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ALIYEV F.8,

MULTIPLE DIFFERENTIATION FORMULA
OF SOME GENERALIZED FUNCTIONS

Abstract

Multiple differentiation formula of the generalized functions x}; x} In* X, are
found.

At the given paper the formula of multiple differentiation of generalized
functions xi;x,’1 in* x . are given. These formulas whose proof is cited for the figst time

as it seems to us is of interest for all who has to work with such generalized functions.
These differentiation formulas were applied successfully to the description of totality of
fundamental system of solutions of some linear singular ordinary differential equations.
The definitions and some other properties of these general functions were adopted from
[2]. _
For the further statements let’s denote by [A],, the expression of the form:
[2], =2 A -2)fr —n+ 1) =012, (2], =)

The derivatives by the A of the expression [A]ﬂ we’ll denote by [A]n . [A]H and
so on. It is evident that [n], = n!; A = at; [n], ., = [»],: [i]ff) =0 when g>n, where
n-is an integer. On the symbol [n]&") we’ll imply the value of the expression [k]i“) when
A = . We'll use the next lemma whose proof is given in [3].

Lemma, The next correlations are true:

Ak = Sala ek
A=

[A]E“”l} = Zq(q + l)[},]i“’_f_]l [/1 .y j]j.r; k=g+r.
=0

P.1. The formulas of multiple differentiation of general functions x” and

x0.
The general functions x! and x* are determined at Re /. > 1 as functions:
s |5t for x>0, (@ for x>0,
= X = .
o for x<0. <“x"L Jor x<0.

And analytically continued on all the values 2 = —1,2,..., have the derivative, having the
next form:

(x7) = £axi, (1.1)
Itis evidentthat for A=m - LLm~2....

3 ) = [l (1.2)
(d Y =y [al, o (1.3

For whole positives 4 by the consecutive differentiation of the formula (1) we’ll get:
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(o, () = (e 7 = i (), (14

where g are positive integers, and 1, is a function which equals to 1 when x>0, and
zero for x < Q. Similarly

(oY iy, (e Y =) s () (6 U = 1) s O, (1)

where 1_ is the function which equals o zero when x>0 and | for x<0.

The general function x.” , defined as the value of the functional £, ()c+ ,A) when
A =-n is differentiated by the formula:

(x_" )' =—nx]"" + (—HL":U?J)Q .

Using this we’ll get:

N G 5"’*' () _ o, B VR)
) =(- )( ) A (-, —“m'—*

+

( )5{n+1 (x) [_ ] an=2 ((;1_)%[_"12'5(,.”}&).

By mduc‘uon it is easy to prove, that for any whole positive g the next formula is true:

( )‘ [_n] gy N ( i)mqi [_ ]q (,m; 1} (1.6)

(n+q- l)’ )
Really, supposing the equality (1.6) fulﬁ!led differentiating it we’ll get:

(x:n )4+l :[_ n]d (x;.n—q )' ( I) [_ ]q b(n+q )
=[- n],;{.(wn-- g +( ) . 504 (x )} (—1)"“’ )[_ n]' 5000 (x) =

(n+gq (n+

<Edy ol -l 1}((n+q),aw)

o 1)n+q
R ) L= e )
" gy
that means the truth of formula (1.6) for any ¢ . The generalized function x~" | defined as
the vatue of functional ¥, (x, 1) when A = —n, is differentiated by the formula:

(x:" ), =px " - w

n!

Using this we’ll get:

o =l 270

s _5(ml)(x —F S {1 (X)

(n + l)' a!

= 1P n]px (HH)[M(NI)]O{"H} (x)=
= (1P [-nlx " - 1)[ ] 5 U (

By induction it is easy to prove that tor any whole positive ¢ the next formula is true:

(n+1)x
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l)ql [_ ] 6(””’ -1 ( ) (1.7
®+q

P.2. The multiple differentiation formula of generalized functions xin* x, .
The generalized functions xf In* x, (k = 1,2,...) are defined (see |2] p 114) as
derivatives of k-th order by A from the functional x/ i.e.
k2
xjmhnzéﬁg {(k=12..).
Let’s calculate the derivatives of these functions by x. The expansion of the function x?
in the neighborhood of the regular point 4, in Tay]or series has the form:

3 1 & xlo B x
x_f‘ = JCf" + (A- - }\.G)a;“ Ijﬂ + *-2—!"(/1 - AD)—é;:i I (;L fhﬂ) —-=

=xM (- A xR nx, + %(ﬂ — A Y xR, v ?(;(l - Ay )Exf_" Inx, +...

Differentiating this equality we’ll get:

!

/’fo1 = (x.?‘“ )' + (;L - /l(,)(xf" Inx, )r + —:}I(A — g )2 (xfl” In? x_) +

1 4
+.ot }{—,(ﬂ, - Z,U)k(xi‘“ In* x+) o

Let’s expand the Ax*™" in the degrees {1 —A4,). For this it is enough to expand the
p b g 0

function x> at neighboring of the point A, in Teylor series
zxﬁl=HA~Aﬂ)+zUﬁxﬁ*+(A—Aﬂbffwnx++“,+%ﬁ1—zﬂﬁxf1Hn*x++_}.

Comparing the degrees (A —A4,) in the last two expansions we get the formula for the

calcujation of derivative function xf In* x, atthe point A =A4,;

ﬁjm*x)rmﬁ”mﬂ;+mﬁ*m“xw (k=1.2,.). (2.1
Using these formulas at the regular point 4 we get:

(Fin*x,) = Al - e ik, + k2t e

+kka—1xﬁﬂﬁﬂx++&-k*4m“?*]:

=[], % " x, +k[/‘L] 0, k] e 2k
By the mathematical induction method n 1s easy to prove t.hat the next formula is true:

’ k (1} .3. Y k—y
(xf”lnkxj_)m Z[ ], [AL) = )” n'”x, 22)

-0

For the values g=<k, 4 isn’t integers, If 4 is whole then g<24. Really, for vaiues
g =12. We believe in the truth of (2) by simply calculation, let suppose that (2.2) is true
atg=n-1.,1.¢.

e LA

=0 I
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Differentiating orice more we get:
1 k
(xj i ¢ ) _ [][l]m
U

A=

[(A— + 1A i x, k- 1x+]=

n—1 (/)
Al (A —n+ 1)x*" I x, +Zl[k] (AL (A= m e D" I x, +
K], [ ](’J sron bt o AR o
;} (k— xF"n " x, i
U (h—n+ e ‘
=[AL %" JZ[M il j(! L [k]’(‘)f[_ll];" -+ 1)fo‘” In*"7 x, +
[k],,x" Mt X,.

We can transform the expression standing inside of brackets 4 in the next from:
[k] (r-1)

—7ﬁhkﬂu—n+) Mg

["'](j ]}} ']l.; {[/1]:11 (l—n+ ])} :’E}]f_[l]"j}.
So, we have: . )

i . - k [J’} )
(xf In* J::,()l ) =[], x> In* x, + im—xf"'" In* x, +
|

J

Lk=n+1x!" """ x, =

+

k] [AE!
+{k]"xi.-nlnk—n [][]Sl )nlft’j
=0 .)'
which finishes the proof by induction. Let’s consider the case when ¢ >4 and A isn’t
whole. At g =k from (2) we have:

. i-1 ) {i] _
(xi n* x+)k = Zfo It x, v fh] 2
=0 g

Differentiating by x we get:

i
(xi in" x*)(“'} [k] l]i [(l E)x Nk x 1 (- e Ink--{—lx*}_r_

+[k); (xi“k) [k]‘,[ll} (A~ k" In* x, + i‘i%“](ii(a KX b x4

P /) ,
5 ]——-["‘] E”* (k= /it x, ["‘]‘(;[_'1,]; G ko1t el (e =
[](L[)L]/(O)(A k) k- 11 J( +k I{k] /.{,]ij}(/‘l, k)

0f p=i A

[k]_;._,[ft.]ﬁf'”(k B "’"1) Akl k- }C A ) Ak
T }” i *]h[£ ) -
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[k]u[ﬂ,]gﬂﬁ A _k)x’ “af x, Z[k] iﬂi”u k)+][ﬂ. i 1}}_7(, KA s
[""]:( |[ﬁ-lk ik ik [k](,[/l 0) Akl X,
), +[k]k(x+ ) ol +

EL E’l L i kAR [k () -

1%

5 [k] AR R ik[,t]f‘_‘_,'-‘[x — k-1 ] xi
) =0
Usmg lemma | we can write, the second sum in the form:
Zk[ﬂ’](k J [;L —k+ .)f],i - [;L]ii}l'

So, we have:

13
(ot x, zz[ b gt .

F=1r . ‘
Let’s psrove again by induction that the next formula is true:

()
' “p k L
(x7 ¥ x, Y7 = { ! [ ]" TR ik gk (2.3)
1= 0
forany P=12....
We see the truth of formwla (2.2) for p=1 with simply calculations. Let suppose

that it is true for p=n-1.i.e.
x [k] [;Jﬂ’ =t .»t.ﬁ'mll kg

(x l )[kﬂi 1 _ Z
#=0 !
Differentiating this equality we’ll get:
pait k 3
(x;1 in* x, )(i - [ ] [/l]hn ,[(/’L —k-n+ D b x4 (k- P x+]:

.r[)

[k]‘)[;”‘“’](ﬂ k- D +Z "[A,Ln,() Fomt D v x,
A

fr)

+Elf'[ﬂ..]( (/1. k- n+1)x” k;7+z[][]k+r:l(!( J’)/kﬂlk;l
=l J:

390 73 o 7 1 R L~ [k G-k =n+1) N

I 0! =l J!

+

k| |4 - :
[ ],r 1[ :n(-r-n ] }‘* l }x:l“-k\-nlnk-—,rx*— +{[ ]{.‘ ” (A. | A 1) }‘k[ﬁ. i’:}l} A—k-n _

(; _l)! i1

(o) . k
[k]ﬂ[;:]km f.-k---nl i x, + E ] [)”Erm A k-t hlk fx +[&L Aken

+nu -
=]

[k] [""]&c?n 4----k nl k- {X
J!

+1

k
=2
7=0
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which finishes the proof.
Comparing (2.2) and (2.3) we finally get:

)( i[k] [A](” i 4 in* 7 x

_}.

xlnx

(2.4

A isn’twhole, ¢ =1,2,..., at j>k, [&], —0
J has the value 0,1,2,... .k and we get the formulas (3).

P. 3. The differentiation of generalized functions x.” nf x, .
The functionals x_" [n® x, (k. =1,2...) are defined (see {2] p.[17) as derivatives by
A of the function F_ (x,,1) at L =—n ie.
oE., (x+,,1)‘l=_n g, O (;c JA) ™
oA oA
Let’s calculate the derivative of functional x7” In* x, , (k =12,..).

2
=x,"In" x, and so on,

The generalized function x! at the neighborhood A =-n is expanded in next
Loran series (see [2]. P.117).
_yls el
———-——( DARCAC) x" (A +n)x" In*x, +.4
(n-1{A +n)

Differentiating this equality by x, which is always possible for the generalized
functions we get:

1yt gin ’ 4
dxl ! = ((nl)l)!a +(x)) ( N ) +(}L+n){x;” Inx,) +...
On other hand the functional Ax*~' at the neighborhood of the point A =~ is
expanded to the next Loran series:

Axi'_' :[(2,+n)~- [( l) 5% (x) (ml} (,1 +n)x:(”+]] Inx, ...+

navn)

K
+ Mx:{””} Inx + }

- k
x"In" x, +...

(l + n)k
k!

k!

equating the coefticients at the same degrees (/' +n)we get:

(x;”)’ = —nx, sty ( l) 8" (x) ( Sinx, ) =—nx, (n+i) Inx, +x] (1)

kl

(x;'" In2x+) = px [V 1}ln %, +2x "V nx,,

..,(x;" In x+) = wmc;{"“‘” In* x, + ke ) p*-! X,.
Using the last formula let’s calculate the higher derivatives:

(x;” In* x, )" =-nf{-n-Dx,"?In* x, + k"2 In* x ]+ -n—tx 2" x +
+(k -1 In* x+]—[ n,x "2 In* x, + k- n] 2 x4 kL x T m* x
(i, Y=o e - 2 i x4 0t

K- n]; =222 I e, + (k=" Inf 2 x, ]+~ [kL[(-n=2)x" I 2 x, +
(k=2 In* P x, ]= [~ 2], x* In* x, + kﬁ— n}, +[- n];(- - 2)}x 3 x, ¢

4
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+ k], {— n]zr +(n - 2)})(_"_3 in*?x, + (kx>0 x, = nhx" Inf x, +
+ k|- n]2 Iy, o+ [k ]2[ n} PO U T 4 RS PR
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(1) _
(x;" In* +)qj - M——x””"’ In ' x,, g<k (3.1)
e Nk

at g =k we have:
(x_"_'" In * x_){“ =[-n}x7" n* 2, + k- n]kfx;"_k In*'x,
LN [klz [- ], T k2 [k]k L[ n]ik—]}

x X, +. (k—l)

D1f‘f§1'*cmiating once more we have:
(x;'” In* x, .)M = [ n]; [(ﬁn—k)x;”"‘”'] In* x, +kx;" " In* ' x, ].4\
+ k- n] r[(—n—)‘c)x_”_"_' In 7 x, + (k1" " In"? x ]+ A+
[“"}k 1)[ n]{i 1}[(—1'1 K nx, + 1] [k];( -n- xf) ____
[ b

—[ ”]m“’ reE It x, +—[ "]m PN ' LA T

" mox, k]

[k]“ (k- 1} - n-k-1 l]*l ked) el H—k
( “1)![" ]&+I} X, In (k~ )[ ][ [k]k( ).1

( 7 n® ]( "'}_[_ ]kw —nkq]n X, +[]1 [“n] r:k ;]nk1¥+__.+
& n—k—g+
([k]f. 1])1[ ]ikﬂj} :n —k—gf ]11x + ([ ]k |){_ ]Eiq];zx_n k—y [—n]kkﬂ,”z(ﬂ —k—g t) +
+[ "]Eﬁ;)a(' # k..q+2) +[ n]“‘ Bk hy (i ”}+[k] ( -5 k)

So we have:
+ k ' . .
(x-i.” Ink X )“{ K - ZU[ ] [ }:(ri-)q ok ink“i X, + Z’ru ([:]'i';)‘[ n i’:—(:}l f(i:ﬂ--k---rﬁf ){J}
A ' 1= "
Applying the formula (1 .6) from p. 1. we get:
(_1‘:” ]nk X, )U(Hf) _ k_: f [_ n]ﬁ(w :-: ke—if in k- L

- . 1 mk 1 A+bdg -1 1!
+§_0k[—n]£ﬁ.;zm [—n—k—qu]n : (_(_;)__m[ n k=g ] x

Xg(n1-k+q—l}(x) 1 {} [k}]',r[ ”:L_‘EJr ;n —k—y ll'lj' r [ ].!.4.(; :n —k—g i
15
(_ })m#”f”][ lf:j]} {n+.\+q I] Z[ ] [ n]ﬁﬂ; +ﬂ - Fln;( ; + 4
(n+k+q- )(k+l) ) 7!

1=0
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( 1)(’+m; ;[ k+1} Sl
(n+k+q_1)|(k+1) {x)
Thus, we receive the formula;
(x:" h‘lk x+ )UHP{” — i [k]! [_ n].(;lji-)q x:n---k—q lnk_"; x-r N
=0 J! 52
H+ & i) ( + ) .
( 1) k+if l[*-n f:_q] 6(n+k+q—|](x).
(”+k+Q—1)(k+ 1)
Connecting (3.1) and (3.2) we’ll get:
(x—n in* x )q) Z [k] {_ ]{1} A X, \ (_ })mq—l [H_ n]gc -1
+ o J (ﬂ+q-—l)!(k +])

From this formula at ¢ <k we have (3.1} and at ¢ > & we get (3.2).

s (x) (3.3)

P. 4. The differentiating of the generalized functions x/ nt x, .
By formula (2.4) p.2 at A =#n, g > k& we have:

, Al (i} 0 1k e [k (_;]‘ 0 1k (k) 0
(xf lnkx+)( ):i:[ ]_;[H],, x, In"" x, :Z[ ]_;[n]n x. In [k]x [n] |

£=0 ﬂ g0 J!
Differentiating once more we get:

)|n+l] E["] [l - j)x; " x [k]k[”]mL U) _

F=0 j‘

(x: In* x
Accepting the notation

M (=01, k1) Bk:mﬂﬂ,

B =
the last equality let’s write in the form:

(xf In* x, ){"H} —EB x ' nf +B,{( ”)

Applying the formula (2.3) p.2 we ll get:
H+y i Lo i I | gy | ]
(xfln*x)( /) ZB{ZJ:[ J ]'[ H —q]!k;n r
i=0 i=u i!

__[J'l 4 FJ5I.‘1)} il ok "]k—‘“] ui’)
( )(q [ly]k j)t j k( ){F} ZB i [ J - ]f;—lx:q ]n,f{_j..;_,x+ +

1 B, ])U i[—l k—i) .
{?ﬂ ) G }5{ )

The expression under the sign of first sum let’s arrange in degrees Inx, :
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k--fBJAZ’r[ [k .)J 1] [ (,r 1 ;q ’nk_,'_.g f —Bukz:z[k—l]l[ ]:,r t ;q ln_:‘.l ;-x_: "
=0 [E] i=0 .
[ - 1], 11" o ep S e £ k2
+ B, 1} + B, % ! " x4+
[k F}]k 2["1]§f 12) } [1]0[ ]q Gx i, ” [ ]q px
B, 2 9+ B, 0 t B, m +

+Bklu,l—_lﬂ;f_.{3 DL, BE

[k—’];( q[" 1] ’} [% "1]; ,[-1 ]E:( 12)})‘:, Inx, +{Bk ; [2]0[ ]

(k - 3) + B (k—2) ol

(k-4) - 3)
[k_'z}k—4[""]]:f—l4 B [ _]]k 3[ ]k } :f; lnx4 4+

+ B,

B oy Y,

. [B [k-2].[-1]., p e -1} -1, Ty [;, ]]u[ 1 Uty
1 ! o Qy ’

(k 1) q)ie-2) ) | -y _k_l —4 1k -4 _
+ B +B]{— 1] +..+ BH[—I amt Xy *Zm;.\; In" x +ow,x" =

q 1 -1 ~
Jl':

k-1 _
Y wx W x,
1=l
So:
it bt [ p e (T 1T k _
2;)8; Z'r [ ) ]:[ ]q---] x;r; lnk—;—]—-f x, :Zw;x:” Ink - X,

=1 I! g

where by @, we denote the expression:

i [k — i+ r] [ ]]( .
j =2 B L (j=12,0k)
i=0
thus we get the tormula:
4 IS
(xf In* x, )(HWJ = Za}j X x + {905&;- Y (x). “.1

where,

=3B (j =12, k).

P. 5. The multiple differentiation of the generalized functions x* In* x.
The generalization of the functions x*In‘x  (k=12,.)are defined as
derivatives of k -th order by A from the functional x*, i.e.

£
0" x”
i

(k=12..).

*infx =
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The derivatives by x of thesc functionals are calculated similarly, as the derivatives of

the functionals x} In* x, . But, taking into account the equality (x’l,tp(x))z (xf, qo(— x))_._

the formutas of differentiation for the generalized functions x* In* x_ we can get from
corresponding differentiation formulas for x? In* x_, substituting o{x) by of-x) the
expression of the form ¢“(x) by (~1}* @{0). For example form formula (2.4) p.2. get for
the derivative by g -th order of the functional (xf In* x, ), it is easy to find the formula

for the derivative of the same order of the functional x* In* x_. Really,
[(x‘} In* x_)m, go(x)) = (1) (x* In* x_, (p(q)(x)) =
L C O )= Ot 1 x), ol-x)-
k], [2 (€], [A} 0 It
[ “” st o) $EEEETI o)
i=0 J :

J

Whence

x* In®

: (5.1)

n

)( i( q[k] [;L]m A It x
i=0

that is truc for all ¢ non-integer 1 and at g=<A for integer A. Similarly, at different

combinations A and g we’ll get the next differentiation formula for the generalized

functions x* In* x_. To the formula (3.3) p.3. corresponds the formula

, { 1yl - (” ) e
(it )P =3 L L L e e (- 1=l 50 (5.2)
' JG J! (n+q—1)!(k+1)
and the formula (1) p.4. corresponds to the formula:
k
(xf n* x_ )Hq =Y 1){”“’]w,x:"‘ n*7 x. +a,(~1)" 84 (x), (5.3)
i-1

where © ; are the same, as in p.3,
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