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ESTIMATION OF THE SOLUTION TO CAUCHY
PROBLEM FOR A CORRECT BY PETROVSKY
EQUATION

Abstract

Behavior of solution to the Cauchy problem for a correct by Petrovsky equa-
tion for large values of time is studied.

Introduction. While studying propagation of perturbations in liquid gas, when
there is no viscosity there arises an equation

2
<§t2 - W%AS — CL2A3> u(x,t) = f(z,t), € Rs, t>0, (0.1)
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coefficient of viscosity [1]. In the paper [2], as the result of investigation of the
solution of the Cauchy problem for an operator-differential equation, a sufficient
condition of uniform stabilization for large values of time of the Cauchy problem
solution for equation (0.1) with periodic initial data is given. In the paper [3]
behavior of the Cauchy problem solution is studied for large values of time for the

where Aj a is sound velocity in gas, w = gv,v is kinematic

equation

<88:2 — wgtAn — azAn> u(z,t) = f(x,t), (0.2)

where A, is a Laplace operator with respect to = (z1,x2, ..., Tp).

1. Representation of the solution to the
Cauchy problem and auxiliary statements

We’ll study behavior of the Cauchy problem solution for large values of time for
an equation more general than equation (0.2).
Consider the following Cauchy problem

2
<8at? - W%An,m - a2An> u(z,t) = f(2,1) (1)
wwtloo=vo@). 520 =@, )

where n, m are non-negative integers A, ., is a Laplace operator with respect to
(21,22, oy Tntm) € Rptm, 0o (), @1 (x), f(x,t) are the given functions whose
conditions will be given below,
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A} = e = e+ .
T Oad oxk  0x2 ., ox2., .

Equation (1) is a correct by Petrovsky equation.Existence and uniqueness of the
Cauchy problem solution in the calss of distributions are studied in [4] (p. 124-183).
Introduce a space of functions v (z) € H® (R, ym,p (), whose elements have
derivatives in Sobolev Sl;obodetskiy sense with respect to x up to order [ for which

/“mmﬁjuwwwfgc

Rotm |oe|=0
where p () > 0 is a measurable function decrasing at infinity as |x\_("+m+1), C>0
is some constant.

By D (R,,) we denote a space of finite infinitely differentiable functions.

Definition. Under the solution of problem (1)-(2) we’ll understand a twice
continuously differentiable with respect to t function satisfying equation (2) in dis-
tributions and for t = 0 initial conditions.

Assuming u (z,t) a distribution over the space D (R,,) and applying the Fourier
transformation to problem (1),(2) we get a dual problem with parameter

s = (817 ees Sny Snt1y -0y 5n+m)
Tl 2 @)V (s.0) = Fls.0) G
8t2wsatas s,t) = f(s,t),
- oV (s,t)  _

14 (Sat)|t:0 =9 (5), o =1 (), (4)
where the sign ~ on the function means its Fourier transformation with respect to
x?

1 1
sl = (si 43+ +siin)?, [Bl=(si+s3+ - +s7)%,
_ 1
‘g‘ = (Siﬂ +Sna o+ 5121+m) e
Solving problem (3),(4) we get:
o (8) et)\l(s) A\ (8) eltA2 (s) et/\g(s) et (s)
Vi(s,t)= s) + s)+
( ) )\2 (8) _ )\1 (S) %o )\2 (8) _ )\1 (S) #1 ( )
¢
/ e(th))‘Q(s) e(th))‘l(s) fN( ) d (5)
+ — s, T)dr,
) )\2 (S) — )\1 (S) )\2 (S) — )\1 (S)
where

sl?w | Jw?ls e
A2 (s) =— 5 + : —a? 3|

are the roots of the characteristic equation A% + |s|* wA + a2 [5|* = 0. The solution
of the Cauchy problem (1),(2) is determined as the Fourier inverse transformation
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from the function V (s,t). By the formula of Fourier transformation, from (5) we
get

/Go 1) oo (€) dE + / G (z — €.8) oy (€) dé+

n+m Rn+m

—I—/dT / Gi(x =&t —7) f(&1)dE = up (x,t) + ur (x,t) +uy (2,), (6)

0 Rn+m
where
Go (z,t) = 1 / Qo (s,t) e @) s = ;x
0 ’ - (27T)n+m 0\ - (27T)n+m
Rn+m
tA1(s tAa(s
y / A2 (s)e 1(8) — Ai(s)e 2l )efi(x,s)ds (7)
A2 (s) = A1 (s)
Rn+m
Gy (z,t) = n+m / Q1 (s,t)e —i@s) gg =

n+m

t)\z(s) _ t>\1(s) )
S / e = MY i) gg =

(27)" ™ A2 (8) = A1 (s)
= (277)1"+m [Gra (1) + G (z,1)], ®)

where G (z,t) is a Green function of the Cauchy problem for equation (1) with
initial data

G1(2,0) =0, Gi(2,0) =4 (x),
here ¢ (z) is Dirac’s function. It is easy to see that Re A\; (s) < 0, and Re Az (s) <

2
wls
— 5 for s € Ry4m. Therefore, we’ll understand the convergence of integrals in

(7) and (8) in distributions [5] (p. 125-130). Since for sufficiently smooth function

o (z) -
(7)(%) = (_1)M (1+p2) ’u(l_An-i-m)MSD(‘r)v ,0’3’7 (9)

where p is a natural number that will be chosen later. Besides, in sequal, we’ll
assume that at infinity, ¢ (z) decreases very rapidly. Using the theory of Fourier
transformation of distrbutions [5] (pp. 152-179) and (9) we can represent the inte-
grals in (7)-(8) in the following form

wj (z,1) = (~1)" / GO (&= 6.6)(1— Apem) o, (€)dE,  (10)
Rn+m
where
6" @1) = e [ @i (t+1s8) " e a0 )

n+m
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The number y is determined in the following way

n+m-+1, if n+m is odd,

2u
n+m-+2, if n+m is even,

2. Asymptotics of functions G{ (z,t) and
G5 (z,t) for large values of time
For studying asymptotics of the functions G (z,t), j = 0,1 for large values of
time we pass to spherical coordinates

81 = pCos

S9 = psin g cos py
53 = psin p; sin ¢y cos 3
Sp = psinp; sin @,...sin p,,_1 cos p,, (12)
Spr1 = PSIN Py SIN Py... SIN Y, COS Q1
Sptm—1 = PSiN @y sin ;... sin Prn+m—2CO0S Pnim—1
Sptm = PSIN Q] SIN Q... SIN Y, 1 COS Py 1
n+m

0 < Opim_1 < 2m. We'll denote @ = (¢4, .., 05) s & = (Prtis s Prgm—1)-
It follows from formula (12) that

1
Here [s| = (s + s34+ s2.,,)2 = p, where 0 < ¢, <7, j=1,2,..,n+m—2,

’ 2 2

|s]" = st 4+ 45y = p° (L —sin’gy..5in ¢, ) = p°T1 () (13)

Using (12),(13) and passing in (11) to polar coordinates, we get

oo

* 1 n—+m— —p+1
Gg ) (z,t) = 4(27r)n+m /p Fm=l (1 4 p?2) T
0

K ™
< / . /Sinn+m2 801d801 Sinn+m73 (p2d§02 . Sinmil SondSOnQ (p7¢7 t) X
0 0

T T 2T
X /Sinm2 Son+1d90n+1 e /Sin Qpn+m—2d§0n+m—2 / ei(x7p6(LP))d<pn+m—1 dp =
0 0 0

= GS) (z,t) + Gg*% (z,t),

where § = (61,02, ..., 0ntm—1), §; = sinpy - - -sing;_jcosp,, j =1,..,n+m—1;

Optm = Singy - - -sing, . 1.
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Denote internal integral in (16) by J (z, p, ®)

s s 2
i . _ . i )
J (SU’ P 90) = /Slnm 2 90n+1d90n+1 e /Sln 90n+m72d¢n+m72 / ez(z,p (@))d‘anrmfl'
0 0 0

In sequel, we’ll need the following lemma that is easily proved.
Lemma 1. For s € R4y for A1 (s) and Aa(s) the following estimations take
place:

2
2
Re A (s) < —w—pz, for p < —a, (14)
2 w
T2 (p 2
A1 (s) < _a17(<pﬁ7 for p > = (15)
w w
Hold for all s € Ry+m
2
w
A2 (3) < —7P27 (16)

where @ = (301780% "'7(1011)} 0 S QOJ é , ] = 1727 ey TV
Consider G1 (x,t). Represent it in the form:

2?@ 0 T T
G* (z t) = ; + L. n+m—1 (1 + 2)*M+1 T (7) %
1 ’ (27T)n+m P P 5 (p
0 %‘1 0 0

)\2 (p7¢) - )\1 (P»@

n+m—2 om—1

p1---sin™ g,
For estimation Gg*% (x,t) represent an integrand expression in Gg*% (x,t) in the

«J (2, p, %) dgdp = G\) (x,t) + G) (x,t), (17

where T () = sin

form
t

— _etMil(p®) /eT(h—)\l)(p,lP)dT‘
0

- )\2 (P,a) - )\1 (p7¢)

J(t,p,®)

Using lemma 1 for J (¢, p, %), we get the following estimates

w? 2
[T (t.p, )| < te= T for p< =, (18)
w
o212 ()t 2
T (tp@) <te s forp> T (19)
w
Using estimation (18), for G’g*f (x,t) we get
2a
WQ
6 .| < Co (n,m) / gm0 g, (20)
0

Applying Watson’s lemma [6] (p.57) to integral (20) as ¢t — +oo we get

n+m

ely (m,t)zO(tl’ : ) (21)
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uniformly with respect to z € R,4,,. Consider Gg*% (x,t). Using the estimation

(19), we have

™

o [ ene
’GL (l‘,t)) <C; (n,m)t/---/e v dp (22)

0 0

For finding the asymptotics of the integral (22) as ¢ — +oo we use the saddle
T

point method. The point g, = < E) is a saddle point.Really,

57 5, ceey 2
82
WTE (®) = —2sinp; cos p, sin? p; - sin? @,
¥
The sign A means that in this series there is no multiplier with index j. Hence
we get
0% o
— 17 (9) =2, j=12,..,n
8 2 1 9 9~y 9
7 =%
and
Totte)| -0 i 12
1()0 _7] ,LL,],,LL—,,,n
8gpj 880'“ =%
Consequently,
ot || =9 = 97
Dp;0p,

i.e. the point ® = @, is a non-degenerate saddle point. Applying the saddle-point
method [6] (p. 408-420) as t — +o00 to the integral (22),we get

G (@, t) =0 (#73), (23)
uniformly with respect to @ € Ry4,. It follows from (21) and (23) that as t — +o0
G (@, t) =0 (#7F), (24)

uniformly with respect to x € Ry .
Now, let’s consider G (z,t). Represent Qg (s,t) in the form:

)\1 (S) (et)\z(s) _ et)\l(s))

— eth(s) _
it =e WOESHE

= QOl (S, t) + QOQ (37 t)

Then
GS (l‘, t) = GSI ($, t) + GSQ (Iv t) ) (25)

respectively, where G§ (z,t), Gp, (z,t), G§, (x,t) are determined by formula (11).
Consider G§; (z,1)

2a
™

Gor (2,1) = m)lnm Z+/O 0/"-]p"+m_l (1+0%) " Ta(p) x

2a 0
w
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xJ (2, p, ) PP dipdp = G5 (w,) + GSy (1)

By lemma 1, for Gg;)l (x,t) we have

2a
w u2
‘G(()ji)l )‘ < Gz (n,m) /Pn+m_l (1+p)7" e~ T dp. (26)
0

Applying the Watson lemma [6] (p.57) to the integral in the right hand side of
(26), as t — 400 we get

* _ntm
Gi (@) = 0 (7757), (27)
(*)

uniformly with respect to & € Ry 4. For G5 (2,t), by lemma 1, we have

o0
T()t
‘Goth <C’3nm/p"+m11+p “dp/ / — dg =

a*1¢ (%)
/ / s, (28)
0

As in estimation of Gg) (x,t), applying the saddle-point method to the integral
in the right hand side of (28), we get

Giib (@,t) =0 (%)),

uniformly with respect to x € Ry 4y, It follows from estimations (27) and (28) that
as t — +00

G (z,t) =0 (t—%) (29)

uniformly with respect to € Ry, {y,. Estimation of G( ) (x,t) is conducted in the

(%) (

same way as for G} (z,t). Therefore as t — +o00, we have

G (x,t) =0 (tl’%) (30)

uniformly with respect to x € Ry 4m,. It follows from estimations (29) and (30) that
ast — 400
G (z,6) =0 (tl-%) (31)
uniformly with respect to x € R,4.,,-The following theorem follows from the esti-
mations (24) and (31).
Theorem 1. For the functions G§*) (x,t), j=0,1ast— 400 the following
asymptotic estimation

A\ (2,1) = 0 (tl—%> . j=0,1 (32)

holds uniformly with respect to x € Ryym.
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3. Asymptotics of the solution to Cauchy problem (1)-(2)

Using estimation (32) we’ll prove a theorem on estimation of solution to the
Cauchy problem (1)-(2). As a preliminary, we cite the following lemma from the
paper [3].

Lemma 2. Let

where B is any real number, n >

estimation
B(t) =0 ('),

where v = max{—g + 1,6}.
Using lemma 2, we prove the following theorem.

Theorem 2. Let

le; @I, < =01

and
1 (§7T)HL2(p(g),Rn+m) <C ‘T|61 ) (33)

n+m-+1
2

where p(€) = (1+¢?)
solution of Cauchy problem (1)-(2) it holds the estimation

, By is any real number. Then as t — 400, for the

, -2 2(p—j) .
j‘g};'“ﬂ (2,0)] < Ct 72 [l Ol (piermnny 4 =01

sup |uy (z, )| CE1,
zeK

where v, = max {— (g — 1) ,ﬂl}, K C Ry+m 1S any compact.

Proof. Using estimation (32) we estimate each of the terms in (6). Then

w i@t < [ |65 @ 60]I0 = Anen) v (€ de <

Rn+m

<ot / (1= D)™ 0 ()] de

Rn +m

Applying the Cauchy-Bunyakowskii inequality, we get

oot t | [ (1rif) T 0 A e P

Rn+'m

Hence

_n 2
sup  |ug (z,t)| < Ct'72 |lpg (5)”;(,)(5),1:5%7”)
$€Kn+m
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in any compact Kpym C Rutm.-
In the similar way we get

_n 2(pn—1
sup Juy (z,8)] < CH7F [loy ©od po s
z€EKnim

in any compact K,y C Rygm-
Now, let’s estimate uy (x,t). Applying the Cauchy Bunyakowskii inequality, we
get

t
fup ()] < ‘/1+u—7\ N et
0

Considering condition (33), from the last inequality we get

t ﬂd
lug (z,1)] / Il dr (34)
) L[t =] I

Applying lemma 2 in (34) as t — +o00, we get

sup [y (x, )] < O
LL’EKn+m

in any compact K4y C Ryqm, where v, = max {— (g — 1) ,ﬁl}. The theorem is

proved.
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