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OPTIMAL STABILIZATION FOR A WEAK
NONLINEAR HYPERBOLIC EQUATION WITH

PHASE RESTRICTION

Abstract
In the paper, we consider an optimal stabilization problem for a weak non-

linear hyperbolic equation with phase restrictions. Using the penalty method,
we get the necessary condition of optimality for an approximate optimal control
problem.

The optimal control problems for the systems described by nonlinear oscillatory
and wave equations when no phase restrictions exist, have been studied sufficiently
well (see, [1]-[4]).

However, only the paper [5] in which the model equation from the book [7] is
considered, has been devoted to optimal stabilization problems for hyperbolic type
nonlinear equations with pointwise phase restrictions. In the present paper, we
consider a problem of indicated type. The penalty method is used for its solution,
and its convergence is proved. A necessary condition of optimality is obtained for the
approximate optimal control problem. The solution of the approximate problem for
sufficiently small value of the penalty parameter is taken in the place of approximate
solution of the problem.

We consider the equation
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= f1 (x, t, u) + f2 (x, t) υ, (x, t) ∈ QT , (1)

with boundary conditions

u (x, 0) = u0 (x) ,
∂u (x, 0)

∂t
= u1 (x) , x ∈ Ω, (2)

u = 0, (x, t) ∈ Σ, (3)

where Ω ⊂ Rn is a bounded domain with smooth boundary ∂Ω QT = Ω × (0, T )
is a cylinder 0 < T < ∞,

∑
= ∂Ω × (0, T ) is a lateral surface of the cylinder

QT , u0 ∈ H1
0 (Ω), u1 ∈ L2 (Ω), f1 (x, t, u) is a continuous function in QT × R and

has a bounded derivative with respect to u for all (x, t, u) ∈ QT × R, f2 (x, t) is a
continuous function in QT , the functions aij (x, t), ∂aij(x,t)

∂t i, j = 1, n are continuous
in QT and for all (x, t) ∈ QT satisfy the condition

n∑

i,j=1

aij (x, t) ξiξj ≥ α

n∑

i=1

ξi, α = const > 0, ∀ξ = (ξ1, ..., ξn) ∈ Rn.

Then, by means of the Galerkin method [see 6,7], one can prove that for any control
υ from the space V = L2 (QT ), problem (1)-(3) has a unique solution u = u (υ) from
the space
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