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ON THE EXISTENCE OF REGULAR SOLUTIONS
OF A BOUNDARY VALUE PROBLEM FOR A
CLASS OF HIGHER ORDER
OPERATOR-DIFFERENTIAL EQUATIONS IN
WEIGHT SPACE

Abstract

In this paper the regular solvability of a boundary value problem for a higher
order operator-differential equations in weight space, when leading part of the
equation has multiple characteristic, has been investigated.

In separable Hilbert space H consider the operator-differential equation of 2n-th
order such that
2n—1

<‘j:2 + A2>nu O+ > Apju? O = f (1), tE€Ry=(0,400), (1)
=0

Here A is a positive definite self-adjoint operator, A; (j =0,2n — 1) are linear, gen-
erally speaking, unbounded operators.
Connect equation (1) with the initial boundary conditions

uS)(0)=0, v=0,n—1, (2)

where 0 < Sy < 51 < ... < Sp—1 <2n—1, S, are integers.
Let f (t) € Lay (Ry : H), u(t) € W32 (Ry : H), where the spaces Ly (R4 : H)
and W37 (Ry : H) are defined as [1]

1/2

Lo Ry H) =4 105 | [UF @ e e | =17, <00t
0

W3 (Ry t H) = {u (t):u® € Ly, (Ry : H), A™uc Ly, (Ry : H),

Hu(Qn) 2 4 HA2nuH2 1/2
Lo (Ry:H) Lo~ (R+:H) ’

lullwzn () = (
Then denote
W3 (Ry : Hi{S,}) = {u (t):ue Wi (Ry - H),ul$) (0) =0, v=0,n—1 1} .

Definition 1. If the vector-function u (t) € WQQZ (R4 : H) satisfies equation (1)
almost everywhere in R, it said to be the regular solution of equation (1).
Definition 2. If the regular solution of equation (1) u(t) satisfies boundary

conditions (2) in the sense of %in(l)Hu(S“) (t)HH2 ety 0, where H, is Hilbert
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space scale generated by the operator A, i.e. Hy = D (A%), (z,y), = (A%, A%))
and the inequality

lullwze (ry.mry < constlfllL, (ry.my s

holds, then problem (1), (2) will be called regularly solvable.

Note, that in the papers [2,3] regular solvability of problem (1), (2) has been
investigated in special cases, for example, at n = 1 and n = 2. In this paper we’ll
show some conditions providing regular solvability of problem (1), (2).

Firstly, we study the simple problem

Pouo (t) = <j; + A2>nuo ()= f(t),t € Ry = (0, 400) 7 (3)
W0y =0, v=0n—-1 (4)

where S, are integers and 0 < S5 < 51 < . < Sn—1 < 2n — 1. To investigate
solvability of problem (3), (4) we denote by f (§) and g (§) the transformations of
the vector-functions f (t) and wug (). After substitution ug (t) = vg (t) €7* we have

(— <Z+v)2+A2>nvo (t)e¥ = f(t)

n

2
(‘ (iw) +A2) vo(t)= (1) =g0). (5)

or

Denote by g (t) = f (t)-e™" € Ly (R4 : H). Then boundary conditions (4) will have
the form

FEENCY
<dt + 7) Vo /t=0 = 0 (6)

It is obvious that regular solvability of problem (5), (6) in Lo (R4 : H) is equivalent
to regular solvability of problem (3), (4) in Loy (R4 : H). Let’s solve problem (5),
(6) in Lo (Ry : H), ie. g(t) € Lo (Ry: H), vy (t) € W2 (Ry : H). At first, we
investigate the equation

2 n
(— <;t +v> + A2> vo (t) =g (t). (7)

After Fourier transformation we find (— (—i€ +7)° E + A2>n vo (§) = g (&) or

00 (&) = (- (-ig+)? E+4%) " g(9).

Show that the vector-function

+o0
wit) == [ (- B+ ) g teR,
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satisfies equation (7) almost everywhere in R and belongs to the space W™ (R : H).
It is obvious that at |y| < pg, where g is a lower boundary of the operator spec-
trum A, vg (t) € Wi (R: H). For that using Plansherel’s theorem, show that
€9 (€) € Ly (R : H) and A*™0g (€) € Ly (R : H). Since

IN

e (— (—ig+7 E+4%) " 5(8)

2nA ==
H5 )HLQ(R:H) - ‘ La(R:H)

& (= ie+ B+ %) 10 Ol

< sup
£

at £ € R. Since at £ € R,

g (- (-ie+yE+ A7) "

let’s estimate the norm ‘

< e (- (i ) B+ A7)

(- (i oty

_ H [52 ((€2 +2i¢y — ) E + AQ)‘T

then using spectral expansion of the operator A, we have:

)

H[&Z 52—1-2157 v E—I—A2 ]H

= sup |[2((€2+2i67 %) +10) ]| <
pea(A)

& ! ¢ "
§5350<‘(52+2i§7—72+ﬂ2)!> §<w_7) <t

= [1€"00 ©)]l,, < N9 Oll oy » Lo 5" € Lo (R: H).

Thus
6™,

On the other hand,

14200 )y = [ 47 (- Cie 428+ 4%) "a0) <
Lo(R:H)
<sup |47 (= ie4 2 £+ 2) 7|10 Ol
Therefore we estimate the norm 'A2” <— (—i&+~)2 E+ A2> T at any £ € R.

Since at any £ € R and || < pp,
—-n 2n
A (— (—i& + 7)2 E+ AQ) H = sup , H <
H o | (€2 + 26y — 42 4+ p2) "

p? " o \" o \"
o \E2 — 72 + p2 >y \H2 = p? =2
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and the function ¢ () = % monotonically decreases on [p; +00),
B =7

2 n
A%, = [|A%00 (€)]),, < (M%‘f,yz> lg (D1, , ie. Aoy € Ly (R: H).

Denote by vy (t) the contraction of the vector-function on the semi-axis [0, +00), i.e.
vo (t) = vo (t)/t € [0,400). Then from the trace theorem it follows that

TO(SZ) (O) € HQm—si—1/27 it=0,n—1

1
We’ll search a solution of problem (5), (6) in the form of v (¢) = v (¢)+ Zo e“"I'tAapq,
q:
where w, are the roots of the equation (wg + 1)” = 0 from the left half-plane, i.e.
Rewy < 0, and ¢, € Hy, 1/2. Then to determine the vectors ¢, we have the
following system of equations

n—1
0=l (0) =75l (0) + ) A%wirp,, v =101
q=0

or

n—1
Z A¥wprp, = —5®) (0),r =0,n — 1.
q=0

Whence it follows that

n—1
ngusoq — _A*-Su,uio(su) (0) ,U = m
q=0

Since det (wZ”)Z;é # 0, we determine the vectors ¢ . From the inverse matrix
=0

expression (wg”)ﬁ;é and from —A~*75) (0) € Hop g, —q—1/2 it follows that ¢, €
q=0

Hyp,_1/2, 1.e. we define . But when ¢, € Hy,_ 19, it is obvious that ew‘ltAgoq €

W2" (R, : H). Thus the regular solution of problem (5), (6) has the form

n—1
v(t) =5 (1) + ) ey,
q=0

where ¢, is defined as above. Now, let’s show that the homogeneous equation

<_ <$+72>2+A2> v (t) =0 (8)

has nonzero solution from the space W3" (R, : H;{s,}). General solution of equa-

n—1

tion (8) from W3™ (R, : H;) takes the form v (t) = e“’thapq, where p, € Hy,_1 /9,
q=0

(wg)" =1, Rewy < 0, ¢ = 0,n — 1. Hence from the condition vlsv) (0) = 0 we obtain
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n—1 n—1
> Awirp, =0o0r Y wire, = 0. Since det (wff) # 0, then ¢, = 0. Hence we get
=0 q=0

qi
that v (t) = 0. Thus, the operator Py, generated by equation (5) and by boundary
conditions (6), one-to-one maps the space W™ (Ry : H;{s,}) onto Lo (Ry : H) .

Since
d 2 ? 2
A
<dt 7) v

using a theorem on intermediate derivatives, we obtain

i

||P0,’Yv||L2(R+:H) = ‘
Lo(Ry:H)

1Posol, < const [[vllyze

Thus, the operator Py, is continuously maps the space W™ (R, : H;{s,}) onto
Ly (R4 : H) Then by the Banach theorem on the inverse operator, Py is an iso-
morphism. Thereby we proved
Theorem 1. Let A be a self-adjoint positive definite operator, with
A > poE (g > 0). Then at |y| < pg problem (5) has a unique regqular solution.
Theorem 2. Let the conditions of theorem 1 be hold and the operators
B;=A;- A~I be bounded in H, then when the conditions

2n—1

a(yime) = Y (Cj(vp0)) 1Bl < 1
=0

are fulfilled, problem (1), (2) is reqular solvable. Here the numbers C; (7v; pg) are
defined in the following way

Cj (7 o) = sup H A?nfju(j)‘
)

-1
) HPOUHLQ ~(R4:H) >
0AUEWZ™ (Ry:Hi{s, ) '

Lo~ (Ry:H
j=0,2n—1.

Proof. From theorem 1 it follows that the operator Py generated by main
part of problem (1), (2) isomorphically maps the space W37 (Ry : H;{s,}) onto
Ly (R4 : H). Then let’s write problem (1), (2) in the form of Pyu + Pyu = f, where

d? 2\" 2
PO'U,:(—dt2+A) U7UEW2,Z(R+:H;{SV})7
2n—1 ‘
Pru= " Ay juld), we Wit (Ry : H;{s,}).
j=0
Substituting u = Po_lw we get w + PlPo_lw = f or (E + PlPol) w=f.
Since for any w € Lo (R4 : H)

2n—1
1P Pw]p, =Py, =Y Az jul?| <
j=0

< QHZ:l HAQn_jA*(Qn*J’)AZn*ju(j) H <
=0
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2n—1
< Z 5 (7 100)) | Banill @], = o (3 10) Il

then in view of the fact that a (v; p) < 1 the operator E + PP, ! is reversible in

Loy (Ry: H). Then w = (E+pipy!) " f, and u = By (E+ PiPy) " f. Hence
we have

lullwzn (ry.my < const | flle, (rym) -

The theorem is proved.
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