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Migdad I. ISMAILOV

ON SPECTRAL REPRESENTATION AND
OPERATOR CALCULATION OF A CLASS OF

OPERATORS IN BANACH SPACE

Abstract

In the paper we study operator calculation of a class of piecewise-analytic
functions used in constructing spectral representation of some class of bounded
operators in Banach space.

Let’s consider a rectifiable, open Lordan curve l with ends at the points a and b.
The curve l with orientation from a to b we denote by l+, the contrary one by −l−.
Let D+ (D−) be a domain right from l+ (left from l−), whose boundary contains
l+ (l−).

We’ll consider the classes: A+
l

(
A−l

)
is a class of functions analytic in D+ (D−)

continuous up to l+ (l−), A is a class of functions analytic in some vicinity of the
curve l, C (Γ; b) is a class of piecewise-continuous in the curve Γ = l+ ∪ l− functions
having may be I genus discontinuity at the point b, Lp (Γ) is a class of functions
summable of p-th power (1 ≤ p < +∞).

Let B be a Banach space, T ∈ L (B) be a bounded operator in B,Rλ (T ) is
a resolvent of the operator T, σ (T ) is a spectrum of the operator T . Cite some
notation and facts from [3] and the paper [2] to appear.

Definition 1. A sequence of rectifiable, Jordan curves {l±n }n≥0 ⊂ D± having
common ends with curve l±, is said to be admissible, if

∀ n ∈ N D ±
0,n ⊂ D±

0,n+1, D ±
0,n = int

(
l±0 ∪ l±n

)
,

∀ z ∈ D ±
0 ∃ nz ∈ N∀n ∈ N n ≥ nz z ∈ D ±

0,n , D ±
0 = int

(
l±0 ∪ l±

)
.

Definition 2. We’ll say that the operator-function Tλ analytic in a domain D±

belongs to the class BE±
p (l±) if for any admissible sequence {l±n }n≥0 ⊂ D±:

sup
n

∫
l±n

∣∣x±Tλx
∣∣p |dλ| ≤ M± ∗

x,x < +∞, ∀x ∈ B, ∀x∗ ∈ B∗,

where M± ∗
x,x is a constant depending only on x, x∗.

Definition 3. E ±
p (l±) is a class of functions f± (λ) satisfying the condition:

sup
n

∫
l±n

∣∣f t (λ)
∣∣p |dλ| ≤ M < +∞,

for any admissible sequence {l ±
n }n≥0 ⊂ D±.

Statement 1. Let T ∈ L (C (l) , L (B)) , B = B∗∗. Then there exists a unique
family of operators such that {Tλ}λ∈l ⊂ L (B)

Tf =
∫
l

f (λ) dTλ ∀f ∈ C (l) ,
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Statement 2. Let T ∈ L (Lp (l) , L (B)) , B = B∗∗ or L (B) = L (B)∗∗. Then
there exists a unique family of operators {Tλ}λ∈l ⊂ L (B) such that

Tf =
∫
l

f (λ) Tλ dλ, ∀f ∈ Lp (l) ,

moreover∫
l

‖Tλ‖q |dλ| ≤ ‖T‖q ,
1
p

+
1
q

= 1, 1 < p < +∞, i.e. Tλ ∈ Lp (l, L (B)) .

Theorem 1. Let T ∈ L (B) , Rλ (T ) ∈ BE +
1 (l+) ∩ BE −

1 (l−) , B = B∗∗.
Then there exists a unique family of operators {Eλ}λ∈Γ ⊂ L (B) such that

f (T ) =
∫
Γ

f (λ) dEλ, ∀f ∈ C (Γ; b) ,

moreover, if σ (T ) ⊂ l, then

I =
∫
Γ

dEλ, T =
∫
Γ

λdEλ.

Proof. Let f± ∈ A±l with analyticity domain D ±
f . Denote by

D± = D ±
f ∩ D ±

T , where D ±
T is an analyticity domain of Rλ (T ). Let’s

consider a sequence of integrals:

I ±
n = − 1

2πi

∫
l±n

f± (λ) Rλ (T ) dλ, n ∈ N,

where {l ±
n }n≥0 ⊂ D± is an arbitrary admissible sequence.

Clearly, for any n, m ∈ N, I ±
n = I ±

m . Denote their common value by f± (T ).
Consequently,

f± (T ) = − 1
2πi

lim
n→∞

∫
l±n

f± (λ) Rλ (T ) dλ.

Take ∀x ∈ B, ∀x∗ ∈ B∗ and consider

x∗f± (T ) x = − 1
2πi

lim
n→∞

∫
l±n

f± (λ) x∗Rλ (T ) xdλ.

We have ∣∣x∗f± (T ) x
∣∣ ≤ 1

2π
lim

n→∞
max

l±n

∣∣f± (λ)
∣∣ ∫
l±n

|x∗Rλ (T ) x| |dλ| ≤

≤
‖f±‖C(l±)

2π
sup

n

∫
l±n

|x∗Rλ (T ) x| |dλ| ≤
‖f±‖C(l±)

2π
M± ∗

x,x =
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=
∥∥f±

∥∥
C(l±)

N± ∗
x,x < +∞.

Let’s consider the operator

F± (T ) =
1

‖f±‖C(l±)

f± (T ) ,

then ∣∣x∗F± (T ) x
∣∣ ≤ N± ∗

x,x < +∞.

By virtue of reflexivity of B we can identify the element F± (T ) x ∈ B by the
element F± (T ) x ∈ B∗∗. From the uniform boundedness principle, for fixed x we
have ∥∥F± (T ) x

∥∥ ≤ N±
x < +∞,

where N±
x is a constant that depends only on x. Since the operators F± (T ) are

bounded for any x ∈ B, then by uniform boundedness principle∥∥F± (T )
∥∥ ≤ N± < +∞,

where N± is a constant.
Consequently, ∥∥f± (T )

∥∥ ≤ N± ∥∥f±
∥∥

C(l±)
< +∞, f± ∈ A±l

Let C± (l±) be a manifold consisting of boundary values of functions A±l . Clearly,
we can establish one to one correspondence between C± (l±) and A±l . Allowing for
density of C± (l±) in C (l±) we’ll have f± (T ) ∈ L (C (l±) , L (B)). Then, from
statement 1 there exists a unique family of operators

{
E±

λ

}
λ∈l

⊂ L (B) such that

f± (T ) =
∫
l±

f± (λ) dE±
λ , ∀f± ∈ C

(
l±

)
.

Let

f (λ) =
{

f± (λ) , λ ∈ l±

f− (λ) , λ ∈ l−
.

Thus, we can establish one-to-one correspondence between A+
l × A−l in some

dense in C (Γ; b) manifold C (l+) × C (l−). Define the operator f (T ) = f+ (T ) +
f− (T ).

Then

f (T ) =
∫
l+

f (λ) dE+
λ +

∫
l−

f (λ) dE−
λ =

∫
Γ

f (λ) dEλ, ∀f ∈ C (Γ; b) ,

where Eλ = E+
λ∩l+

+ E−
λ∩l− , in particular, since the operators I and T correspond

to the functions f (λ) = 1, f (λ) = λ and σ (T ) ⊂ l then

I =
∫
Γ

dEλ, T =
∫
Γ

λdEλ.
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The theorem is proved.
Theorem 2. In conditions of theorem 1 there exists a unique family of projectors

{Eλ}λ∈l ⊂ L (B) such that

f (T ) =
∫
l

f (λ) dEλ, ∀f ∈ A,

moreover, for σ (T ) ⊂ l,

I =
∫
l

dEλ, T =
∫
l

λdEλ.

Proof. Since A is a sub-algebra of A+
l ∩A−l then it follows from the above-proved

one that there exists a unique family of operators {Eλ}λ∈l ⊂ L (B) such that

f (T ) =
∫
l

f (λ) dEλ, ∀f ∈ A,

in particular, for σ (T ) ⊂ l,

I =
∫
l

dEλ, T =
∫
l

λdEλ.

Let χα (λ) be a characteristic function of the set α ⊂ Γ. Following [1] and [2] we
show that for any Borel α ⊂ Γ the mapping α → Eα where

Eα =
∫
Γ

χα (λ) dEλ,

is a spectral measure. It is easy to show that (fg) (T ) = f (T ) g (T ) for any f, g ∈ A.
Clearly, for any α ⊂ Γ there will be found fn ∈ A such-that fn (λ) → χα (λ) , |fn| ≤
M then fn (T ) → Eα, but since f2

n (λ) → χα (λ) then f2
n (T ) → Eα, however f2

n (T ) =
(fn (T ))2 → E2

α, so Eα is a projector. Take an arbitrary α, β ⊂ Γ. Let fn and gn

be sequences from A converging to χα (λ) and χβ (λ), respectively. Consequently,
fn (T ) → Eα, gn (T ) → Eβ and fn (T ) gn (T ) → EαEg. But fn (λ) gn (λ) → χα∩β (λ),
thereby fn (T ) gn (T ) → Eα∩β, so Eα∩β = EαEβ. Eα is a denumerable additive, if
a sequence of Borel subsets αn ⊂ l joins to empty set, then x∗Eαnx → 0, ∀x ∈ B,
∀x∗ ∈ B∗. The theorem is proved.

Theorem 3. Let T ∈ L (B) , Rλ (T ) ∈ BE+
q (l+) ∩ BE−

q (l−) , 1 < q <
+∞, B = B∗∗. Then there exists a unique family of operators {Tλ}λ∈Γ ⊂ L (B),
such that

f (T ) =
∫
Γ

f (λ) Tλdλ, ∀f ∈ Lp (Γ) ,
1
p

+
1
q

= 1,

moreover, if σ (T ) ⊂ l, then

I =
∫
Γ

Tλdλ, T =
∫
Γ

λTλdλ.
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Proof. Let f± ∈ E±
p (l±). Define the operators f± (T ) as in the proof of theo-

rem 1.
∀x ∈ B, ∀x∗ ∈ B∗ estimate x∗f± (T ) x,

∣∣x∗f± (T ) x
∣∣ ≤ 1

2π
lim

n→∞

∫
l±n

∣∣f± (λ)
∣∣ |x∗Rλ (T ) x| |dλ| ≤

≤ 1
2π

lim
n→∞

∫
l±n

∣∣f± (λ)
∣∣p |dλ|


1
p

∫
l±n

|x∗Rλ (T ) x|q |dλ|


1
q

≤

≤
∥∥f±

∥∥
Lp(l±)

N± ∗
x,x < +∞.

Let’s consider the operator

F± (T ) =
1

‖f±‖Lp(l±)

f± (T ) ,

then ∣∣×∗F± (T ) x
∣∣ ≤ N± ∗

x,x < +∞.

By virtue of reflexivity of B we can identify the element F± (T ) x ∈ B with the
element F± (T ) x ∈ B∗∗. By uniform boundedness principle, for x we get∥∥F± (T ) x

∥∥ ≤ N±
x < +∞,

where N±
x is a constant that depends only on x. Since the operators F± (T ) are

bounded for any x ∈ B, by uniform boundedness principle∥∥F± (T )
∥∥ ≤ N± < +∞,

where N± is a constant.
Consequently∥∥f± (T )

∥∥ ≤ N± ∥∥f±
∥∥

Lp(l±)
< +∞, f± ∈ E±

p

(
l±

)
.

Hence, allowing for density of E±
p (l±) in Lp (l±) we have

f± (T ) ∈ L (Lp (l±) , L (B)). Then by statement 2 there exists a unique family
of operators

{
T±λ

}
λ∈l±

⊂ L (B) such that

f± (T ) =
∫
l±

f± (λ) T±λ dλ, ∀f± ∈ Lp

(
l±

)
, i.e f± (T ) ∈ L

(
Lp

(
l±

)
, L (B)

)
.

Let

f (λ) =
{

f+ (λ) , λ ∈ l+

f− (λ) , λ ∈ l−
,
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then we can identify Ep (l+)× Ep (l−) with the manifold Lp (l+)× Lp (l−) dense in
Lp (Γ). Defining the operator f (T ) = f+ (T ) + f− (T ) we have

f (T ) =
∫
Γ

f (λ) Tλdλ, ∀f ∈ Lp (Γ) ,

where Tλ = T+
λ∩l+

+ T−
λ∩l− , in particular, if σ (T ) ⊂ l, then

I =
∫
Γ

Tλdλ, T =
∫
Γ

λTλdλ.

Theorem 4. Let all the conditions of theorem 3 be fulfilled. Then there exists a
unique family of operators {Tλ}λ∈l ∈ Lq (l, L (B)) such that

f (T ) =
∫
l

f (λ) Tλdλ, ∀f ∈ Lp (l) ,

moreover, if σ (T ) ⊂ l, then

I =
∫
l

Tλdλ, T =
∫
l

λTλdλ,

for any Borel subset α ⊂ l the operators

Eα =
∫
α

Tλdλ,

are the projectors in L (B).
Proof. Since Lp (l+) ∩ Lp (l−) = Lp (l), then the existence of the indicated

family of operators follows from theorem 3. Show that for any Borel subset α ⊂ l
the operators Eα are the projectors in L (B). Let f ∈ A. Then, similar to the
proof of theorem 2 it is easy to show that there exists a unique family of projectors
{Eλ}λ∈l ⊂ L (B), such that

f (T ) =
∫
l

f (λ) dEλ.

Since A is dense in Lp (l) then

f (T ) =
∫
l

f (λ) dEλ, f ∈ Lp (l) ,

consequently, considering f (λ) = χα (λ) for any Borel α ⊂ Γ, we have

Eα =
∫
α

Tλdλ.

The theorem is proved.
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Definition 4. We’ll say that the curve l belongs to the class Γ±λ−µ, if there exists
an admissible sequence {l±n }n≥0 ⊂ D± of piece-wise curves with common ends with
curve l±, such that there exist the functions ν±n (λ) : l±n → l± analytic in D± for
which there exists a uniform limit lim

n→∞
ν±n (λ) = λ in D±, moreover, the mapping

ν±n (λ) is one to one and the functions µ±n (λ) : l± → l±n inverse to ν±n (λ) satisfy
the condition:

µ′±n (λ)− 1
dist

(
µ±n (λ) , l

) → 0,

as n →∞ uniformly with respect to λ.
Let Γλ−µ = Γ+

λ−µ ∩ Γ−λ−µ. By Ep (Γλ−µ) (BEp (Γλ−µ)) we denote a class of op-
erators T for which

sup
n

∫
l

∥∥∥Rµ+
n (λ) (T )−Rµ−n (l) (T )

∥∥∥p
|dλ| < +∞,

sup
n

∫
l

∣∣∣x∗ (
Rµ+

n (λ) (T )−Rµ−n (λ) (T )
)

x
∣∣∣p |dλ| ≤

≤ M ∗
x,x < +∞, ∀x ∈ B, ∀x∗ ∈ B∗) ,

for any admissible sequence {l±n }n≥0 ⊂ D±.
Theorem 5. Let l ∈ Γλ−µT ∈ Eq (Γλ−µ) , 1 < q < +∞, B = B∗∗. Then there

exists a unique family of operators such that {Tλ}λ∈l ⊂ L (B) moreover, for

f (T ) =
∫
l

f (λ) Tλdλ, ∀f ∈ Lp (l) ,
1
p

+
1
q

= 1, 1 < q < +∞,

and for σ (T ) ⊂ l,

I =
∫
l

Tλdλ, T =
∫
l

λTλdλ

and for any Borel σ ⊂ Γ the operators

Eα =
∫
α

Tλdλ

are the projectors in L (B).
Proof. Let f ∈ E+

p (l+) ∩ E−
p (l−). Consider the operator

f± (T ) = − 1
2πi

lim
n→∞

∫
l±n

f
(
ν±n (λ)

)
Rλ (T ) dλ.

Having denoted f (T ) = f+ (T ) + f− (T ) well have

f (T ) = − 1
2πi

lim
n→∞

∫
l+

f (λ) µ′ +
n (λ) Rµ+

n (λ) (T ) dλ+
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+
∫
l−

f (λ) µ′ −
n (λ) Rµ−n (λ) (T ) dλ


then

f (T ) = − 1
2πi

lim
n→∞

∫
l

f (λ)
(
µ′ +

n (λ) Rµ+
n (λ) (T )− µ′ −

n (λ) Rµ−n (λ) (T )
)

dλ =

= − 1
2πi

lim
n→∞

∫
l

f (λ)
(
µ′ +

n (λ)
(
Rµ+

n (λ) (T )−Rµ−n (λ) (T )
)

+

+µ′ −
n (λ)

(
Rµ+

n (λ) (T )−Rµ−n (λ) (T )
)

+

+ µ′ +
n (λ) Rµ−n (λ) (T )− µ′ −

n (λ) Rµ+
n (λ) (T )

)
dλ =

= − 1
2πi

lim
n→∞

∫
l

f (λ)
((

µ′ +
n (λ) + µ′ −

n (λ)
) (

Rµ+
n (λ) (T )−Rµ−n (λ) (T )

)
−

−
(
µ′ −

n (λ)− 1
)
Rµ+

n (λ) (T ) +
(
µ′ +

n (λ)− 1
)
Rµ−n (λ) (T )−

−
(
Rµ+

n (λ) (T )−Rµ−n (λ) (T )
))

dλ =

= − 1
2πi

lim
n→∞

∫
l

f (λ)
((

µ′ +
n (λ) + µ′ −

n (λ)− 1
)
×

×
(
Rµ+

n (λ) + (T )−Rµ−n (λ) (T )
)

dλ−

− 1
2πi

lim
n→∞

∫
l

f (λ)
((

µ′ −
n (λ)− 1

)
Rµ+

n (λ) (T ) +
(
µ +

n (λ)′ − 1
)
Rµ−n (λ) (T )

)
dλ.

Since E±
p (l±) is dense in Lp (l±) , Lp (l) = Lp (l+) ∩ Lp (l−),

then ∀f ∈ Lp (l) we have

‖f (T )‖ ≤ 1
2π

lim
n→∞

∫
l

|f (λ)|
∣∣µ′ +

n (λ) + µ′ −
n (λ)− 1

∣∣×
×

∥∥∥Rµ+
n (λ) + (T )−Rµ−n (λ) (T )

∥∥∥ |dλ| ≤

≤ 1
2πi

max
l

∣∣µ′ +
n (λ) + µ′ −

n (λ)− 1
∣∣ ∫

l

|f (λ)|p |dλ|

 1
p

×

×

sup
n

∫
l

∥∥∥Rµ+
n (λ) + (T )−Rµ−n (λ) (T )

∥∥∥q
|dλ|

 1
q

≤ ‖f (T )‖Lp(l) M < +∞.

so f (T ) ∈ L (Lp (l) , L (B)). It remains to apply statement 2 and the procedure of
above-proved theorems. The theorem is proved.
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Theorem 6. Let T ∈ L (B) with resolvent Rλ (T ) ∈ BE1 (Γλ−µ) , B = B∗∗.
Then there exists a unique family of projectors {Eλ}λ∈l ⊂ L (B) such that

f (T ) =
∫
l

f (λ) dEλ, ∀f ∈ A,

moreover, if σ (T ) ⊂ l, then

I =
∫
l

dEλ, T =
∫
l

λdEλ.

Proof. Let f ∈ A. Define the operator f (T ) by the formula:

f (T ) = − 1
2πi

lim
n→∞

∫
l

f (λ)
(
µ′ +

n (λ) Rµ+
n (λ) (T )− µ′ −

n (λ) Rµ−n (λ) (T )
)

dλ,

Then for ∀x ∈ B, ∀x∗ ∈ B∗ we have

x∗f (T ) x = − 1
2πi

lim
n→∞

∫
l

f (λ)
(
µ′ +

n (λ)− µ′ −
n (λ)− 1

)
×

×x∗
(
Rµ+

n (λ) (T )−Rµ−n (λ) (T )
)

xdλ−

− 1
2πi

lim
n→∞

∫
l

f (λ)
((

µ′ −
n (λ)− 1

)
xRµ+

n (λ) (T ) x+

+
(
µ′ +

n (λ)− 1
)
x∗Rµ−n (λ) (T ) x

)
dλ.

Estimate:

|x∗f (T ) x| ≤ 1
2πi

lim
n→∞

∫
l

|f (λ)|
∣∣µ′ +

n (λ) + µ′ −
n (λ)− 1

∣∣×
×

∣∣∣x∗ (
Rµ+

n (λ) (T )−Rµ−n (λ) (T )
)

x
∣∣∣ ‖dλ‖+

+
1

2πi
lim

n→∞

∫
l

|f (λ)|
(∣∣µ′ −

n (λ)− 1
∣∣ ∣∣∣x∗Rµ+

n (λ) (T ) x
∣∣∣ +

+
∣∣µ′ +

n (λ)− 1
∣∣ ∣∣∣x∗Rµ−n (λ) (T ) x

∣∣∣) |dλ| ≤

≤ 1
2π

max
l

∣∣µ′ +
n (λ) + µ′ −

n (λ)− 1
∣∣ ‖f‖C(l)×

×sup
n

∫
l

∣∣∣x∗ (
Rµ+

n (λ) (T )−Rµ−n (λ) (T )
)

x
∣∣∣ |dλ| ≤ ‖f‖C(l) M ∗

x,x < +∞.

Further, the proof is similar to the proof of theorem 2.
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Theorem 7. Let l ∈ Γλ−µT ∈ L (B) , Rλ (T ) ∈ BEq (Γλ−µ) , B = B∗∗. Then
there exists a unique family of operators {Tλ}λ∈l ⊂ L (B) such that

f (T ) =
∫
l

f (λ) Tλdλ, ∀f ∈ Lp (l) ,
1
p

+
1
q

= 1, 1 < q < +∞,

moreover, for σ (T ) ⊂ l

I =
∫
l

Tλdλ, T =
∫
l

λTλdλ.

and for any Borel α ⊂ Γ the operators

Eα =
∫
α

Tλdλ

are the projectors in L (B).
Proof. Let f ∈ E+

p (l+) ∩ E−
p (l−). Defining f (T ) as in the proof of theorem

5 and allowing for density of E+
p (l+) ∩ E−

p (l−) in Lp (l), it is easy to show that
f (T ) ∈ L (Lp (l) , L (B)). It remains to apply theorem 5. The theorem is proved.

Remark: Note that for piece-wise smooth curve l with ends at the point a
and b representing a graph of a function as an example for admissible sequence
{l±n }n≥1 ⊂ D± we can take:

l±n : λ± an, λ ∈ l,

where {an}n≥1 is a sequence of complex numbers monotonically converging to zero,
moreover

µ ±
n (λ) = λ± an, and µ′ ±

n (λ) = 1.

In conclusion the author thanks to his supervisor prof. A. M. Akhmedov and
prof. B. T. Bilalov for the statement of the problem and their attention to the paper.
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