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Abstract

The paper is devoled to the investigation of Fredholm property of boundary
value problems for Laplace equation with nonlacal boundary conditions. Pro-
ceeding from non-locality of boundary conditions, at least two points move along
the boundaries. If these two points move away from one point of the boundary,
or they approach one point of the boundary, then the Karleman conditions are
satisfied. If these two boundary points follow one another while moving, then
the Karleman conditions don’t hold.

Thus, in the first problem we obtain the Fredholm property of the stated
boundary value problem since the Karleman conditions hold. In the second
problem, in spite of the fact that the Karleman conditions don’t hold, we again
get the Fredholm property of the stated boundary value problems. For the third
boundary value problem we show the existence of such a boundary condition for
which the stated problem is not Fredholm if the Karleman conditions are not
satisfied.

Introduction. When the Cauchy problem or a boundary value problem are
considered, ”k” conditions (initial or boundary) [2] are given for a k-th order ordinary
differential equation.

If partial differential equations are considered, the number of initial conditions
coincides with the highest order time derivative introduced into the equation under
consideration, and the number of boundary conditions coincides with the half of
the highest order spatial variable derivative (their number is at least two) contained
in the equation of the problem under consideration [3]. Thus, with the help of
nonlocal boundary conditions we eliminate the above-cited misunderstandings. In
our case, the number of boundary conditions both for partial equations and ordinary
differential equation will coincide with the highest order spatial variable derivative
contained in the equation under consideration [4], [5].

The investigations are carried out as in [4], [5], i.e. proceeding from the funda-
mental solution we obtain Green’s second formula and analogy of this formula from
[4]-[6] that give us necessary conditions. These conditions contain singular inte-
grals. After peculiar regularization of these singularities we get sufficient condtions
on Fredholm property of the stated boundary value problems.

Problem statement. Let D ⊂ R2 be converx in the direction of x2, the
boundary Γ = D \ D be a Lyapunov line. Consider the Laplace two-dimensional
equation

∆u (x) ≡
2∑

j=1

∂2u (x)

∂x2j
= 0, x ∈ D (1)




