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ON BEHAVIOR OF SOLUTIONS OF HIGNER
ORDER DEGENERATE ELLIPTIC EQUATIONS

Abstract

Behavior of solutions of higher order elliptic equations is studied.

The goal of the paper is to study behavior of solutions of the Direchlet problem for
degenerate divergent quasi-linear elliptic equations in the vicinity of the boundary.

For linear elliptic and parabolic equations the questions on behavior of solutions
near the boundary were studied in the papers of O.A. Oleinik and his followers
[1] — [2]. For quasilinear equations, similar results were obtained in the papers of
AF. Tedeev, A.E. Shishkov [3], T.S. Gadjiev [4]. Behavior of solutions in the vicinity
of a boundary point for elliptic equations of second order was studied in the papers
of V.G. Mazya and G.M. Verzhbinskii as well, where a wide reference was cited.
S. Bonafade [5] and others studied quality properties of solutions for degenerate
equations.

We obtained some estimations that are analogies of Saint-Venant’s principle
known in theory of elasticity. By means of these estimations we obtained estimations
on behavior of solutions and their derivatives in bounded domains up to boundary.

In the bounded domain 2 C R™ n > 2, consider a generalized solution from the
om

Sobolev space W, , (€2) of the Dirichlet problem for the equation

> (D) DY Ay (w,u, Vu, .., V) = Y (-1 DF, (2), (1)
lor|=m |o|<m
N olel
where D% = T O G la] = a1 +ag + ... + ap,m > 1.
Assume that the coefficients A, (z,£) are measurable with respect to = € Q,
continuous with respect to & € RM (M is the number of different multi-indices of
length no more than m) and satisfy the conditions

m—1
D Aa (@, &0 > w (@) [nl” — ciw (@) Y &P = fi ()
=1

|a|=m
|Ag (2,6)] < cow ( Z i 2)

where £ = (50,...,57”), &= ( a), la| =1, e1,c2 >0, p>1,
f ( ) € L 7-loc (Q)v f2 (‘T) € Ll,lOC (Q)F € L 7-loc (Q) .

Assume that w (z),x € Q is a measurable non negative function satisfying the
conditions: w € Lj ¢ (2), and for any p > 0 and some

l1-0o
o>1 /w_l/(”_l)da: < o0,ess sup w () < ezp™@ /w<f’11) dx . (3)

z€Q,
Qp Q)
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Here Q, = QN B,, B, = {z : |z| < p}, ¢; are positive constants dependent only
on the problem’s data. In particular, it follows from condition (3) that w € A,
(see6]), i.e.

o—1
/wdl‘ /w<011)d$ < Cyp™? (4)
Q, Q,
(3) also yields the estimation
ess sup w(x) <csp " /wdm . (5)
e, g
P
Furthermore, assume that
w () S\
< — 6
w(@p) = (h) ’ ©)

w <14 p/n, for any s > h > 0, where w (£25) :/w(a:)dx.

Q

Let 0 € 092, S, = QN 0Q,. K (p1,p2) = Q2 \Qp1 .

Our main goal is to obtain estimations of behavior of the integral of energy
I, = /w (x) [V™ulP dx, dependent on geometry € in the vicinity of the point 0 for

QP
small p. We'll describe geometry 0€2 with weight nonlinear basic frequency AP (r) of
section S,
~1

X0 (r) = inf /w(x)|V5U|pds /w(:ﬂ)|v|pds , (1)

where the lower bound is taken by all continuously differentiable functions in the
vicinity of S, that vanish on 9€; Vgv (x) is a projection of the vector Vv (x) on a
tangential plane to S, at the point z. For p = 2 and w (z) = 1 the number A3 (r)
the first eigen value of the Beltrame-Laplace operator on S, for p # 2 D (r) was
studied in various papers. Some examples, calculations or its lower estimations for
some concrete sets are for example [7].

Here W, () is a closure of the functions from C™ () with respect to the norm

g o = | [wlo) 3 1D%up ds

Q la|<m

W, is a closure of the functions from C§° (£2) in the norm W}, (Q2).

The function u () € W, (Q) is said to be a generalized solution of the Dirichlet
problem for equation (1) if the integral identity

Z Aq (1, ..., D™u) Dndx = / Z F, (x) D%ndx (8)

Q lal<m Q lal<m
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is fulfilled for the arbitrary function n (z) € C§° ().

Lemma 1. Let u(x) € W, () and f (K (x)) be a measurable non-negative
function locally bounded in 2. Then the inequality

[ 190 A (0 ) £ (5 (@) () o <
K(p1,p2)

h
<2 [ v @) @),
1
K(p1,p2)
1s valid, where 7 < m.
Lemma 2. Assume that the continuous non-decreasing on (0,ry) function J (r)
satisfies the inequality

J(r(1—¢(r) <X (r)+h(r),Vre0,r),0<A<1 (9)

and the estimation

_ _%o(r) 1 K dr
hlre =003 | <crexp | —dIn A\ / — h(re),0 <6 <1—co (10)
TP (T)

is valid for h(r).
Then the estimation

_ _Po(r)
J|re oo | <cg(er,v) X

70

xexp [ —dIn(A4+v)"" /

T

dr
7% (T)

(J (ro) +h(ro)),v>0 (11)

is valid for J(r).
Lemma 3. Assume that the non-negative on (0,79) function J (r) satisfies the
nequality

J(Eer)r) <@ —=¢()J(r)+h(r)e(r) (12)
and the estimation
h(r) < cgexp _lni—l /(p(:)dr h (ro) (13)

r

is valid for h(r).
Then the estimation

J (r) < c1p (co,v) exp —llng_yl /807(_7—) dr | (J (ro) + h(ro)), Yv >0 (14)

is valid for J(r).
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Further, we’ll divide the considered domains into two classes. The first class is
"narrow domains”, i.e. such domains whose complement in the vicinity of the point
0 is sufficiently massive, for example, it contains some cone with a vertex at this
point. In the terms of frequency of the set, this class of domains satisfy the condition

rAp (r) >dy >0, Vr € (0,79), ro>0. (4)

The second class contains ”wide domains”, i.e. the domains that for example
have ”inside spinode” at the point 0. In the terms of frequency of the set, this class
by domains satisfies the condition

rAp (1) < dg < 00, Vr € (0,79). (B)
Define the function ¢ (1) on (0,rg) by the inequality

inf A (|z]) (r =7y (r)) @ () 2 >0, (15)

r(r)<lz|<r

where p is such that 0 < 1 —¢y < ¥ (r) < 1. For monotonically decreasing functions
Ap (r) (that we often meet in applications), inequality (15) takes the following form

PAp (1) (L= () w (z) = p, for o (r) =1 =4 (r) 2 pw™" () (rAp (1) ™" (16)

Make the following denotation

J(r) = /w(m) D™ P da,
Qr

p —molal,
G(r)= > w@ (Fal + 12077 A 7 (Jal) + ] | da.

Q, \lal<m

om

Theorem 1. Let u(z) € W, () be a generalized solution of the Dirichlet
problem for equation (1). Assume that the coefficients of the equation satisfy condi-
tion (2), the domain Q the condition (A), the weight w (x) the conditions (3),(6).
Let 1 be an arbitrary continuous non-increasing on (0,7¢) function satisfying the
inequality 0 < 1 —co < 1 (r) < (r) < 1, where ¥ (r) is determined from inequality
(15), and assume that the condition

G (reXp (—f:cf(j)@» < €11 exp _mnﬂ_ljm G (ro), (17)

is fulfilled for c11 > 0, 8 <1 —cg, B = const < 1. Then the estimation

1T (r)
J (rexp (—1_00_9)> <
< era (e, v)exp | —0In (6 + )" / (1_dw()) (J(ro) +C(r)  (18)

r
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is valid for J(r) at Yv > 0.

Proof of Theorem 1. In the course of the proof we’ll use Hopf functions type
special shear functions. Namely, let £ (r) be m times continuously differentiable
function, 0 < £(r) < 1,0 < r < 1,&(r) =1forr <0, &(r) =0 for r > 1

Denote &y, (1) = & (::ZE;;), where 0 < ¢ (r) < 11is an

arbitrary measurable function on (0,79). The following estimations are true for this
shear function

a; = max‘g(j) (r)].

j g (x) aj ,
‘Dgcfzp(r)< . >}§[T(1_W,T¢(T)<g($)<7", j>1
Difw(r) (g(:j)> =0forg(x)<ry(r),g(z)>r, j>1 (19)

Into integral identity (8) we put n(x) = u () Eur) <g ($)> '
r

Continuing the theorem’s proof, we have

Z /Aa (x,u, ..., D"u) D% - Edx = Z + Z X

la|=mg al=m  |a<m
1Bl<m  |B|<a
X /Caﬁ (m,n) Aq (z, ..., D™u) - D%u - Da_ﬁﬁd:ﬁ—l—

Qr

+ [ Y Cs(m,n) Fy (x) D°uD* Péde, (20)

Q, lal<m
18|<a

where the vector a — 8 = (o; — 3;), ¢ = 1,...,n. Using condition (2), we estimate
the integrals in (20) and get
/ w(x) |[D™ulP dz <
Qrp(r)

-1

< / o (z) > [Duf’ + eskyw () [ > [Dul > Dl |+

Q, la|<m la|<m |a|<m
+ ) @D+ Y [Fa(2)| [Du]] €da+
la|<m la|<m
p
+ / [eskow () Z | D% | . (21)
Ny || <m

DY (Da—ﬂuHDﬁg\+ D |f2(x)\‘D°‘_ﬁu‘ )D’BS‘%— 3

laj<m [B]<|al la[<m |B]<|al la|<m
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S [Fa ()] [D* | [D% o+ / 1 (@) €do.
1B|I<a Q

Applying the Holder, Young inequality with ¢ and Lemma 1, estimate the right
hand side by (21) and get

0<T<rg

J(r(r)) < J(r) |:02k‘2 sup ( Z A, P (T)) +
|a|=m

+c3kiks sup ()\];1 (1)) - sup (Z A, P (T)) —1—5] +
laj<m

0<T<rg 0<T<rg

‘ m—|«af
s [ S0 1@y )+ 3 R ()| e
Q, lal<m |a|<m
_pP
_p_ p—1
p—1
+cskaoks sup Z A PH(T) / | D™ u|? dx X
0<T<ro |a|<m
- Qr\2ry(r)
1
» P
) DB¢
m, |p v\ S
x / D™l Z Z (Am a|+m<)> d | +
— _p_
p—1
m— |o¢\
P
| [ X (R@ DT () ds (22)
20 \2pp ) [ <m

Be \" '
/ RETEDEDS (M) dz +/|f1 (z)| dz
Qp

laj<m [B]<|a|
2\ ()

here k; are constants dependent only on p,m and n.
Since the domain (2 satisfies condition (A), then for arbitrary small § there exists
7o such that for r € (0,79), Ay (r) > 6. Then allowing for (15) and (19), from (22)
we get
J (1 (r)) < (2e2ka8? + c3kiksd +€) J (1) + (' Pha + kgk?)

p  _mlal,
/ S (@) +IEDZT N T (0) + i ()] | dot (23)

O, \lal<m

+ (2cskakskr + ke) (J (r) — J (r¢ (r))),
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m

P
where k7 = 2 <Z (Z;)p> . We choose ¢ and € so small that
i=0

200ko0P + c3ki1ksd +e < 2- L

Then from (23) we have

J(ro(r)) < BJ(r) + ksG (1), (24)

where § 271 + 2c3koksky + ke
1+ 2c3kokskr + ke
Validity of the theorem follows from estimation (21) and Lemma 2.
The theorem is proved.
Assume ¢ (r) = d, 0 < d < 1. Denote A, (r) = inf A, (7). Usually, in applications
dr<rT<r
Ap () is a non-increasing function, therefore Xp (r) = Ap(r).
m

Theorem 2. Let u(x) € I/?/p,w (Q) be a generalized solution of the Dirichlet
problem for equation (1). Assume that the coefficients of the equation satisfy the
conditions (2), the domain §) the condition (B), the weight w (x) the conditions
(3),(6). Let ©(r) be an arbitrary non-decreasing function on (0,ry) satisfying the
inequality o (r) < ¢ (r) = rXp (r) and assume that the condition

< 1.

2
G(r) < agexp | — oy / G (ro) (25)
18 fulfilled.
Then for J (r) it is valid the following estimation
ro
1-v)y1—-a)™ /apm (r)dr
— 2
J(r) < ci1q4exp Seralnd T . (J (ro) + G (r0)) (26)

T

at Vv > 0.
Proof. For proof we return back to inequality (22). As we took ¥ (r) = d,

0 < d < 1then £ = ¢, g(a:)) respectively in (22). Using the fact that by the
r

conditions as 7 — 0, A, (7) — oo and the Young inequality for any > 0 on the
interval (0,79 (9)), we get

J(dr) < (2c2ks0P + eskiksd +€) J (r) + e PhaG (1) + (rXp (r)) T
x (1 —d)"™ (2acsks + akg) (J (r) — J (dr)) + (27)

+ (P () " (=) akeka (G (1) - G (dr),

where a = maxa;, i = 1, m. Assuming § and ¢ sufficiently small (27), we get

J(dr) < 27VT (1) + koG () + kny (rXp (r))_m x
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—m

X (1= d) ™ (J(r) = J (@) + k2 (A (1) (1= d) (G () = G (dr)). (28)
Hence, after simple calculations we get
J(dr)+1G(dr) < (1—g(r)(J(r) +1G(r)) + KG (1), (29)

where
klg . (pm (7“) (1 — d)m
kll + Som (7") (1 - d)n’w g (T)

2k e () (1—d)™
= o™ (r _\ym klO ]{712
Ko =enini=d <k11+90m(7“)(1—d)m+2(k11+¢m("”)(1—d)m)2>’

I(r)=

o(r)= rxp (r) < e < oo.

The estimations 0 < I (r) < kioky;', K (r) < ¢ (ko, k11, k12) g (7),
27 (kpy +e1) ™ (r) (1 —d)™ < g(r) < 27! are true. On the basis of these esti-
mations, from inequality (29) and Lemma 3 we get estimation (26).

The theorem is proved.
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