s build the proof of the given fact
by more simple method unlike the traditional {sce for example, {6]].

Assume the confrary, let the differ from zero solution u(r) € w Y (®.sH)} cxist. Then
— ,()(!)A“_lu-—- 0

scalarly multiplying by 4% '« we have:

(— T p(t)A'”‘"u,A“"u)Lz(a;m =0,
(a0, %), o+ (o4 w7, o =0, 2.2)
On the another hand subject to #{f) € W (=, H) we find:
Rel- a1 4%}, o =0, (2.3)

Therefore from the equality (2.2) we obtain:
(p(f)A“"u,A“"'u) } :“pix’l(!)A‘uqu,z

REX
Consequently, u(r)=0.

N AT

Now, let’s show that the cquation L’gu(f)Zf(r) has the solution from

o0
W3 (&, H) forany f(1)eL,(®,:H)
Really, consider the equation
L,0(0) = v i)+ o 4 (0) = F(r). (2.4)
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in the space W;k'l(ﬁ; H) (E’ = (- ao;+oo)) , where
Flr)= f(t.)’ift elo.T),
0,if te®\[0.7).
It is casy to see that the solution of the equation (2.4} from the space WZ‘“'](?; H) is

represented in the form
+ao T
vit)= 5‘;!0 (A9 0 g U f(s)e""»‘ds]e*”dz.

Really, by Plansherel theorem
2

2 | a0l ak-1 12 | a1 ?
LRI e U e I Gl I
! 2 2
e ey Pof -

(%) HoH 1, (@)

2
=

+||aA4k—1(MM---|I +adt )—1 2
Lol®=.H}

HoH

)

2
< const = const"f (t ]'il{[o;?'};u y

L {®=H)

76}

A A '
where v()k), I (/’L) are Fourier transformations of the functions v(t),f (t) respectively.
Further let’s determine the contraction of the solution ¥(f) on [0,7) and denote it by
u,(¢). Similarly we consider the equation
2,7(0)= o)+ pa (o) = FUO), (2.5)
where

Flr)- {f ()if 1 (o),

O,ifte®) (T;+oo)
and determine the solution u(r} of the equation (2.5) from the space H@“"((T;quoo);H) _

0g
So the solution of the equation .(.‘nu(z) = f(t) from the space W;}‘_](;%;H) is represented

in the form

w3 o et | + 5 o - (r-1a] 5.

i=1 r=2k+|

w{f)= u, () + %[exp{ﬁ -l (t- T)AH;H_H, ,if T<t<+m,

=1

where  @,,@,,...,0,,_, are the roots of the equation -A*'+1=0, however

—_ . —_—ee a2
Rew, <0,i= 12k Rew, >0, i=2k+14k—1, and the vectors g, e D[A 2
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i= fék_ﬂ‘l (see, for example, [11) are the elements from the space H one-valuedly
determined from the condition u(t) € ?’E’ ¥ Y=, ; H) by the following relations:

1:("}(0) = u,'” (0) =0, j=02k~1,

um(T) = ui‘”(?’) = u&‘{}(T), =04k -2,

although it is necessary to surmount many technical difficuities.
And now let’s show the boundedness of the operator .4, .

* In view of that
(u{‘”_'},p(i)A“_]“)Ll(m:H} + (p(f)Adk_tu’u{4;¢--1})!‘2(2+_‘”] =
_ 2R3(ﬂ'(4k—l},p(‘)AM_]u);‘I[z,,;H}

we've

o H2 e -2Re(u{4k_'},p(r)A“"u) +
Iy

H‘dﬁuﬂil(ﬂgﬁ} - Lyl ®.:d)

B

2 2

+ ’IP(I)AM_Iui 1R, ;H} < 2[! 19{2»,\!:‘} + ||p(I)A“_lu“1{§',;HJ =
2

< 2( et + max(oc 5B )”A‘”‘" u“lm+ :H})

2
sEmax(l;az;ﬁg)ﬂuh?ﬁ_,[hﬁ),
from which the boundness of the operator .Z, yields.
Thus the operator 4, is bounded and one-to-one acts from the space

u{dk—l}

u{fﬁ(—l}

2N

00
W;*_l(ﬁ,r;h’) to the space LQ(‘£+:H) . Further, applying Banach theorem on the inverse
operator complete the proof of the theorem, i.e. the operator &, 1somorphically maps the

space
L+
W‘;’H(E+;H) to L2(2+;H).
Theorem has been proved.
By £ we denote the operator generated by the equation (1.1) and by the

[H1]
boundary  value conditions (1.2), which acts from the space W )" '(E+;H) in
L, (;‘G;;H).
The following theorem holds.
Theorem 2. let S,(1)=4,()4" eL (R L(H;H)), j=14k—1. Then
U4
operator £ is a bounded operator from the space W ;H(E ;H) in l?(a_;h’).

M)
Proof. By virtue of that for any u(t) eW 2;‘_1(7& s H)
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=

oo

i=1

l!,;[;e. mt

<

f..zfi?‘ ;H} = H“’au {
faf %, )

A‘;u{'#k_I_J)

a
fo{®, )

44 1
R TERD AL 0
) i=
then applying theorem 1 and intermediate derivatives [1], from the last inequality we

obtain

= CDHS!“U

”.éu 1-3{2», ;H} <

W o)

Theorem has been proved.
3. Now let’s pass to the exact upper estimations of the norms of the operators of

intermediate derivatives by the main part of the equation (1.1) in the space

il
w ;H(R ;H) , but before let’s prove the following coercive inequality applied later

8]
Lemma. For any u(t)e W ;H(E+ s H) the following inequality holds:

1 2 I 2
Ot 5

o (M

1=, H)

-Irag(f‘ ZH)
< [min(oc: )3)]_1 . ||./.’0u”i2(2*;”}.
i}
Proof. Since u(1) e W ;k_’(E'Jr;H), then with the help of the integration by parts

it is easy to get the following cquality:

(4’ u, A "u) :(_u['“‘"*} A‘”"]u) .
0¥ Iy(®. ) ! (2]
1 2
Yty 41 =2 {} 445!
+{p(r)a™ ', 4 )fz{z..m_ 2 (1) 4 ui : G3.1)
1y{R, 1)
'/j ~p (1 (Mr--l}) :(_ (=) g {4#-1}) B
{ e ()“ fa{ @l u F ()u Jes(m)
A g :“p HUC : (3.2)
! (2, 01} { -
fa{ @t}

taking into consideration (2.3).
Further, summing the equalities (3.1) and (3.2) and taking into account the

inequalities from anaiysis we obtain

! 2 1
p Y p2{0)Aa% 'y

a

+
iz H) L@, 1)
= (‘Jt)uvA“_]u -p" (t}"(“_”)f.z{a;ﬁ) <
i 1 3 L el
2 i 3 4 e 4k-1) —
i:2min(ot;)B)N‘{f‘nwl"'*(’e""m+ 2 P (I)A ‘TP Z(I)u I{® H.).
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2 2

l 2 L 3 4k~] [
:m|]40u“12(2+;ﬂ} +E PZ(I)A u +— (3.3)

I
p )
La(®, ) (=00

By the same token, from the inequality (3.3) we obtain the correctness of the lemma. The
lemma has been proved.

From theorem 1 it follows that the norm “40 is equivalent to the norm

ull.’.z{2+:}f)
. b et . -
e iz 1P the space W3*"'(Z,;H) and as known the operators of intermediate

derivatives

dti.‘(--l—_f

A

are continuous therefore one can estimate the norms of these operators by “.L'ou“ ol
e

A :Pﬂi{}‘;""(a;H) = L(®;H), j=14k -1

&)
and namely the following theorem is correct.

o
Theorem 3. Let u(r)eWgH(?gH). Then the following inequulities are

correct
faketo) IPRRTRNS A i)
G+ {ak-1oy 1 = 2 T
"A " Iy{m, ) S( 4k -1 ) [4k—1] _,[max(a,ﬁ)] -2 X
x[min(a;ﬂ)] e '”‘40“";13(2‘;1%]’} =14k -2. (3.4}
- R -1
”A:u: E"ﬂ;,z{ﬁhﬂ} g[mm(a;ﬁ)] “z.’guﬁh (o) (3.5)
1
{46-1) [max(a;ﬁ) 2
|u ’f-z{‘ﬂﬁ) gL min(a; B} uzouu"'z(%:ﬂ)’ (3.6)
A d o 2k
where C =00 A Ty
i : .
ZF{_Z!W—!)(3:(.“_;}.(1;{—1)], Ty

Proof. The correctness of the inequalities (3.5), (3,6) is obvious. One can obtain

on
them from the lemma. Now let’s prove the inequality (3.4) since u(r) W 7'(R,; H),

then integrating by parts and taking into consideration Buniakowski-Schwartz inequality
we obtain:

“A‘”H_ju(})“iz(g;n} s “A“mfu{j_])”;. (g.H]”A“_} utr Lim,H) (3.7)
Jj=L2k.
On the another hand, for j =2k + 1,4k — 2 the {ollowing relations hold:
uAM_I_'f“('j)“;a:m < 2“/44;(.. _fu(_;_;;“hlf-\H)“Ad.k-z.__f.u(“-.l.i}“fqiaﬂ)_ (3.8)
Assume that r=14k - 2, p, = %%—1%, p; = jP;(J = ﬁ)» Dr = 4;_ [(4k -2-7),
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Do =™ 4;(’](4:'( 3- r) v Papez :-E;:-f, then from (3.7) and (3.8) we find

2p,-P, 1P 441 r o

) bt Py (ak-1) -
faat S G RO T
Hence
2k--r N
M 4k -1 Bk-2 r B 264l et Py
"A“'] u[)@(g;ﬂ)g[ 4k~1r) (4;{* j LD Prearbetp 2“41“"!-2{&:H}K
4k-1-» r
at-r [ max(a; B) s (4& -»l—r)_'sFT( r )ﬂ—_z
lminfas p)] e {mm(a ﬁ)j] BT 4k -1, )
Bh-2er

w PP +m_'[mm(a ﬁ)] TRk-2 [max(a ﬁ)]xk 2 ”4)““; (@)
Taking j -4k ~1-r, we find

: L. Yty e+ -
’Afu{'”"’” s( / JSH(M{_} '_-”J e C.[min(a' )]_3" x

gy Ndk—1 4k -\ ' ’
dh-ieg

x [max(a: B)] =2 ].40 iy 4 = 1A =2,
where

M r)2a-2)

PN S ) S}

2% 2[{4# ~1¥3k - M7 k1)) i je2k—2.
‘Theorem has been proved.

4, In the present item the main results of the work have been obtained, ie. the
conditions imposed only on the operator coefficients of the equations (1.1) which provide
the existence of the unique regular solution of the boundary-vaiue problems (1.1)-(1.2),
are found. And namely, the following basic theorem holds:

Theorem 4. lLer Ay=-I.n=2k-1, the operators §, ()= 4, ()a~
J =14k — 1 be bounded in H and the inequality

5_2{(% 1—;);}'2'( j ]s;——ij[max(a,ﬁ)f':;:;><

ot 4k -1 \dk—1

4k-14 )

[mm(a B) __8-”‘—2- Sup“S (IHH *”J (OC ﬁ)SUP”‘SMr I(rjju —Ff <l

be fulfilled, where the numbers C, are determined as in theorem 3. Then the boundary

value problem (1.1)-(1.2) has the unique regular solution for any f (t) Jrom the space
L,(R,;H).

Proof. Let’s represent the boundary -value problem (1.1)-{1.2) in the form of the
following operator equation:
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Lyu{t) + (£ - 2, )u(t) = f(1), where f(r}eL,(®,;H), u{t) e W 2=, H).
From theorem 1 it follows that the operator £, has the bounded inverse £,' acting from
the space L,{®,;H) to the space ﬁﬁ';k- (®.;H).

Then after substitution u(t)=4'v{r), where v(r) € LQ(?;* ;H) we get the
following equation (1 + (.L’- .d’a).r.‘o")v(z) = f(f] in lq(2+;H).

Now, let’s show that under the correctness of the conditions of the theorem the

norm of the operator (£ - £,).Z;" is less than unt.
Really, using theorem 3 we obtain

"(‘d - 'd”)"alvlL(z,;u}—»Lz(z #) "(4 ~ % }u"fq(f )~

k-1
- ZA;(I)!J{“—I_” < z’uA (!)u(‘u - " <
=1 Lig#y a(.H)
= Z{WP“S 01';;—»” lAf - J}“ L%, HJ
44-2 4k ~1-j 4:&-1—; j _8}% oy
< ; Sl:p”S’(tHIH—n‘f{—-_—_zlk—l ] [-————4k —~l] C, [max(e: B)f w2 x

Ak—idg

x [minfe; )] sz N‘-‘ouﬂs (h:H):‘]-i- Sl,lpus“*—l (f]‘ﬂ-m [minfa; B) x

o e, .ry = S,y
Thereby we find

(< - <) <5 <l.

0 ”;.2 (®, 1 bty (@ H)
Therefore under correctness of this inequality the operator 7+ (.c’ - .40)4’5' has the
inverse in the space Lz[,‘{;H} and one can determine u(r) by the following formuta:
AR
ﬂ(’)=4’-’3' (I + (“" - —"0)4(0‘) f(t)
The theorem has been proved.

The corresponding results for the boundary-value problems (1.1)-(1.2) are found
alsoincase 4, =7 and n=2k-2.

Theorem 5.  Let dy,=/,n=2k-2, the operators S,(t}=4,(0)4""
Jj =14k —1 be bounded in H and the inequality

du-1-4 i
T TR C \ies dictg oDy
o3| ) et min(ecp)] )
sl 0., |+ [minas )] el o, <1

where
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4 2 ran }J‘,ffj£2k~l,
s A Ak —1)3k— j 3k 1)
281{—2[[ Pk ],{fj >2k -1

be fulfilled.
Then the bowndary value problem (1.1)-(1.2) has the unigue regular solution for
any j(t) Jrom L, (2+;H).

In the inequality (4.1) the coefficients for sup] S, (I)"H_’H,j = 1,4k =1 are the

4k-1-1 @

upper estimations of the norm of the operators 4’ —g;TmW ;H(P+ ; H) — L, (2+ : H) by

0
the main part of the operator -differential equation (1.1) in the space W ;k_l(ﬁ‘?Jr ;H) )
Remark 1. Similarly one can investigate the boundary-value problem (1.1)-(1.2)
and obtain the corresponding results for them in case, when p(t) represents any positive

function having a finite number of break points.

Remark 2. The mentioned conditions of the solvability of the boundary valuc
problems (1.1)-(1.2) are unimprovable in terms of operator coefficients,

Remark 3. In the present paper the applied method of the investigation of the
boundary-value problems (1.1)~(1.2} are used also the investigations on a semiaxis of the
operator differentiable equations of order 4k+1, whose main parts are discontinuous with
2k or 2k+1 boundary-value conditions at zero.
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