Transactions of NAS of Azerbaijan 125

Elshan N. MAMEDOV

ON COMPLETENESS OF A PART OF EIGEN AND
ADJOINED ELEMENTS OF SECOND ORDER
OPERATOR BUNDLES

Abstract

In the paper we receive conditions providing the completeness of the eigen
and adjoined vectors responding to eigen-values from some half-planes, con-
tained in the left half-plane.

Let’s consider in separable Hilbert space H the operator bundle
P(A\) = —)\E + \A; + Ay + A% (1)

where E is a unit operator, Ay, Aa, A are linear, in general, unlimited operators.
Later on we’ll assume, that operator coefficients A1, Ay and A satisfy the following
conditions (see [1]):

1) A is a positive-definite, self-adjoint operator with lower bound of spectrum
to > 0 ie.

ué?{A)M = pg > 0;

2) A~! is a completely continuous operator, i.e

A e oo (H);

3) Operators Bj = A;A™7 (j = 1,2) are restricted H, i.e

Bj = Ainj €L(H), (j=1,2);

4) Operator E + Ay A~2 = E + By is boundedly reversible in H, i.e.

(E+Bs) ' € L(H).

As is known, in this case the spectrum of the operator bundle is discrete, i.e.
a point of the spectrum consists of isolated eigen-values, they are finite-to-one and
have a unique limit point at infinity [2]. (See for definitions of eigen-values, eigen
and adjoined vectors of bundle (1) for ex. The papers [1,2]).

Denote by

Py(N\) = —N\2E + A%

P (}\) = )\A; + Ay

and
P(\) =Py (N + PL(N).

It is obvious, that the operator bundle
Py(\) = —\2E + A?
has a spectrum from the left half-plane in half-plane
I (—pp) ={X: Re A < —pio}

In the papers [1-7] the completeness of the eigen and adjoined vectors, responding
to eigen-values from the left half-plane II_ = {\: Re A < 0} is investigated. Later
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on using this that aud regular solvability of boundary value problem of the homoge-
neous equation the completeness of elementary solutions of the given homogeneous
equation [3] is proved.

Note, that for the ground of the completeness of elementary solutions in the
weight spaces it is necessary to prove the completeness of a part of eigen and adjoined
vectors, responding to eigen-values from half-plane

II(—y) ={A:ReA < —y <0}, v€I0,1).

To this end we investigate the resolvents of the operator bundle P (\) in the
band

IT (p1g;7) = {A: =y < ReA <0}, v € [0, 1)
The following theorem is true.

Theorem 1. Let v € [0, 1), and conditions 1), 3) be fulfilled, morever there
holds the inequality

C1 (7; ko) [ B1ll + Co (7 o) | Boll < 1, (2)
where ) )
) _lpg 7,
C1 () = 5 (3)
T
Co (75 o) = 2 _ 2 (4)
Ho — 7

Then in the band 11 (ug,y) the operator bundle P (\) is boundedly reversible and
there hold the estimates

HAszl N + H)\APfl N + HA2P71 (N)|| < const. (5)

Proof. It is obvious that spectrum of the operator bundle Py (\) = —\2E + A2
from in left half plane is contained in the half-plane

IM={A:ReA < —pp}.

Therefore operator bundle Py (A) is reversible in the band II (ug,7), for any
v € [0, o). Then for A € II (1g,y) we have:

PN =P N+Pi(N)=(E+Pi (NP (\) P (N). (6)
For any A € I (119,7) (A = v + i, € € R = (—00,00)) the estimates are true:
1P () Byt )] < [AABt )] + [l 42557 (V]| <
< Bl MRS N[+ [1B2]l - 42 P5 (] (7)
Since, for A =y + 1€, £ € R = (—0o0, 0)

AP (N = (| (v +i8) APy (i€ + )| = [1(i€ +7) x =

x A <— (i€ +7)? + A2)1H = H (24122 4 (— (i€ +7)? + A2>1H . ®)
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From the expansion of the self-adjoint operator it follows, that

H(£2 +9)"7 A (= (g +7) +A2)1H =

-1
= sup |(€249%) " (= 6+ +12) ‘ = sup ‘(52 +9%)"% x
pea(A) pea(A)
_1 24 2 1/2 2 .2 1/2
X <_ <Z§ + 7)2 + M2> = Sup (i ) ’LLQ < sup w <
peo(a) (62 + 2 = 42)° 7~ neo(a) &+ 12 =72

1 2 2 1 22
< Sup,wz Sup2<1+’7> <

1228+ 12— >p, &+ p?—~2
1 2~2 1 2~2 1 p2 +~2
§SUP<1+272>§<1+272>§M3 e (9)
> po 2 pe =y 2 pe — v 2pg =~y

Thus, from inequality (8) with regard to (9) it follows, that

1 2+ 2
IAAP T (V)| < = Zg_;_cm;uo). (10)

Later on analogously we obtain for A\ = v+ i (v € [0,p),& € R) that the
following estimate is true:

[A2Py (V)| < [|[A*Pe (i€ + )| = sup
ngo(A)

W (— (g +) + /ﬂ)_1’ <

2 2 2
K K Ho
sup 5———— < sup = = Co (7; o) (11)
peo(E2 12 =92 T g =2 pg =2

Thus, from inequality (7) with regard to inequality (10) and (11) we obtain, that
at A € I1(, yg) norm || Py (A) Pyt (A < 1. In fact,

[Pr (N) Byt (V)| < (1Bl Cr (7; o) + 1B2ll Co (v 1)) = (vs o) < 1. (12)

Then operator E+ P; (\) Py is boundedly reversible in band TI (1, v) and from
equality (6) we obtain, that in this band

-1

PN =F N (E+P(N) B (V) (13)

To prove the theorem we’ll beforehand estimate the norm H)\2PO_ ! ()\)H for
A€ (pg,v). Let A=~ +1§, v€[0,p9), § € R=(—00,00) , then

APy (V| = H (62+77) (— i+ ) + A2)1H _

peo(A) T ueo(n)E + p2 — A2

Sl M ks G o
T - EHpi-? E4uf -2
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242 12 + 2
=5 =C2 (i) (14)

<1+ =
pd =2  pd—v

Then for A =7 +4¢, € € (~00,00) and 7 € [0, o) the following inequality is
true:
P+ [AAPTE A + (|47 ]| =
- et o s gt o ot s s o0+
+| 2R (V) (B4 PL () B (V)| <

< (P )+ [Aarst | + 42RO [ (B + ooy Bt o) 7| <

1
< (Cy (7; Cy (7 Co (7; =
< (G2 (i) + CL (i to) + Co (Vi o)) 7=
_ L 2+ m+ 42+ 20" Sug+3y
1= (7; o) 2 (1o — ) 1—a (7 1)

The theorem is proved.
From this theorem it follows
Corollary 1. Let conditions 1), 3) be fulfilled and there exist the inequality

1
3 1Bl + [[Bafl <1 (15)

Then on an imaginary azxis estimates (5) hold.

The proof follows from the theorem for v = 0.

Corollary 2. Let the conditions of corollary 1 be fulfilled . Then for sufficiently
small 8 > 0 in sectors

Sip= {)\ : /\:re:l:i(ﬂ/2+s)’r>07 0<s< 9}

estimates (5) hold.
Proof. Let A\=7/2+s, 0 < s <6. Then

P (\) = P (i€e™) = P (i€) + (i€)* (e** — 1) 4+ (e** —1) A1 =

= (B4 (i€)” x (2 = 1) P71 (ig) + i€ (¢%* = 1) A1 P71 (i€) ) P (i€) =

= (E+Q(&9)) P(ig) (16)

By corollary (1) P (i§) is boundedly reversible on H and estimates (5) hold for
it.
As for small 6 > 0

1Q (&, 5)l < [|€2P7H (&) (¥ = 1) || + [Jic AP~ (i€) (¢ = 1) <

< ||€2P(i€)|| 2sins + || By | |[i€ P (i€)]| 2sins/2 <

< const (sinf +sinf/2) < e < 1
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for small @ > 0. Then from (16) it follows, that there exists the operator (E + Q (&, s)) ™"
and bounded for small § > 0 . That’s why the there exists P~ (\) and for
A € Sig there hold estimates

PP )|+ [AAPE )] + [[42P7H (]| <

< (|42P~ )| + [|¢AP &) + 2P o)) || (B + @ (€. 0)) 7" | < const

Now using the results of [1-5] and corollary 1.2 we formulate a theorem on com-
pleteness of the system of egen and adjoined vectors, responding to eigen values
from II (—7).

Theorem. Let v € [0, pg) , the conditions 1)-3) inequality (2) and one of the
following conditions be fulfilled

a) Al eo, (0<p<1);

b) Al €0 (H), Bj€ox (j=1,2).

Then the system of eigen and adjoined vectors responding to eigen values from
half-plane IT(—) is complete in the space Hs/s.

Here Hj/y is a Hilbert space Hgjp = D (A3/2) , with scalar product (z, y)3/2 =
(A3/2$,A3/2y).

Proof. By theorem 1 at realization of inequality (2) operator bundle has no
eigen values in band {A: —y < ReA < 0}. On the other hand, it is clear, that for
any 7 € [0, sg) the numbers Cy (v; o) > Co (05 119) = 5, Ca (73 1g) = C2 (05 1) = 1.

Then, it is clear, if operators B; and By satisfy inequality (2), then they satisfy
also inequality (15). And at realization of inequality (15) and one of the conditions
a) or b), system of eigen and adjoined vectors, responding to eigen values from the
left half-plane is complete in the space Hs/, (see [3-5]).

As all eigen values of the bundle P (\) from the left half-plane are contained
in the half-plane II(—7), eigen and adjoined vectors from half-plane II (—v) are
complete in Hz/p. The theorem is proved.
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