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ESTIMATIONS OF THE BEST APPROXIMATION
OF CONVOLUTION OF FUNCTIONS BY MEANS
OF THEIR SMOOTHNESS MODULES IN L, (T)

Abstract

In the paper the upper estimations of the best (in L, (T)) approzimation
E,._1(h), of the convolution h = f* g of two 21 periodic functions f € Ly (T)
and g € Lq(T) are obtained by means of the product w; (f;5)p W (g;5)q of

smoothess modules of these functions, where p,q € [1,00], I,k € N, 1/r =
1/p+1/q—1 > 0. It is proved in the case p,q € (1,00) and the case p = 1,
g =1 € (1,00) that the obtained estimations are exact in the terms of order
on the classes of convolutions with given majorants of smoothness modules of
functions forming the convolution.

In what follows we use the following notation.
e T is the interval (—7, 7] in R.
e L,(T), 1 < p < oo, is the space of all measurable 27 periodic functions

1
f R — C with finite Ly-norm |f], = ((2m) fy |f ()" dz) " < .

e C(T) = Ly (T) is the space of all continuous 27 periodic functions with norm

1l = max {|f (z)] - = € T}.

o I, ( f)p is the best approximation of a function f in the metric of L, (T) by
the trigonometric polynomials of order < n € Z,..

e T, ,(f) is the polynomial of the best approximation of a function f in the
metric Ly, (T) : [|f = Top (f)ll, = En (f),, n € Z4.

e S, (f;-) is the partial sum of order n € Z, of the Fourier-Lebesgue series of a
function f € Ly (T) : Sy (f32) = Y|,z v (f) €™, x € T.

e w;(f;9), is the smoothness module of I-th order of a function f € Ly, (T) :
w; (f;é)p = Sup{HAfij:?ﬁER, |t] gé}, Il €N, § >0, where ALf () =
S D)D) @), seR

e (0, 7] = € is the class of all functions w (0) defined on (0, 7] and satisfying
the conditions: 0 < w (8) | 0(6 | 0) and 6~'w (8) | (6 7).

Denote, for 1 <p<oo,l €N, w € Qy,

H. W] = {feLp(T) cwi (f36), <w(0), § € (O,ﬂ]}.

The convolution h = f* g of f € L1 (T) and g € L; (T) is defined by the formula:
hz)=(fx*g)(x)=(1/2n) [z f (x —y) g (y) dy; it is known (see fe. [1], v.1, § 2.1,
pp.64-65, [2], v.1, § 3.1, pp.65-66) that the function A is defined almost everywhere,
27 periodic, measurable and ||h||; < ||f|l; lgll; (whence it follows in particular that
h = fxge€ Li(T)). The last statement is a particular case of the following result
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known as the W.Young’s inequality (see, f.e. [1], v.1, Theorem (1.15), pp.67-68; [2],
v.2, Theorem 13.6.1, pp.176-177; [2], v.1, Theorem 3.1.4, p.70, Theorem 3.1.6, p.72).
Given p € [1,00], let p’ = p/(p — 1) be the exponent conjugate to p. As usual,
we assume that p’ = 1 for p = co and p/ = oo for p = 1.
Theorem A. Let h = f * g be the convolution of f € L, (T) and g € Ly (T) for
1<p, g<oo. Then, for 1/r=1/p+1/q—1,

e If 1/r >0 then h belongs to L, (T) and ||All, < || f|[, [lgll,-
o If 1/r=0 then h belongs to C(T) = Lo (T) and [|2]lo, < IfIl, - lgll,-

Recall that the Fourier coefficients ¢, (h) of h = f x g of two arbitrary functions
f € Li(T) and g € Ly (T) are calculated by the formula (see [1], v.1, Theorem
(1.5), p.64; [2], v.1, p.66, formula (3.1.5)) ¢, (h) = cn (f*xg) = ¢ (f) - en (g) for
every n € Z.

Between the best approximation and the smoothness modulus of a function f €
L, (T) there exists the known connection expressed by the following direct theorem
of the approximation theory (see [3; p.226, Theorem 1], [4; p.338, Inequality (1)]
and references therein).

Theorem B. Let f € L, (T) with 1 <p <oo,and € N. Then

En1(f), <Ci(Ywi(f;m/n), for every n € N (1)

(where C1 (1) is a positive constant depending only on the parameter ).

Estimation (1) is exact in the terms of order on Hll, [w], that is, there exists a
function fy (z;p;w) € HIIJ [w] such that Ey,,—1 (fo), > C2 (I, p) w (7/n) for every n € N.
The individual function fy (z;p;w) is extremal for p = 1 (see [5; p.575], [6; p.24])
and for p = oo (see [7; p.73], [8; p.292], [9; p.52], [10; p.503]; see the both of the
cases in [11; pp.378-380] and [12; Lemma 1, pp.44-45]). For the case 1 < p < oo,
exactness of estimation (1) is realized by means of some sequence { f,, (z; p;w)}oo; C
H]lg [w] (see [12; Lemma 2, pp.45-46], [13; Lemma 2.4, p.104], [14; Lemma 4, pp.69-
70], [15; Lemma 3, pp.221-223]). Moreover, given p € (1,00), for the existence
of an individual function fy € Hll, [w] that realizes the estimation FE,_1 ( fo)p >
Cy(l,p)w(m/n), n € N, it is necessary and sufficient that the majorant w €
satisfies the S; - Stechkin condition w € S;: there exists a number v € (0,[) such
that 6~"Yw (6) | (01) (see [12; Remark 1, p.50], [13; Remark 6, pp.94-95], [14;
Theorem 2, pp.70-72], [15; Remark 6, pp.231-232]). Recall that there is a series of
equivalent descriptions of the condition w € S; in [10; § 2, p.493].

In the present paper the analogous questions are considered for the convolution
h = f x g of two arbitrary functions f € L, (T) and g € Ly (T).

Theorem 1. Let h = f * g be the convolution of f € L, (T) and g € L, (T) for
p,q € [1,00]. Then, for 1/r=1/p+1/q—1and l,k € N,

(i) If 1/r >0 then h € L, (T) and

Eo1 (h), < C (1K) wi (3 7/n), we (g;7/n), for every n € N.
(ii)) If 1/r =0 then h € C(T) = L (T) and

Eut (B)oy < Ca (LK)t (Fi/n), wi (g:7/n), for every n € N,

where ¢ =p' and Cs(I,k) = Cy (I,k) = C1 (1) Cy (k).
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Proof. Note that » = pg/(p+q—pq) € [1,00) for 1/r > 0 and r = oo for
1/r = 0. By Theorem A, h € L, (T) for 1/r > 0 and h € C(T) for 1/r = 0.
Denote by P, (T) a set of all trigonometric polynomials of degree < n € Z,. Since

Thp (f), Thq (9) € Pn (T) then Thp (f)*g, T, ( )+ f, T, (f) * Th g (9) € P, (T)
and therefore T}, , (f) * g+ Tnq(9) * f — Thp (f) * Th g (g) € P, (T). Further, by

distributivity and commutativity of convolution operation, we have that
frg—(Tap(f)*xg+Thg(9)* f—Top(f)*Thg(9) =

=(f =Top (f) (9 —Tng (9)),
and, applying W.Young’s inequality (see Theorem A), we obtain that

En(h), <|[fxg—=A{Tnp(f)* g+ Tng(9)* f = Tnp(f) *Tngq(g )}H

= [(f = Top (£) * (9 = Tnq (9l <
< =Top (D, 19 = Tig (9l g = En () En ()

whence
o (h), < Eu(f), Bn(9),» n€Zy. (2)

Applying inequality (1) in (2), we obtain the required estimations in (i) and (ii).
Theorem 2 is proved.

Remark 1. Estimation (2) for p,q € (1,00) can be obtained with the help of
the known M.Riesz inequality (see, f.e. [4; § 5.11, p.339, Inequality (6)], [16; § 8.20,
p.594], [1; v.1, § 7.6, p.423], [2; v.2, § 12.10, p.120])

1~ S (), < Cs () En (1), for 1 <p< oo, 6 € L(T), n€Zy, (3)

if we take into account the obvious equality f x g — S, (f*g) = [f — Sn (f)] *
[g — Sn (g)] (see, f.e. [17; p.138, Remark 2]) in the following chain of inequalites

En (h), < lh = Sn (W], = Ilf = Sn (F)] % [9 = Sn (9)]]], <
<f = Sn (Dl llg = Sn (9)lly < Cs(P) En (f), - C5 (q) En (9)

whence Ey, (h), < C5(p) C5 (q) En (f), En (9), for n € Z;.
Denote, for p,q € [1,00], I,k € N, w e Qy, p € Qy,

HY )« HE [p) = {h=fxg: feH L], g€ HE[4]}.

Estimations (i) and (ii) of Theorem 1 are exact in the terms of order on H}D [w]xH, 5 [¢]
for p,q € (1,00).

Theorem 2. Let p,q € (1,00), 1/r=1/p+1/g—1>0,1,k € N, w € {; and
p € Q. Then

sup {En_l (h), - h € H. [w]  HY [gp]} =w(n/n)g(r/n) forneN.  (4)

The upper estimates in (4) follow from inequalities (i) and (ii) of Theorem 1.
The lower estimates in (4) are realized by some sequence {hy (z;p;q;w; )} C
Hy [w] * HE @], hn (z;pi ;w3 0) = Cg ' (Lp) f (w5p3w) * Cg ' (K, q) gn (w543 ¢) for
every n € N (see Lemma 1 below). If we put some restrictions on the behavior of
majorants w € §; and ¢ € O then the lower estimates in (4) are realized by means of
an individual function (see Lemma 3 below) hg (z;p; ¢; w; ) = 01_41 (1,p) fo (z;p;w)=*
Crs' (k,q) go (w3 4:0) C Hy [w] * Hy [i].

Lemma 1. Let p,q € (1,00), 1/r =1/p+1/q—1>0,1, keN, we Qand p €
Q. There exist sequences {fn (;p;w)}oey C Ly (T) and {gn( aSO)}n:1 C Ly (T)
such that
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(i) wi(fn;0), < Co(L,p)w(8),6 € (0,m] = {Cs' (I,p) fn (x5p5w)} C H [w],
wi (gn; 0), < Co (k,q) ¢ (8) ,6 € (0,7 = {Cq " (k,q) gn (x50;0) } C HF [i0].

(ii) En-1(hn), > Cr(r)w(m/n) ¢ (r/n) for hp = fy, * g, and every n € N.

Proof. Put, for every n € N, f,(z;p;w) = n'/P7w(7/n)dgy (z) and
gn (x4, 0) = nMT o (n/n) day (), Where dyy, () = S22 ¢¥® for z € T. Then
ho (2395 ;w3 @) = nY/PHY9=20 (1 /n) @ (7/n) dap (x). In the paper [15; p.221, For-
mula (11)] the estimation |[Redsn |, < [2p/ (p — DIYP (an) VP = Cg (p) (4n) 1P
was proved. It follows from this estimation that

ldanll, < [Re dan|, + |[Tm dan |, < (1+ Cy (p)) Cs (p) (4n)' /7 = Ciq (p) ' 777,

where Cy (p) is the constant in the known M.Riesz inequality (see f.e. [4; § 3.11.1,
p.169], [16; § 8.14, p.566], [1; v.1, § 7.2, p.404], [2; v.2, § 12.9.1, p.113)) Hsz <
p

Cy (p) |||, for the function ¢ trigonometric conjugate to a function ¢ € L, (T), 1 <
p < co. By the estimation for |[dsn|,, we obtain that

| fn (5230, = 0P w (/) ||danl, < Cio (p) w (/) < Cio (p) w () < o0,

whence {f, (-;p;w)}ney C Ly (T). We have similarly that

l9n (4:0)lg = 0" o (/) danll, < Cro (@) ¢ (m/n) < Cro (@) ¢ () < 0.

Therefore {gn (;¢;¢)} ey C Lg (T).

We prove (i). For an arbitrary fixed n € N and any ¢ € (0, 7], either § < /n or
d>m/n.

For the case § < m/n, taking into account that 6~ 'w(d) | (6 1) and using
S.N.Bernstein-M.Riesz-F Riesz-A.Zygmund inequality for L,-norms of derivatives
of trigonometric polynomials (see [1; v.2, § 10.3, p.20, § 16.7, p.414], [4; § 4.8, p.223,
p.228, p.230], [16; p.47, p.895], [18; § 2.11, p.115]) we obtain that

<

it (fa38), < 0|10 = o0t /o e /) || )
p p

< 3P (w/n) (4n)! [ldanl),, <
< 8Py (zr/n) (4n)' Chg (p) n' 1P =
= C1o (p) 4'6'n'w (1 /n) < Cio (p) 47w (9) .
For ¢ > m/n, taking into account that w (d) T (6 1), we obtain that

wi (fn38), < 2| full, = 2077 e (/) [|danl,, <

< olpl/r=1,, (/n) Cio (p) nl-1/p —
= 2/Cy9 (p)w (1/n) < 2'Cro (p)w (5) .

By the estimations obtained, for every 0 € (0, 7] we have that

Wi (fai6), < Cro ()2 (27 +1) w (6) = Co (1,p)w (6).
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whence it follows that{CG_1 (l,p) fn (m;p;w)}zo:l C Hé [w].
The estimation wy (gn:d), < Cio(q) 28 (2F7k + 1) p (6) = Co (k,q) ¢ (0), 0 €
(0, 7] is similar. Thus {C’gl (k,q) gn (x;¢; 4,0)}20:1 C H(’; (]
Now we prove (ii). In the case r € (1,00), by (3) and the estimation ([15; p.221,

Formula (11)]) |Im dyy, — Sn (Imdyy,)]|, > C1y (r) n'=Y" for every n € N, we obtain
that

I
C5 (1) En1 (hn), > Cs (r) En (hn), > [[hn = Sn (hn)|, =
= pMPH=2, (n/n) @ (w/n) ||dan — S (dan) |, >
> /P2y (1 /n) o (7 /n) |[Tm day, — Sn (Im day)], >
> pM/PHT2y (1 /n) @ (m/n) Cna (r) nt ™7 =
= Cyy (r) n W= WpHaDly, (/) o (n/n) =
= Cu (r)w(r/n) ¢ (7/n)

for every n € N.
Inthecaser =00 (= 1/r=1/p+1/g—1=0< 1/p+1/q=1) we note first
that, for a complex valued function ¢ € C (T),

En(Ret), = [[Ret) — T oo (Re )|, < [Ret) — Re (T 00 (V)] o =

= [Re[t) = Tnoo (Y)]llog < N1Y = Tioo (V) oo = En () o »

whence E,, (¢),, > E, (Rev),, n € Z.

Involving inequality (132) in [18; p.117]: 3E, (V) > | — onn (¥)||,, Where
On.n (¢;-) is the Vallee-Poussin sum [18; p.51, Formula (49)] of a real valued function
¢ € C(T), and noting that cosz = 1 at = 0, we obtain (see also [15; Remark 2,
p.222]) that

3B, (Redsn), > [|[Redsn — onpn (Redsn)l, >

4n n 2n
> Zcosum{Zcosmz+ Z <1V_n>cosm:}H >
v=1 v=1 v=n+1 n oo
an - 2n v—n Sn+1 5
> Zl—{ZlJr > (1— )H: 5 >
n
v=1 v=1 v=n-+1

for every n € N. Taking into account the last estimation, we have
En1(hn)so 2 En (hn)so = En (Rehn), =
= pl/PH9=2, (7 /n) ¢ (1/n) By (Re dan) o, >
> n! /P2y (/n) o (m/n) (5/6) n =
= (5/6)n!/P*V17Ny (m/n) o (m/n) = (5/6)w (w/n) ¢ (x/n)

for every n € N. Lemma 1 is proved.

Let My be the class of all sequences A = {\,}~; of reals such that 0 < X, | 0
as n T co. Given numbers 0 € [1,00) and [ € N, we put

DO — {/\ e My : Zlen*ufl < oo} ,
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BO _ {A ey (27 vN)
BY = {)\ e My (Zzzl y‘”—ui)w =0\, ne N} .

Note for example that the sequence of A\, = n~%, n € N, belongs to D® and

B for every o > 0 (it is clear that B®) ¢ D®) and belongs to the class Bl(e) for
0 < a <, where 0 € [1,00).

Lemma 2. Let p € (1,00), p' =p/(p—1),1 € N and X = {\,} € M.
Then the function fo (z;p;A) = o0 Apn “Ur'einz for € T, satisfies the following
conditions

1/6
=0(\), nEN},

(i) fo € L, (T) for A € D),
(i) En-1(fo), =0 (M), n€N, for A€ B®.

(iil) wy (f(];ﬂ'/n)p =0 (M), n€N, for e Bl(e) N B®W) | where § = min {2, p}.

Proof. (i) Since A € D@ ¢, (fo) =n"""' )\, | 0(n T o0) and

o p—2 _ N p—2_ -p/p'yp _\ 5 ,-1yp
anln cﬁ(fo)—znzln n )\”_anln AP < oo,

then, by the Hardy-Littlewood theorem (see f.e. [16; § 10.3, p.657-658]; [1; v.2, §
12.6, Lemma (6.6) on p.193]; [2; v.1, § 7.3.5, pp.148-149]), fo € Ly, (T) and || foll, =<

(Cazin ') .
(ii) Taking into account that A € B®) and applying the Hardy-Littlewood The-
orem, we obtain that

Epn1(f0), < Ilfo = Sn—1 (fo)ll, = HZV . W

~
—~

p

= (o) = () = 00w

for every n € N.
1/6
(iii) By inequality w; (7/n), < Cia(Lp)n~" (- V" TEL (1)) (see

[19; Lemma 1, p.502] for p = 2, | = 1; [20; Theorem 1, p.126] for p € (1,00), | € N)
where ¢ € L, (T), p € (1,00), 6 = min{2,p}, and taking into account that A €

B® n Bl(e), we have

(e, < Cus @y (35 L1 (),) " -

— -l 0l—140 —
~0 (n (Zyzl” A,,) ) =0(\)
for every n € N. Lemma 2 is proved.
Lemma 3. Let p,q € (1,00), 1/r = 1/p+1/¢—1 > 0, I,k € N, =
min {2,p}, ¥ = min{2,¢}, and let w € Q, ¢ € U, {w(r/n)}>>, € BP) N B( )

and {¢ (7/n)}>, € BU )OB(V) Then there exist functions fo (x;p;w) € Ly, (T) and
9o (z:q;9) € Ly ( ) such that
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(1) wi (f0;8), < Cua(l,p) w(6),6 € (0,7] = Cpy (1,p) fo (p;w) € Hp ],
wi (90;0), < C15 (k,0) ¢ (6),6 € (0,7] = Cp3' (k,a) 90 (54 ) € HE ).

(ii) En-1(ho), > Cis(r,l,k)w (m/n) ¢ (n/n), n €N, for hg = fo* go.

Proof. Put w,, = w(n/n) and ¢, = ¢ (7/n) for every n € N. Let fy (z;p;w) =
< Py, em‘” and go (7;¢;0) = 3,00, n~ Y9, €™ for every x € T, where p/ =
p/( —1)and ¢ =¢q/(qg—1). Then, by (i) of Lemma 2, taking into account that
{wn} € B®) ¢ DWand {p,} € B c D@, and by (iii) of Lemma 2, taking into
account that {w,} € Bl(e) NB® and {p,} € Bl(j) N B, we obtain that fy € L, (T),
9o € Ly (T), wi (fo;m/n), = O (wn) and wy (go;7/n), = O (¢,) for every n € N.
Hence wi (fo;0), < 2'Ci7(I,p)w (6) and wy (g0;0), < 25Cig (k,q) ¢ (6) for every
d € (0,m].

Further, for the convolution, we have that

ho (2393 ;w3 0) = (fo (55950) * 9o (103 0)) Zn D™

n=1
For r € (1,00), by inequality (3) and Hardy-Littlewood theorem, we have that

[e.o]

Z l/_(l/p,—"_l/q,)wyspye’“/x

v=n

Cs (1) En—1(ho), > [|ho — Sn—1 (ho)ll, = 2

r

1/r 1/r
> Cg (r (Z =2 )rwr%) = Cg (7 (ZV 100;(/37;) >
1/r m 1/r
> Cig (r ( Z v 1w£<p’;> > Cig () W2n§02n< > V‘1> >

v=n-+1 v=n-+1

1 () 3) o ot R (2] 3,

n

whence E,_1 (ho), > Ci6 (1,1, k)w (7/n) ¢ (1/n) for every n € N.
For r = oo, by the N.K.Bary inequality [8; p.293], we obtain that

4,1 (ho)se > 4Ey (ho)y, > 4E, (Rehg)y, > Z y~ WP Dy,0, =

v=2n
0o 3n 3n
-1 -1 -1
= E vTwep, > E VWP, 2 WinPay, E vz
v=2n v=2n+1 v=2n+1

> w (m/3n) @ (/3n) (3n) " = 3~y (n/n) o (/)

whence E,_1 (ho),, > 47137k (1/n) ¢ (1/n) for every n € N. Lemma 3 is
proved.

Remark 2. Theorem 2 holds also in thecasep=1< g < oo (=r=¢q € (1,00))
org=1<p<oo(=r=pée€(l,o0)). Moreover, the last case does not require
a separate consideration by virtue of commutativity of convolution. The upper



46 Transactions of NAS of Azerbaijan
[N.A.Ilyasov]

estimate follows from (i) of Theorem 1, and the lower estimate is realized by the
family {hy (z;1;q;w; )} C H [w] * HY [¢] (see Lemma 4 below).
Lemma 4. Let I,k € N, w € Qp, ¢ € Qp, 1 < q < co. There exist sequences
{fo(x; w)}oy C Ly (T) and {gn (@;¢; )}, C Ly (T) such that
(1) wi(fn;0); < Cop(DHw(6), 56(07r:>{020 () fo (z;Lw)} C H W],
Wi (9n30)y < Co1 (k,q) 0 (9),6 € (0,7 = {Cof' (k, ) gn (2503 0)} C H [¢].
(ii) Epn—1(hn), > Cn(q)w(r/n)p(r/n), n €N, for hy, = fu * gn.
Proof. Put f,(z;1;w) = w(nw/n) Fa, (z) for every n € N, where Fy, (x)

is a Fejer kernel of order 2n: Fy, (z) = 1/2 + 2", (1 — v/ (2n 4 1)) cosvz. Put

(
gn (234;9) = 019" (/n) Re dap (), where day, (2) = 3257 €. Since || Fan; = 1

for every n € N, then [[f (5 Lw)ll; = w(n/n) [[Fanll, = w(m/n) < w(m) < oo,
whence {f, (+1;w)} C Ly (T). Further, by estimation |[Redanl|, < Cs (q) (2n)'~1/4
(see the proof of Lemma 1), we have that

lgn (503 2l = "7 o (/) |Re daall, <

< 0771 (m/n) Cis (g) (2n)'/1 < 2119C (g) o () < ox,

and therefore {g, (x;¢; )}, C Lq (T).
(i) If 6 < 7/n then, for arbitrary fixed n € N and ¢ € (0, 7], by the condition

67w () | (1), we have that
N R

< 8w (m/n) - (2n) | Fonll, = 2'0Mnlw (r/n) < 2l7lw (6).
If 6 > w/n then, by the condition w (d) T (6 1), we obtain that
Wi (fa:0); <2 |fally = 2w (n/n) | Fanll, = 2'w (w/n) < 2'w (3).

By the estimations obtained, we have that w; (f,;6); < 2! (7r + 1 w(d) =Co(hw(d), e
(0, 7). Hence it follows that {Csq' (1) fn (23 1,w)} | C H{ [w]. The proof of the sec-

ond estimation in (i) for wy (gn; 9), repeats the correspondmg arguments of Lemma

1, and we obtain that

w (gn3d), < ok+1=1/acy () (Wk + 1) ¢ (0) for every 0 € (0;7).
(ii) According to Formula (1.9) of [1; v.1, p.65], we have that

h (2315 3 w3 0) = (fu (5 L50) % gn (54:9)) (&) = w (/) /47 (0 /n) Fon ().
Hence, by (3), we obtain that (r = ¢ € (1,00))

Cs (r) En—1(hn), = C5 (q) En— (hn)q > Cs (q) B (hn>q > ||hn — Sn (ha)l, =

q
=w (%) nl/a=1y (%) [ Fan — Sn (Fan)ll, =
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> w (%) nl/q_lso <%) Ca3 (q) nl_l/q7

whence Ey, 1 (hn), > C22(q)w (7/n) ¢ (7/n), n € N, where Ca2 (q) = %53((5))'

To complete the proof, we establish the estimation ||Fb, — S, (Fay)|| g 2
> Cos (q) n!=14 pn e N, that was used above. Since

1 m v _sin? (m+1)2/2)
P (z) = 5 + Zl,:1 (1 C (m+ 1)) COSVE =75 (m + 1) sin® (z/2)

for every m € N, we have that

(2n+1) Fop (z) — (n+ 1) Fy (z)
(2n+1) B

Eyy, (33) - Sn (FQn;l') =

sin? ((2n + 1) 2/2) —sin? ((n + 1) 2/2)
2 (2n + 1) sin? (z/2)
_ (1/2) (cos(n+1)x — cos (2n + 1) z) _ sin (nz/2) - sin ((3n + 2) z/2)

2 (2n + 1) sin? (2/2) 2 (2n + 1) sin? (2/2)

whence taking into account inequalities sinz > (2/7) z for every z € [0,7/2] and
lsinz| < |z|, z € R, we obtain that

9

| Fon — S (Fon) 2 = (27r)_1/ | Fop (2) = S (Fans |7 dar =
T

/7r sin (n/2) z|? |sin ((3n + 2) /2) x|qu
—r 27(2(2n+ 1) sin® (z/2))4 =

m/(3n+2) (sin (n/2) 2)4(sin ((3n + 2) /2) z)

™/(3n+2) (W‘lnx)q (71 (3n +2) ;U)q 224
/0 27(2 (2n + 1))2x2¢

= 7202971 (20, + 1) "9 (3n + 2)(171 >
> g 24941 (3n) "9 nd (3n)q—1 = 2494~ 13- 1pa-1

and therefore ||Fy, — Sy (Fon)l, > n221-1/ag3=1/apl=1/4 = Cy3 (q) n'~ V4. Lemma
4 is proved.

>
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