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ON ASYMPTOTIC DISTRIBUTION OF
EIGENVALUES OF 2-ND ORDER

OPERATOR-DIFFERENTIAL EQUATIONS ON A
SEMI-AXIS

Abstract

In the paper, asymptotic distribution of eigenvalues of operator-differential
equations on a semi-axis is studied. An asymptotic formula for the function of
distribution eigen values of the given operator is obtained.

Let H be a separable Hilbert space. Denote by H1 a Hilbert space of strongly
measurable functions f (x) (0 ≤ x ≤ ∞) with the values from H for which
∞∫
0

‖f (x)‖2
H dx < ∞. A scalar product of the elements f (x), g (x) ∈ H1 is defined

by the equality

(f, g) =

∞∫

0

(f (x) , g (x))H dx.

In the space H1 = L2 [H; 0 ≤ x ≤ ∞] consider a differential expression

l (y) = (−1)n y(2n) +
2n∑

j=2

Qj (x) y(2n−j), 0 ≤ x < ∞ (1)

with boundary conditions

y(l1) (0) = y(l2) (0) = ... = y(ln) (0) = 0. (2)

Here 0 ≤ l1 ≤ l2 ≤ ... ≤ ln ≤ 2n− 1, y ∈ H1, and the derivatives are understood
in the strong sense. Everywhere by Q (x) we’ll denote Q2n (x).

Let D′ be a totality of all the functions of the form
p∑

k=1

ϕk (x) f , where ϕk (x) are

finite, 2n times continuously differentiable scalar functions, and fk ∈ D (Q).
Determine the operator L′ generated by expression (1) and boundary conditions

(2) with domain of definition D′.
Subject to certain conditions, the operator L′ is a positive and symmetric oper-

ator in H1. We’ll assume that the closure L of the operator L′ is self-adjoint and
lower bounded operator in H1.

Under some conditions on the operator coefficients Q (x), Qj (x), j = 1
2,2n−1 it

is proved that the operator L has a discrete spectrum.
Denote by λ1, λ2, ..., λn, ... eigenvalues, by ϕ1 (x) , ϕ2 (x) , ..., ϕn (x) , ... orthonor-

med eigenfunctions of the operator L. Denote by N (λ) the number of eigenvalues
of the operator L, smaller than the given number λ, i.e.

N (λ) =
∑

λn<λ

1.


