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MATHEMATICS
ALIEV R.M., GASIMOVA 8.G.

BOUNDARY VALUE PROBLEMS AND OPTIMAL
QUADRATURE FORMULAE

Abstract

Optimal quadrature formulae of S.M Nokolski type are structured on the sef of
solutions of some boundary value problem. The nodes and coefficients of these
gquadrature formulae and their precise ervor have been found.

Consider the ordinary differential equation

YU} = inx) = £ (x) M
under boundary conditions '
YN0 =y )=0 (i=0,,...7 1), (2
where f{x) is a continuous function on the segment [0,1], o, <a;,,0,<0,,
{i:O,l,...,r—Z) and «a,,0, E{O,l,...,zr—l} (1':0,1_...‘,r -l). Let A =0 be not an eigen
value of corresponding homogeneous problem.
Consider the differential equation (1) as functional on the space LF(U,I)

functions y(x), continuous on the segment [O,I] with their derivatives up to order 2r
includingly and satisfying the conditions (2).
By a class sz"JLp (0,1) we denote a set of solutions y{x) of the boundary value

problem (1), (2) for which

!
HE [_ﬂvx] dx] <M, (1%p<c). 5)

Let for the totality on the segment [0,1] continuous functions f (x)
[

17, o= [ﬂf(ﬂi” ] <m, (1< pso).

In the present paper we find an optimal quadrature formula of the form

Iy(x)dx ; §A,,"}f‘“’(vk)+ Ry (f), 4

where 0 <x, <...<x, <1, for the class cL p({),l) (1< p<o).

Theorem. Among the quadrature formulae of the form (4) the unique formula
determined by the coefficients
2;+]} (} 0.1 _ )

2h;L]R("r ,r+i) 1
()5 (jZO,l,....,r“‘),

A}(Zj} q2r
(_ﬁ l)fA{I} ( (2 )‘{ 2?‘)’ [qur(] }Er +( ]):Ré:i: I+l}(1)}?

(2r)
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Sk =1Lu, Ny 120,02~ 2)
and nodes .
%, =k + R, oy ‘
is optimal for the class C'*L ; (0,1).
And the residual R(v) under indicated values AY and x, in the class

C(E’JLIrr (0.1} has the estimate

- MM +m)R ,, (1)
E |C®L,|= inf Ry :Q Lis
el gt sup IR OI=L 0 St
where qu,(t) is a polynomial of degree 2r, with a leading coefficient equal (o zero,

o 1
leustly deviating from zero on the segment [— l,l] in the metric L, [— o= IJ,

Pq
h=-o, =P+ 237, O

Proof. Evidently, the equation _y(z”)(x):{) under boundary conditions (2) has

2r

only a trivial solution y(x)=0. Let G{x.) be a Green function of the operator e
%

with boundary conditions (2), and the boundary conditions (2) be self-adjoint. Then

ylx)= ]G(x,!)y“”(t)df = ]G(x,!)y”” (¢ )it + ' ‘
+ ]_"G(t,x)y(zr}(t)dt = ]IG(x,I)E(t - x)+ G(t‘,x)E(x - r)]y(z’}(t)d!,

r

1 jor uzi,
where E(u) = {0 for u<0

Consequently, we can replace the boundary value problem (1), (2) by the
equivalent integral equation

()= 2 GG )B(e~ x) + Gl )~y + o). B
where ”
ox)= [[6(e.0)E( ~ )+ Glox)EG ~ Q.
We find from the formula (4{; that

Ry ()= [ylohts - 3 540 0(x,). ®

[SWE
Transforme the expression (6) replacing y(x) by the right hand side of the integral
equation (5} [1{ and get

Ry(y)= JK )+ r©le Q! .

where
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L

K 2r (‘() = IG(JC, t)ﬂh' -+ IG(x, [)dx -
0 ¢
N 2r— t { o
S TR R R

k=1
Applying Holder equallty to the integral (7) we get

1R, ()= [ 1%, W] ( Tote)+ f(:]ﬂd:f’g

(arsfpporsf fpore] |

_t

| 4
< ﬂl]M + m( e ¥ dt] " 9)
43

Thus, the finding of optimal formula of the form (4) for the class C.‘{z"]},p(ﬂ,l)

(1 < p <) is reduced to the search of the least value integral

1
gy, = Ko, () dt . (10)
]

Study the function K, (¢} on segments
0.5] [o.x] (=128 =1}, fxy.1].
One can easily note that Green’s function G(x,7) is a polynomial of degree not

higher than 2r —1 with respectto x or ¢ for x </ and x>1.
Let K,(r) denote the function with which K,,(f} coincide on the segment

[x %, ]G =12, N - 1).
It follows from the equality (8) that on the segment [x,,xH,] (z‘ =12, N - l) the
function X, () is a polynomial and it is determined by the equality

K (1)= 'ja(x,;)dx . ]G({,x)dx _
Z ZA‘”(, e, x, )- Z ZA NG\x, 1), (11)

b= I=0 k=0 =0
If we differentiate the formula (11) 2r times on ¢ we get

K0 | 0 G}, 07Glxs)

;o a7
! 62rG(t,x) G, x LA
+;|' P dx — aIng ) - aﬁ’ kz EA,,”(”U}(I X ) (12)
x=f+1} !
-1 2¢-2 2e-1 = P L
S o|- 2 ol
k=0 =0 of l.{:r‘—ﬂ ot Xt 4]
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Hence, it follows that K,{f) (i=12,..,N¥ —1) is a polynomial of degree 2r with a

leading coefficient that is equal to -i]-
¥

Consequently on the basis of (8) and (12) we can deduce that K,-(t) on the
segment [x,,x,,,] (i=12,..,¥ ~1) has the following form
Zr 2r-1

K@)=Lt—ciSer,
@y
where ¢, is a constant pumber.

Now study the function K, {f) on the scgment [0,x,1. For tel0.x,] we find
from the formula (7) that

K, {t)= jo(x £)dx + jo(r x)dx — Z ZA NGV, x,). (13)

k=) i=
By virtue of the fact that optlmal quadrature formula of the form (3) is precise for the
polynomials of thc degree no higher than 2r -1, then

szx)dx jer)dx+j'orx)dx }:EAE)G e, x, ). (14)

Kol 1=0
it follows from 1hc expressions (13) and (]4) that

Koy 0)= [0+ (G0, x)s— o)~ e o =

= ’_[G(x,t)dx - ]'G(r,x)dx = iﬂG(x,t) —~ Gl x)dx . (15)

[t
Expanding the difference G{x,t}~ G{t,x) in Tayler polynomial at the point x=1, and
taking into account the continuity of G(’}(x t) (Jr :0.1,2,...,2r — ) we get

22 G ) ~G4, I
Glx1)- Glrx)= 3, — id = Uj., ! ’f)l;..,, “fe—x) +
4= '
G I, x—0)- G x+0,x) 1 -
* &ro1) {t—x) ey l)!(t—;‘:) . (16)

Considering the formula (16), from the formula (15) for 7 ¢ [0 x, | we find

0= - e

-1y
@ry

We prove analogously that on the segment [x,; ,l] the function X,,(¢) equals to

Thus
é;—)'- Jor fe[(},xu],
K, (t)= (:)‘Jrzrzicp Jor relx, x| (i+1,2,..N), an
ar
(-1 (_2 ; for  telx, )]




9

[Boundary value probleins guadrature formulae]
Consequently, the finding of the optimal quadrature formula of the form (4) was reduced
to the finding of the least value of the integral (10) under the condition (17}.
One can easily note that the function X,, (t) on the segments [x xm]

(i=12,..,N 1) coincides with a polynomial that leastly deviates from zero on the
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metric L.
To this aid, if we integrate the integral (10) with respectto 4} and x, and equal
them to zero we get

! fra
af et J]Kz, ()" signKZr(t)[E(x,- - :)?—G-(f;—’i)- + B -x, )iai(’?—f-)}d: =0, (18)
Ox Ox
o
1 Fp_2 i+1 i+1
=g J|K,, () signK, ()Y A,-‘”[E(x,- - r)——-TQ B —x) fof’ 1) Jd 0.(19)
0 =0 Ox ox
Taking into account the equality (18), it follows from the equality (19} that

af ! . Gt 9”'G -4
o =qJ|Kzr(f]“ SignKzr(f)[b(x ~1) —ﬁl‘fﬁ'@ -x,-)*"ax—z;(fT’"lj]‘":O- (20)

The relations between (18) and (20) we can rewrite in the form

!

&S, a1 . &Gl x
a?.f!y: G_HKIEr({)(; ].ﬂgnKzr(f)—'“%df (2])

1 1
)

al,, 8°"'Gl,
B i O ik, O .
(
_ O Glx;
+ ﬂKa, oy Iﬂg??Kzr()?gf—) =0.
By virtue of the equality (16) we’ll have from the relations (21) and (22)
aJ,, r Glx) (1) {-x )" ]1
Aa) _”K’Zr(t]F gnKzr(r){ PV P Jdt+ ”
' )
e
+ ‘ﬂKE, (;r]‘r'I signk,, (t)wffl—)dt =0,
al,, ot o o 87 7G(x,)
___.__ _HKU(IX ngnhzr(l‘ ‘—-—a‘l2—1--—— 1 |df +
- (24)

2p=le
+ _ﬂK,, ]q ngnK_},()ﬁ—a—:%J-t—)dt:O.

We get from the relations (23) and (24)

F+! x;
=, ) 5 K 01 s (e 5 Y
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1
-], ) (o sienk 7Lt 25)

(;_,,, 2::12,, ),
'l q 1 I(r(x ) . 26
ﬂKar(t] signK,, (¢ )dt = ~ _ﬂKz,,(t srgnKzr(t) e dt, (i=12,.,N). (26)
It fo]lows trom the equality (26) that the integral

_ﬂK2r t} signk,, (t)dt

for all the values x, (i=1,2,...,N) cqual to the constant number,
Consequently,

K ) signks, (1) =0
0

Then it follows from the relation (24) that

1
1Ko, (0} signk,, (e)dr = 0. 2N
Now taking into account the relation (27) we ﬁnd from the relation (25)
[IK, Y signK,, (O e = ﬂxzr(z]" 'vignK, ()¢ dt (28)
0

(j=0,]1,.,2r -2, 1_1 2,...N).
If in the equality we replace x, by x,_,, we get

HK%(I] wgnKzr( Y dr - _ﬂKEr )"' ]s:gnK)_,(t)t dJr . (29)
Further, subtractmg term by term (29) from (28;,lwu find
xﬂxz,(:]" signK,, () dt =— Xj]Kzr (e} "signK,, () dr (30)
Hence - -
.TﬂKz,,(tX” ]sigan,(t)t-"df =0 31)

(j=0),.2r~2,i=12,..N).
Consequently the function K, {t) on the segments [x,_,,x,] { =1.2,.., ;') coincides with
a polynomial that leastly deviates from zero on the metric L, (|3], p.3). Then a

polynomial of degree 2r with leading coefficient for #*, equaling to 1/2r leastly
deviating from zero on the segment [x,-,x,-H] (i= 1,2,...,N} in the metric L, has the form

th { - S — X xj+x,_
r)= 2)’ "zr{ h, J’ where hfr‘r’ zr]n’a: 9 -,

R, () is an algebraic polynomial of degree 2r with a coefficient that equals to zero for

1% leastly deviating from zero on the segment [-1,1], in metric L,. Since K,, () isa

continuous function on segments [x,_l,x,-] (i = 1,2,...,N), the pelynomials P, (r) and
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gl

have to coincide at the point x, =¢, + k1 =¢,,, — A, & ﬂ(x,): P, (x,-).
Hence we conclude that s, =k, = (i=12,.,N).

Then
2r
Rlx)= é)qum, (32)
Py (xy)= ( ) R, (1) . (33)
On the other hand
P(xi) Kzr(xl)* (2 } (34)
Pulxy )= K;._,(xh.-)J-—_(z'%. (35)

Comparing the relations (32) and (34) and also the relations (33) and (35), we find
]

—_——. (36)
2‘v|r Rqu Ilj

Taking into account (36), we find from the equality x, =x, + N2h

4R ) . (37)
2N + /R, ()

1

2AN + 2R, ()

Substituting into the equality x, = x, + 2ik instead of x, and / the right hand sides of the

equality (37)-(38) we get
x, =i+ 4R, oy . (39)
(i=1,2,...N),

X =l-xy, h=

X =

Then
h=

(38)

where w, =h.
Then we determine
Ec®L 1= inf sup |R,(y)=

X .Am et [za;;

ﬂ;t}M+m{ &, e)7 dr + Z HKN(t} dt + ﬂKzr(t “dt] : (40)

According 1o the relation (17} at each of the bcgments [x, ,x,](: =12,..,N) the function
K,,{t) is a polynomial of the order 2+ with a higher term ¢ /(2#)l. Then by substituting
in the right hand side of the equality (40) the integrand Kzr(r) with a polynomial of the

degree 2r with a higher (1)12’ term leastly deviating from zero on the segment
r

[x,_] )X ] (z' = 1,2,...,N) in the metric L, and taking into account the equality ([2], p.139)
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— 2|_R2!q (] )J

2rg +1

IﬂRm (t)r—] dt
A

we get

A‘M + m)‘RErq (l)a)ZIr .

0 1|
Elct |- (2 yiarg o1

1
The coefficients A,E_’) that correspond to the minimum of the integral _ﬂK;,,,(t]” dt arc
]

determined by S.M.Nikolskii’s scheme [2].
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