52 Azorbaycan EA-nin xaborlari

GULIEV V.S,, MUSTAFAEV R.Ch.

TWO-WEIGHT INEQUALITEES FOR POTENTIALS
DEFINED ON SPACES OF HOMOGENEOUS TYPE

Abstract

The sufficient conditions for pairs of monotone weights ensuring the validity of
two-weight inequalities for the integral of the fractional order on homogeneous spaces,
are found. In some cases these conditions are as well necessary for the corresponding
inegualities 1o be fulfilled

Several different definitions of homogeneous spaces can be found in the
literature. Here we refer particularly to [2].
Definition Y. Let X be a non empty set. A function d: X x X —[0,0] is called

quasidistance if it satisfies following conditions:
i forevery x and y in X d(x,y)z O ifandonlyif x=y,

it) for every x and y in X d(x,y):d(y,x).
itl) there exists a positive constant C,, such that for every x,y,z€ X
dfx, y) -4 O [d(x,z) + a’(z, y)]

The non empty set x equipped with the quasi-distance J is a space of
homogeneous type (X,d, 1) if there exists a positive measure g defined on a o -algebra
of subsets of X which contains the open set of X and the balls 8,(x) with the following
property: there exists a positive constant 4 such that for every x in X and every r >0

0< #(B'zr (x))E A'LJ(B,.(A))

Definition 2. Almost everywhere positive, locally summable function @ : X — R
is called the weight,

Definition 3. The function g: X — R, is said to be radial if g(x)-—- g(d(x,a)).

Denote by 7, (X, 1) the space of functions f(x), xe X for which

o] el olehts] < 15pse

Let a be an arbitrary fixed point from X: d =sup{d{x,a): xe X}.
The function

T,/ (0)= Jldle )y 1()u, 0<y <l

is called the integral of the fractional order on X (see, e.g., [7]).
Theorem 1. (see [7]) Ler l<p<y ', q'=p"' —y. The following two
vonditions are equivalent:

(1) T, maps continuously L!,(X L4 into L, (X, u).
(2) There exists a constant C >0 such that pB(x,r] <Cr forany xe X and

r>0.
In what foilows it will be assumed that
AC >0, ¥xe X, r>0, ;LB(x,r)S, Cr. (*
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Farther we will need the following weighted variants of Hardy-Littlewood
theorem.

Theorem 2 (see |1,8,9]). Suppose 1< p<g<w, p'=p/p-1) and that ult)
and V(i) are positive measurable functions on (0,d).

1) The inequality

ip

[ju(z{)jm(r)dr d) < oy v(:)dr]' n

holds with C independent of ¢ if and only if the weights u,v satisfy the conditions

up [‘]u(f)dr (;()df] <o,

Q] J 0

2)  The inequality
iip

@u(;)|j¢(f)dr qd:}lfq 5 C[;ﬂ(p(t}”v(t)dr] @

holds with C independent of ¢ if and only if the weights u,v satisfy the condition
p-l

supE}ju(r)df}m[jv{r)wdfj o

Qui<ef

We consider monotone radial weights @, . Note that, in our case, w,®; vanish
nowhere except for, maybe, at 0 and d (if d = ).
As far as we study two weighted inequalities, we deal with the pair {v,o,).

Formulate requirements on the pair (w, m,).
Definition 4. Let cu(r), @, (r) be u positive functions on (O,d), lae p<g oo,
The set of pair of weights (w, @, ), satisfying conditions

d plg sy , -1
sup[ feo, (r)r"'-*f-’P'er [Iw(r)]"p df} <, (3)

Oeredy

‘ RN J , . p-1
suP““’l(T)er {I&J(T)l_p T_'“”’“’df} <00, (4)

D<t<d g
d<wo=ald-0)<wo, wld-0)<w
1s denoted by S, .
X -radial weights (w{d(x,a))0,{d(x,a))}, constructed by (w,0,)eS py e
denoted by S (X )

Let us emphasize following feature of weighted pair {w(f),w, (t))eS;,q, at the
monotone case.

Lemma 1. Let olt) ot) be monotwone positive functions on
(O,d ) l<p<g<w. If m(t ), 0 <t <d is nondecreasing function, then the condition (3)
implies (4}, and if w(l), 0 <t <d is nonincreasing function, then (4) follows (3).

Proof. Let w(t), w,{r) be positive nondecreasing functions on (0,4}, and (3) is
valid. Then the following relation is valid:
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3C>0, V>0, o) <Col/2). (5)
Actually

(d By |
L‘[m] (T)T.,an'dr] > Ceo, (t)P-’"q(r-~g,.l’p’ _d_,qu,y,;‘; ,
!

and for 0<r<d/2

d pig
[_[ml (r}r"“””'dr] >Co,{t)" 7.
!

And

[rjﬁ’(’f)}p‘ d’-f]p—l Z[F:}fw(r)"”' erp._l >Coft/2) 7.

4}
Muitiplying these inequalities and using the condition (3), we get (5) for r<d /2.
Ford>t>d/2 we have

of {d - 0) w!'{d - 0)
! (d/2) w1 (d/2)
So we obtain w,{1)”'? <Cw(t/2) with C independent of 7 ¢ (0,d).

On the other hand, we have

' P -l .
K, = sup{jwl (r)dr] [‘[a1(r)'_’"’f"""""’d'r] <
{

eef<dl g

ol ) <ol (d-0)< Cold/4)<C wl(t/2).

< C sup o, (r)‘"‘”’i’“'{’w(t)"] (t"”""*’ —dre )H - v

oaf<ied
, P ]
w () ( t}”"" Lo ()
=C sup ——! 1| — <C sup — :
o olt) Lo\d — aft)

Since w,(1)"'Y <Cwlr), we have K, <.
Let wf{t) be positive nondecreasing, w,{t) positive nonincreasing functions on
{0.d), and (3) is valid. Then (5) is true.

Actually

d rlay, p-l

w>K = sup{_[w‘ (r)r"l"”‘r""df} ('{w(r_)l_”’dr] >
aatady ) o
2 M(, p-t
> sup (J‘ml(r)r']_‘””'er | j‘w(r)]"pjdr] >
ated [ 2\ Lo J

w (26"

2C sup w,(20)" 7 7o) 17T =C sup A A—
cateif (2 o<ted {2 w(f)

Thus 3C >0, Ve:0<r<d, o) <wl/2)<Col).

Taking into account (5), we have
r-i

X, - sup[;jm, (f)d;]w{‘jm(f)*—ﬂ'r—*—p'wdr] <

et <l
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¢ Py g p-}
>C sup( fm‘”"(f)dr] (Iw(r)l_ﬁr_l"""""dr) <
!

actady g

<Csup otk o) (t'*”"q)p_] =C<w.
ot el

The fact, that for nonincreasing a)(t),(}{bcd {4) tollows (3), are proved

analogously. i
From the proof of lemma 1 immediately follows
Lemma 2. Let oft), () be monotone positive functions on

(O,d),l <p<g<ow. lf a)(t), 0 <t <d is nondecreasing function, then the condition (3)
implies
AC>0, VO<t<d, o) <Colt/2).
Lemma 3, Let wlt), w, (t) be monotone positive functions on (0,d),1< p<g<o.
If m(t), 0 <t <d is nonincreasing function, then the condition (4) implies
IC>0, YO<t<d, oft/2) <Colf).
The lernma below is proved analogously.
Lemma 4. Let oft), o) be nondecreasing positive functions on

(0.d),1< p<g <. Then the condition (3) implies
. 0,2CtY" " < Cole).

AC >0, Vl<i< d
2C,

The following theorem is true

Theorem 3. Let u  satisfies the condition (*) O<y <], l<p<l/y,

V p~1/ g~y and o(t}, o, (t) be monotone functions.
If (w,0,)e S (X), then the inequality

1/ e
(oot < perodans] o

holds for f € L, yateapX, ).
Proof. Let f ELp,w(ar(x,a)](X»H)-
At first consider the case: o(t), @,(¢) are positive increasing functions on (0,d).
In order to prove that 7, f (x) exists for almost ali x e X' we take a arbitrary fixed

7 >0 and represent f as the sum £, + f, . where

fi(x)={;“f")’ J{ j((jj)): £le)= ()~ fix) -

Since @ is positive increasing function on (0,d) then f &L p(X ,1}. Therefore, by
theorem 1 7 £, (x) absolutely converges for almost all x e X . Show that T},fz(x) is finite
for any x:d(x,a)z 20,7 .

Taking into account that d{x,a}> Cyr, d(y,a)<t impties d{x,y}=1/Cyd(x.a)-
- d(y,a)2 T we have
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< %)) < ¥ Whold(y.a )1,er
7, £,(x) d{”ai( PV 7 Y d(ﬂ{)ﬁ R d

Applying Holder inequality we obtain

AL, o0 ]

}GT

Then

fold(,a) 7 du=3  foldla)” dus

d{y.a)sr nlglg 2 chpla 2z 't

i e " g di”5Ciﬂ’(z_”_'T)l_p‘T”"lr SC}G}(:‘)'””:J:
n=0 n=0 3

B a,2"’r}\}i(u,2 ""r)
Last integral, by assumption of the theorem, converges, hence ?;fz(x) exists for almost

any xe X \B(a,). Since X\|a}= U(X\B(a,r)) then the existence of T],f(x) for
Tl

almost any x € X follows from these reasonings.
Let w, be an arbitrary continuous increasing function on (O,d) such that

o, (t).ﬁ w, (1), &, (0)=m] (0 +} and @, ()= i[(p(r)dr +@,(0), 1€(0,d) (the existence of
0

such @, is obvious, for example, @, ()= Iw{(r)d'r + 0, (0 +)go, ().
0
Note that the following relation are valid:
d pig 7l
3C >0, V>0, (j(p(r)f"‘”p'dr] {J’w(t)] a’r] <sC. (D)
s

The inequa]ity (7) follows from the inequaiities

J(p(r)r P gy =L j(p )d'r_[iﬁ U 4 g j (z)dr <

o
< qu j,.t'.,-l—qf’p'dl J'(P(T}jr + d—ql,.-p‘ojl (d _ O)S

f

o
L (a2 o, (AR + d 7' 7 o, (d —0),
P

[

and
! £i2 Wil
jm(r)'_pjdr <2 folr)" P dr <2 foolx)" 7 dr <,
0 0 o

with provision for the inequality (3).
We have

) k-ﬂ? f(tl dit J-(P(f)dt) ! +

‘ <. {et (v 0}

N
. [5, O I, /Gy’ dyJ =+ Ay
ks .
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X< x ?’ -1 <grt {f(y]m(a'b/ UP
‘T jz 1 d(w)ﬁr ’y) If(y){d d(v,'cl.:)sr a)(d(y, ))”p o

Applving Hélder inequality we obtain

Hp
If;,fz (xﬂ < C‘r vt Il-f”},s,.m(d(,‘“n(/\’,#)[d{ ,[C;:(d(y, a) - d,u] N
P T

Then
ol a5, ol
dlyalsr =l pglaz nr B(az
< im(E n-l T)‘“p _[ du< sz(z—n—lr) -7 sl o Cr-[w(l)]—p' dr.
=t Bla2 e }Blaz ") =0 ;

Last integral, by assumption of the theorem, converges, hence 7, £>{x) exists for almost

any xe X\ B(a.7). Since X\la}= U(X\.B(a._r)) then the existence of T},f(x) for

=0

almost any x e X follows from these reasonings.
Let @, be an arbitrary continuous increasing function on (O,d ) such that

o (<o () @ (0)=a,(0+) and & ()= ](p(r)dr +,(0), 1€(0,d) (the existence of
G

f
such @, is obvious, for example, &, (1) = _[wf(r)dr +a,(0+)zw ().
0

Note that the following relation are valid:

o ) Py t , p-l
3C>0, Vi>0, (j(p(r)r“f”"er ([m(r)“f’ a’r} <C. (D
i ]
The inequality (7) follows from the inequalities

4 a o 4
fole)e P dr = i, I(P(r)a'f I?»"’ Srdh s d I‘P(T)df =
f

<4 jrl R} _[(p Wt +d o (d - 0)<
P

<§ P"""‘””w] (A2 +d ™' 7w (d - 0),
and

! ) 02 , 2 ,
J'w(r)'"‘" dr<2 Icv(r)""’ dr<2 _[a)(r)l"'*"’ dr <o,
0 0 0]

with provision for the incguality (3).
We have

ﬂ? f(x)[ dy J'(p(t)dt +

¥

La 5 fatrat X F‘)
( .,V
+(Jl(0) 7, /&Y an j = A+ A, .
2
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1ip
o (d-0)" ’
PR M eldeahant)y s, (.
(XJ{—--;—--J X B[a TN J
ZCO 0/
Let us estimate 4,,. From d(x,a)>t, d(y,a)<¢/(2C,) implies

2—é——d(x, a)<d(x,y)< Cold(x,a)+ d(y,a)) < cﬂ(l + 2(17 ]d(x, a).

i

Then

0

J

dlx.a )t

<c fd(x,a)“-m(x)[ ﬂf(y}dpu)}

dx.a)=1 diy,akifze,)

) f(y)du(y)k )<

A vt (20, }

Now we will estimate ‘[d(x,a){"_u" du(x).
d{x,a})f

jd(x,a)(‘v—l}q dulx)= i _ J‘d(x,q)(’m”q du(x) <

f{xalst ”={)B{a e H(a 2"}
sz ref ¥ ula,2m )<CZ frefr My

< Ctu(y—:)qZZn H+{y-i)g) =T

A=}

Then

fly G hduly)= Z JlFOYauly)<

dy.eka i{20) ‘U;a 2y U)}B(a 27 deifae ,,)]

sci[[ y I(d(ysa))*"dn(y)J iy

ne0 el 20,)

Bla2 iaey,)

o Ot ‘”du(J))
<3 27 H2C, uBla2 1 12C, )_))" "

( o Ty f’dp(y)}

2 (20, Bl 7 (o)

1ip

gc*i(z-w(zco))‘“”’" ﬂf(y)| (3. ) ’”d,u(y)l <

#i=0) t{.‘ 20 126)




Transactions of AS Azerbaijan 59

[Two-weight inequalities for potentials}

<" JOY o) )|

0 X \Blax)
Therefare

ftat, y))"'",f'(y)du(y* )<

il yakt 120,

]

dlxa s

‘(rf[df_.‘u} _ NP !
o] { DOY ) ) }
9 XiBlar) .

Hence
iiy

e "an(r)z-w’[’fr”f[ | gf}(yw(y,a))-w(y)] er a

By (7) and theorem 2, we have

A gc{‘j}p. { iﬂf }(y)fp(d(v,a))"” d#()’)Jw(r)dr} -

(] T

- DOX () ants) foter| ‘.

a( Jf@]pw(d(v,a)V#U)J el e

Combining the estimates for 4, and 4,, we obtain (6) for @, =@,. If the
function w, >0 (0<t<d) is increasing then there is the sequence of differentiable
functions @, {t) such that iim(p,,(t)zru](t) ae., (p”(t)gml(r), (p,,(O):rm,(O), (pn(t) is

nondecreasing and o, (1)= j(p'n {z)dz + 0,(0). By Faton’s theorem on passing 1o the Yimit
o

under the integral sign, this gives {6).
We now consider the case when @, @, be a positive decreasing function on

(0,d).

Let an be an arbitrary continuous decreasing function on (0,d) such that

a(f)sg)](!), gl(d)=m|(d—0) and ;1(;);]}!,(7}11— +;1(d),ty(t)20,£€(0,d) (the

= = o
existence of such w, is obvious, for example, @1{f)= [(- @} {r))dr + @ {d - 0)< w,(¢)).
f
Note that the condition (4) hnplies the following refation:

f Plg gy , p-1
3C, >0, vi>0, [_[w(r}rdr} (J‘w(r)'_”t"""”"dr] <C,. (8)
{1 !
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The relation (8) follows from the inequalities

]'w (¢t = ffl,[/ (c)dx ;[ds = ;fds :[w (t)dr < ;[&J] {s)ds .

We have

Iig
HTJ’f||x.q_E—{,(d(d,a)](x u) [-{IT f(»\j du -[W 1 *

d’[ra) J

+[z|(d-0) 'ﬂT},f(xfdy]w =B +B,.

Since @{d—0)= lim o{}>0, then L, ,pap{X p)c L, (X, u}, and by

[ )
theorem 1

B, <Conld - 0)”"{ | f(xlpdpJ ’ gc[ ﬂ F&Y o, (d(x,a)fz)p"‘fdpJ | <

Lip
© C[ 'ﬂf ()CX ’ &)(d(x, a))d'u } - Cnf“ Ly widiv.a J‘J("" »“} ’
X / '

We now estimate B,:

B, 5[?’1"(‘)‘” ﬂf}f(x)rdp] B 1 By,

d{xa
where

o bt

B ijo)d: j | et f(}’)dﬂ(y)[ dyJ

iy

[1CIERY) O)dﬂ(yi d,u}

oy a2y

By, = [:{W(’)‘H I

o{xajet

Further from the relation

WY duls )< ﬂf Oheldly.alduly)

d{y o)t dfyader
we get that £ L,(B(a.1)) forany ¢>0.

Thus, taking into account lemma 3, by the theorem 1 and the Minkovsky
inequality with the exponent g/ p 21 we have

; 1 1
. rig £
| ig

(,; ¢r ( i( d
5<cl ij{{ }J]f‘(x)t”du(x)J m} § ﬂ,«(x)r"L Tl )y <
dfa k20, ix d_};’i
L S }

Iip

p
|
4
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Let us estimate B,,. From d(x,a)<¢, d{y,a}>2Cyt implies

shdla)s dle)<Clama) dla)s c{ L Vala).
Then
Pl ftny f(y)d#(y)} o)<
dlxaer o (pak20y
e fuie] | JoNevay )]
dix,a) d{ya)m2Cy
We have .[d“ x)S ,uB(a,t)S Ct.
d(x o)t
Now we will estimate [ frO@.a)y dp(y)} .Let d = . Then
dly,a)p20y
YNty )3 oK) )
< g(z":zct,r)“2 ﬂ 1 (y)( d(y,addu(y) <
- , e
<5 rac) uafaz2c) L BOY sy )| =

<3 (2macy) 2 acy ) [ ‘ﬂf(J’)'p(d(y,a))pdp(y)) <

70 fo.2"0)

<3 (220" L( ﬂf(y)l”(d(yaa))”d#(y)J <

n=0 i{a.2m120, }

<C J[ JrY (el a»w(y)) .

& B{ar
Let d <o . Define m:= max{n.2"260t zd}. Then

1O aa)  du(y)= 3 ﬂf(y)l(d(r,a)"“’ duly) <

d{y.ak20, A=l gla 2120 .;f[a.z"z(‘n:

<3 rac,)” 7 (y)|d() ajdu(y)<

n=0 Bla2"120,)
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2(2 2C t) (}IB(G 2" 20, ))”F [ ﬂf(}'}p (d(y a) dy(y)] <

| Bla.220,)

< i(2"2(.},:}‘2(2”’”2(,'0:)1""”[ _ﬂf())[p(d(ya)"dy(y)] <

A az IZ(Uf

gi(z"zcaz)‘”‘“{ j|f(y]”(d(y a)f”dp(v)J <

#=0 b‘ a2z u‘

1/6Y Woaly aw)] de -,

Alurh

o
< JT—Uq-E{

40y

Consequently

]

d(xa)t

m[“jrw( ﬂf(y)r’(a(v,a)m@)] dr+d“f||fufpw,ﬂ}} -

I\B(a,r)

e 1M )

d {y‘a}»z{ “of

Thus

144

g
dr} df |

B, <C{djw(r){djr““[ ﬂf(»)l” (@(sal)

Har
s

o lig
+CdVe ” j‘”LP{X‘p](ﬁfw(t)(dil .

In view of theorem 2 and (8) we have

B, SC(? —pig- EP[ _”f(.)’)‘ (d()“ ( )J&)(T)Tp““"’ Id‘r} "

k{} Blax)

+Cd "f"J.,._w(-{,r{r.rl]][)l':ﬂ.‘] - {j N ﬂ[ ’”f(y)tﬂ(d(y a))p d#(y)]w(r)er '

+(d]qu”; eyt —({_ﬂj(y} d() a)f"d‘u(y) IT 2ol ] +

Wiy .r:

'IP

( ﬁ-f ) old(y, a))d#(y)] ¥

+Cd “fuM,.u.[.m,ah':.{X.u] < Cuf“!,J,,,,_.,{r,t,,,.n()\' RY

Combining the estimates of B, and B, we get (6) for w, = (:;; . By Fatou’s

+Cd ”"|

7.

Cp aniad [ ]|(\ .‘1)

theorem on passing to the limit under the integral sign, this gives (6).
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Let us also consider the case when @ is increasing, o, is decreasing function on
{0,4).
Denote by M = Ginfdm(f) . We have
< f <
o,()<a(t/n)<Colt/(2n))''? > MY?C  for n—>w.
Therefore, in view of theorem 1, we obtain
1ig
¢
56, | I 0T 0 ) <

Ii g

< M”f”c”“[Jﬂf(xfdy(x)]w < M’”’C'-"”C,[ﬁf(x]”dp(x)} <
gc,c”ff[‘ !] f(xym(d(x,a))dp(x)]] =N, v

Finally, in the case of decreasing function ® and increasing function , the

proof is carried out along the same lines.
The following reverse theorem holds.
Theorem 4. Let d =0 (= pX =),

AC >0 uBlx,r)=Cr, ¥VxeX, r>0 (%)
and O<y <, 1< p<ily, U p—1/g=y . Suppose that for the pair of monotone weights
(m,w,) the inequality (6) is valid. Then (0,0, )c S (X)

Proof. Let @ be a positive increasing function on (O,w) and > 0. Choose the
function f by the following way

eld(na)) ™, if a(ya)<ei2c,)
70) _{0, if d(y,a)=:1(2C,).

Estimate U]T Sf o, (a(x, a))du(x)]w .

Hy

[ J]Ef(xﬂqﬂh(d(x,a))d#(xﬂ

o

H Jale, )l () apojm.(mm(

a’(y,a}qrf(E(",-,)
|

kd[r ot

|
J
Ja(e, ) “ola(v.a)} * du(y ﬁ e a))cm(x)J S

oy bt 120

S ol )| ol ot a»cm(x)] |

d{.y,a)(f."(Eﬁ.‘u) diyakr
On the other hand, we have
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[;ﬂf(x]ﬂ w(d(x,a))dp(x)} ’ :{ Iw(d(x, a))l—ﬂ'dy(x)] | :

d{xal i{20,)
Combining last two inequalities, we get from (6):

[ fw(d(x,a))l‘f”dp(xﬂ jd(x,a)“-"'*wl(d(x,a)w(x)} <c.

d{:,u}d ."(2("0) di{xaler
We have
fold(.a)} 7 dul)= 3 Jold(a)) 7 du(r)
d{yaka (20} m=0pgla 2 (20, ) hsla2 " HH20,)
. -n « W-F - B -n-1
> Y wl271/e,)) " uBlaz "1/2¢, ) uBla2 1420, )=
n={)
£ g o 2720} ,
= (.‘Zw(2 "ti2C, )) g (2"”t!(2(,‘0 ))2 cy wlc) " dr =
n=0 ¢ rrracy,)
il \ t .
=C J'co(r)]_” erC_[oJ(r)"Pdr .
0 0
Indecd
' ) T ) r )
ja)(’r)l_p dr = _[ o) 7 dr + _{m(r)l_p dr <
0 0 I
11, ) )
< [ole) 7de +(1-1/C ) 0l 1C) 7 <
0
Ty . [ \ Gy, ,
< | wlt) 7 dr +{C, ~1) i wl(t) " de=c, j wle) " dv .
0 b 0
)iaq
Now estimate { fax, a)’ Mg, (d(x,a])dy(x)J . Let @, T(0,0). Then
H{x ekt
. Yo, (. ealo)-
dxaldsr

- Zo {d(x,g)tr-%l (@(e,a)dulx)>

a2 bl 21)

2 sz:(Z"”t)(y_wT] o, (2"t)2 Ci 2:’[!1' e, (r)dr =
#=0

a=0 321,
=4 o
—gi gl al —g i =1
=C _[r 97y (T 2 C fr 47 (2 )dr
172 12
Thus
£l

sgp[Tw.(f)r-'-v-"r"dfrq(:!w(r)'-ﬂ'df} <o,

osf i

1 o, 4 (0,00}, then




-
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Id(x )" o, (dx,a)du{x)=C i (2"” t)_"”l prco, (2"*1 1)2

xa)).f

>CZ _[r gy (r)dr—(“‘[r 1P, (r)de

A=l ga+ly
Since

2t i 2
fm(‘r)l‘"’r dr = _fa)(r)]""'" dr + Iw(r)l_pj dr <
& ] !

! i
< Im(t)'_”' dr +1to(t) " <2 _"co(f)‘_”’ dr,
0 0
we have

cup [?wl (r}r--l--w'dfjm[ij(r)'-ﬂ' dr]p_l .

0t < og 3

Now assumc that @ is a positive decrcasing function on (0,00) and >0, and
define the function f by the following way:

7G)= {( oldala(y,a)” [, i dly.a)>e
if d(y,a)<t
Then

Ui ol s ™ )|

dlx.a)er

I, 1
{ fo (d(x,a»[ e () d )V du(y] du(x)J S

On the other hand

L(.l.m (dfx.u)}{X-F] -

dlxa ki 1{20,) dly.akt

c[ ;w,(d(x,a))dp(x)} [ o) (4 a)w'duu)}

vl if20,) A yalet

Therefore
=

. (d(x,a))dp(x)] | bl )| <

dlxaleri{20,) d{yakt )
Estimate jm(d(y,a))]"’ (d(y,a))y ™' duly)

d{y.akt
J'm(d(y,a ) P d (B, a)y 7 du(y) =

d{y.abt

=3 Jeldta) ) anl):

n=0 gl 271}l 2%
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sl

>CZ ( " )‘p TS Y zﬂr- =& -plig-l 4 _
>CY wl27f (2 !) 2CY _[w(r) T dr =
n=09"

=l
w5 , ] © r J
:C J‘w(r)l--,ﬂ 1_-;} .i’q._]dr > J'w(_r)l-p r,..p l,rq“]dr .
t'2 !

Let @, $ (0,03), then

Jeo (d(x, a)dufx) =

Hyakt(20,)

-3 fo, (@(x, () 2

1=0 gle 2 "1 (20, Wl 27711 420,))
o 2720,

>3 220 27 1RGP €Y [ (e =
H=0 A=t g {2( )
i, ‘
=C J[ @, ('r)dr Z CI&), (r)dr
O 1]
If e, T {0,%), then

jw,(d x,a))du(x)= CZZ ”rf(ZCD)co,( '"h'tr'(ZCO))Z

dlxakt(203)

o s {2(0) f’r(q'(n)
=C Z Jm (t¥r=C Jw,(r)dr .
w02 " i)

Since

Tw(f)i_pjf_plh’ ‘dr < CO]‘CO(T)‘" Peoriat g
f

(U

""'(4(‘“) rle W . Pl
SUP[ jml (r)dr] [ Iw(r)l_p r_‘""'r"”_'dr] <w,

ped<oml g Jonia,)

Note that in {3] the criteria for weak and strong two-weighted inequalities are
obtained for integral transforms with positive kernels, which for 7, take the following

we get

form:
Theorem 5, Let O <y <1, l<p<liy, l/p-lig=y.

Blx,R)\ B{x,r}#0, Yr,R:0<r<R<w, (10)
and w{t), w,(t) be monotone fimctions. Then for the inequality

(‘\ﬂ?;«f ()’ (deﬂ}”q EC[A_ﬂf(x)(pw(x)dy}

to hold, where the constant C does not depend on [, it is necessary and sufficient thar

the following two conditions be fulfilled simultaneously.:
1

sup[ fwl(x)dmxh oV 'p(y)dp(y)] """ oy

FEXY B b0yr) rus{xr)

iy
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sup( Joo' 7 () x)} { Ja(x, 9) ”"m(y)dn(y)} (12)

21X By 60,¢) B{x )

Remark L. Note, that the condition (10) implies that p#X =+ . But our results
include the case of pX <400 .
The set of pairs satisfying (11) and (12) we denote by S, (X) :

Remark 2. From theorems 3.4 and § it folows that:
Theorem 6. Let <y <1, 1< p<l/y, 1/p-1/¢=y, the conditions (9) and (10}

hold, and w(t), @, (r) be monotone functions. Then
(a),a), )e S, (X)o (w,0)e SW(X) .
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