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SOLVABILITY CONDITIONS OF A BOUNDARY
VALUE PROBLEM FOR AN
OPERATOR-DIFFERENTIAL EQUATION OF THE
THIRD ORDER WITH DISCONTINUOUS
COEFFICIENTS

Abstract

In the paper, on a semi-axis we consider a boundary value problem for a
class of third order operator-differential equations with discontinuous coefficient
and with some linear operator in one of the boundary conditions. Sufficient
conditions of well-defined and unique solvability of the given boundary value
problem in the Sobolev type space are found. These conditions are expressed by
means of the properties of operator coefficients of the boundary value problem.

Let H be a separable Hilbert space, A be a positive-definite self-adjoint operator
in H with domain of definition D (A)

Under the unit of Hilbert spaces generated by the operator A we’ll understande
H,=D(A), (gv,y)H7 = (AVx,A%), xz,y € D(AY), v > 0. Denote by L(X,Y)
the space of linear bounded oprators acting from the space X to the space Y, and
by o (-) the spectrum of the oprator (-).

Consider in H the boundary value problem

3 38—y,
—u" (t) + p (t) APu(t) + ;Ajddtgj(.t) =f{), te Ry =[0,400), (1)
u(0) = Ku"” (0), ' (0) =0, (2)

where A is a positive-definite self-adjoint operator, K € L (Hl/g, H5/2) A g =
1,2,3 are linear, generally speaking, unbounded operators, p(t) = «a, if 0 < t <
1, p(t) = if 1 <t < 400 and «, 3 are positive, generally speaking, unequal to
each other numbers, f (t) € Lo (Ry; H), u(t) € W3 (Ry; H) . Here

1/2

+oo
Lo (R H) = 4 1) 1l paconn) = / I @)% dt|  <+ooy,
0

W3 (Rys H) = {u(t) :u" (t), Au(t) € Ly (Ry+; H) ,

) ) 1/2
e (A PP VS ey }

(see [1]).
Definition 1. If the vector-function u (t) € W3 (Ry; H) satisfies equation (1)
almost everywhere in R, we’ll call it a regular solution of equation (1).
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Definition 2. If for any f (t) € Loy (R4; H) there exists a unique regular solution
of equation (1) that satisfies boundary conditions (2) in the sense

tim () — 0" ()], , = 0. Jim [ 0], =0
then boundary value problem (1),(2) is regularly solvable.

In the paper we get regular solvability conditions of boundary value problem
(1),(2) expressed by means of the properties of its operator coefficients.

In the paper [2] the regular solvability was studied for a second elliptic operator-
differential equation with an operator in the boundary condition. Note that a bound-
ary value problem for equation (1) for p(t) =1, t € Ry when one of the boundary
conditions in zero contains some linear oprator, was studied in [3]. In the case K = 0,
problem (1),(2) was considered in [4].

Before passing to consideration of the stated issue, we give additional denotation.

Assume

Wi (Rys H) = {u(t) su(t) € W3 (Ry: H), u(0) = Ku" (0), ' (0) =0}

and denote by Py, P, and P the operators acting from the space W27 x (R4 H) to
the space Ly (R4; H) by the following principles, respectively

Pou (t) = —u" (t) + p (t) A3u(t), Pyu(t) = A" (t) + A (t) + Aju (1),
Pu(t)=Pou(t)+ Pu(t), u(t) € Wiy (Ry H).

Prove the following coercive inequality that we’ll use later on.
Lemma 1. Let C = A>2K A2 and ReC > 0. Then for any
u(t) € W23,K (R4; H) it holds the inequality

2

1/2 "
Hp/ t)u

L2(R+1

+ le/z N A3 ‘

1 2
< i (e Y .
Loty = min () 0Ny - (3)

Proof. Consider the following equalities:

u"’—l—p( )A3u,A3u) — (—um,A3u)

(P0u7 A3u) La(R+;H)

Lo(Ry;H) T

(4)

Lo(Ry;H) — (

+ (p (t) A3U7A3U)L2(R+;H) _ (_u///7A3u)L2(R+ ) + le/Q A3 )
(Pou, =p™H ()W) 1, gy = (Fu” 4+ 0 () APu, =7 (OU") iy =
= (_u///7 —p ' (#) U,//)LQ(R+;H) B (Agu’u///>L2(R+;H) -

_ (A3u, u///)

Lo(RyH)'

Lo(Ry;H) Lo(Ry;H) (5)

Note that by integration by parts, for u (t) € W ;- (R; H) we have

—Re (u"”, A%) = Re (C’AI/Qu” (0), AY2y" (0)) . (6)

Ly(Ry;H)

Put together equalities (4), (5) and take into account (6):

2
3, 1 " 1/2 3
(POU,A u P (t)u )LQ(R+, - Hp )A u‘ Lo(R4+;H)
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2
_’_H —1/2 ) u"
P ®) La(Ry5H)

+2Re (CA1/2u” (0), AY2y" (0)) . (7)

Applying the Cauchy-Schwarts inequality, then the Young inequality to the left side
of (7) and taking into account (6), we get:

(Pou, Adu— p (1) u"’)LZ(R%H) <

<

< WPoul a2 O AP = 2 0 <

S | Y S
- m HPOuHLz (Ri:H) T 5 Hp1/2 A?’u‘ ig(RJr;H)
2 Hp_1/2 (t)u” 2LQ(R+;H) + Re (C’AI/QU" (0) AV (0)) . (8)
Taking into account (8) in (7), we get
o7 Oy * [ O 2
+2Re (c AV (0), AV (0)) < mm(lam 1Poul2, . car) - 9)

Since Re C' > 0, then from (9) we get the validity of the lemma.
The lemma is proved.

Accept k (c1,ca,¢3) = e1v/ 2 + co/af + c3va? and
Kop= (E n WKAQ) (k (1,1, wg) e Var=DA _ k11 1) E) B

- (E +V a2w2KA2> (k (w1, ws, 1 )e‘aﬁ(“’1 DA _ k(1w w1) e%(“’z_l)A) ,

V3, 1 V3.

where w1 = —= + —17 and wy = 5~ 7 , @ and (3 are the values accepted by

the function p(t), E is a unit operator.
In [5] it was astablished that if A is a positive-definite self-adjoint operator,
1
K € L(Hy),Hs9), ————
Uhy Bsps) .~
vertible in the space Hj/y, then the operator Py realizes an isomorphism between
the spaces W;K (R4; H) and Ly (R4; H) . Consequently, the norm [[Poul|p, g, .p s

¢ 0 (C) and the operator K, g is boundedly in-

equivalent to the input norm ||uHW§( Ry:H) iI; t.he space W23 x (R4; H). And since
43I
the intermediate derivatives operators AJTJ. : W23 xRy H) — La(Ry H),
j = 1,2,3, are continuous [1], then their norms may be estimated with resoect
to the norm [[Poullp, g, .5y as well.
The following theorem is valid.
Theorem 1. Let ReC > 0. Then for any u(t) € W23K (R4; H) there hold the

following inequalities:

J
|+

< a; ||P0u||L2(R+;H) , J=1,23, (10)
Lo(Ry;H)
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where

213 max!/? (a; B) 21/3 max!/ (a; B) 1
= , a2 = , a3 =
31/2min%/3 (a; B) 31/2 min®% (a; B)

ay

min (a; )

Proof. Let u(t) € W23 x (R4; H) . Making integration by parts and applying the

Cauchy-Schwarts inequality and then the Young inequality, we have

+oo +oo

HAU”

2
HLQ(R_,_;H) Hlo

0 0

“+oo
= — / (A2u/, u"’)Hdt < HA2u'
0

mn
u
)|

”LQ(R+;H HL2(R+§H) S

<

< 1/2 4y || A2/
< maxp'/* (t) [|[A%u Lo

> Hp—l/Q (t) u™

‘ ‘ Lo(Ry;H)

2

< —max (o; §) HAQU/ e>0.

1 —-1/2 "
t
o712 (1) L)’

2
HLQ(R_,_;H) + 2%

€
2
Behaving in the same way, we get:
+oo
4203y = [ (420 2%t =
0
“+o0o
= (A%u, A*u — A%u, A*u dt =
2 2,1 +oo 2 2,1 "
0
+o00
= / (A%u, Au"), dt < |A®
0

<o

) HA'LL”

“HLQ(R+;H HLz(R+;H) =

~1/2
La(R4:H) R ®) HAUHHLz(R+;H) =

2

<
Lo(R4;H)

7 ! 2 1 1/2 3
i M4 s + g5 [0 0 4%

, n>0.

Take into attention inequality (12) in inequality (11):

HAu" < < max (a; B) [771 HAu"

2 2
HLQ(R+;H) =9 92 min (o; B) HLQ(R_,_;H) +

1 2

-f-% Hp1/2 (t) A3u‘

2 1 —1/2 "
— t
LQ(R+;H):| + 2¢e Hp (t)u

Lo(Ry;H)
From inequality (13) we have

enmax (a; 3) 2
(1 T ) Ay <

= / (Au", Au”)Hdt = (Au’, Au”) oo / (Au', Au"’)Hdt =

(11)

(12)

(13)



Transactions of NAS of Azerbaijan 119
[Solvability conditions of a boundary value...]

< € max (a; 3) Hp1/2 (t) Agu‘ 2 1 H ~1/2 (4) 4" 2 . (14)
4n Lo(R4;H) La(Ry;H)
2 :
Choosing n = ma;;@a,ﬂ)’ from inequality (14) we get
"2
[ Au HLQ(R+;H) =
4min (a; B) 1/2 3 |2 —-1/2 2
) 1) A ‘ H / " ]
~ 8cmin (o; f) — e* max? (« [Hp (8) A% Lo(Ry;H) P (t)u Lo(Ry;H)
2 mi ;
Then, minimizing with respect to ¢, we find ¢ = @ M. Consequently,
max? (a; [3)
|2
| Au HLQ(R+;H) S
22/5 max?/&( |:H . 2
/2 3 ‘ +“ —1/2 " :| 15
3min'/? (a; §) P La(R+;H) P Q La(R;H) (15)

Now, taking into account inequality (3), form inequality (15) we get

22/3 max?/3 (; B)

2 2
142 ) < 3min'/? (a; ) 1ol
Thus,
Ay 21/3 max!/3 (o; 3) P
H u HL2(R+;H) = 31/2 pin?/3 (a; 8) | 0u||L2(R+;H)'

To estimate the norm || A%/ we'll take into account inequality (11) in

I La(Ry;H)?
inequality (12):

enmax (o ) 2,1 n H —-1/2 m||?
1— Au < t
< 4 min (a ) H HL2 (R+;H) 4e min (a;ﬁ) P ( )u Lo(Ry:H)
Hp1/2 A3u‘ ’ . (16)
Ly (Ry;H)
2
Choosing € = m, form inequality (16) we have
2 2
HA “/HLQ(R+;H) =
< - 4min” (a; §) {leﬂ (£) u” 2 le/z 2 A3 ’ ]
8nmin® (a; 3) — n* max (o Lo(Ry;H Lo(Ry;H)

./2min? (a;
In tis case, minimizing with respect to 7, we find n = ¢ M
max (a3 )

Consequently,
py ) 22/3 max1/3 (o )
A%, iy < 3min?/3 (a; B)
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2
2 (1) " H U2 (1) A3y ‘ ] 17
[Hp O ey TP La(Ro3H) (17)
From inequality (17), taking into account mequahty (3), we get
2202 22/3 max!/3 (a; )
H u HLQ(R+;H) =~ 3min®/3 (a ﬁ) H ou HLQ(R+» H) -
As a result,
91/3 haxl/6 (a' ﬂ)
2./ ’
Now estimate the norm HA3UH Lo(Ry:H)" From inequality (3) we have
— iR > (|02 (1) 4% ’ > min (a; ) || A%
min (a; 3) 0UN Lo (Ry;H) = ||P Lo(Ry:H) Lao(Ry;H)
Hence we get
A%l ) < o gy ol
L2(R:H) = min? (a; ) 0YN Ly (R4 H)
or
47

UHLz(R_»,_;H) < min (Oé,ﬁ) ||P0uHL2(R+;H) :

Then theorem is proved.

Now study the operator P;.

Lemma 2. Let AjA~7 € L(H,H), j=1,2,3. Then P is a bounded operator
form the space W;K(R+; H) to the space Lo (Ry; H).

Proof. For any u (t) € W;K(R_H H) we have:

1 Prullpy iy = HAW” + Asu’ + A3UHL2(R+;H) < HAlA_IHHHH HA“NHLQ(RJr;H) +

1A A7y 1420y + 14547 147

(Ry;H) UHLQ(RJr;H) :

Taking into attention the theorem on intermeate derivatives, [1, chapter 1], form the
last inequality we get

||P1uHL2(R+;H) < const Hu‘|W§(R+;H) :

The lemma is proved.
Now formulate the conditions of regular solvability of boundary value problem

(1),(2).
Theorem 2. Let A be a positive-definite self-adjoint operator, K € L (H1/2; H5/2),

1
ReC >0, — ¢ o (C), the operator K, g be boundedly invertible in the space
) \/O?WQ
Hsj, AjA™) € L(H,H), j=1,2,3, and the following inequality be fulfilled:
a HA1A71||H—>H + a2 HAQA?ZHH—»H + a3 HA3A73HH—>H <1

where the numbers a;, j = 1,2,3, were determined in theorem 1. Then boundary
value problem (1),(2) is regularly solvable.
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Proof. Represent boundary value problem (1),(2) in the form of the operator
equation
Pou(t) + Pru(t) = f (1),
where f(t) € Lo (Ry; H), u(t) € W;K (Ri;H) .

In [5] it was proved that if A is a positive-definite self-adjoint operator, K €
1
L (H1/27 H5/2), — 5= ¢ o (C), and the operator K, g is boundedly invertible
W9
in the space Hj/y, then the operator Py has a bounded inverse Py L acting form
the space Lo (R4; H) to the space W23K (R4; H). Then after replacement u (t) =

Py ly (t), where v (t) € Ly (Ry; H) , in Ly (Ry; H) we have the equation
(E+P Py vt =f(1),

where F is a unit operaotr. Show that subject to the theorem’s conditions, the norm
of the operator P Py ! is less than a unit. Taking into-account inequality (10), we
have:

HPlP()_IVHL2(R+;H) = [|Prullpyr, ) < HAluﬁHLg(m;H) +
A2 || gy + 148Ul Loy iy < 1AATH | (1497 gy +
+ HA2A_2HH—>H HAQUIHLQ(R+;H) + HA3A_3HH—>H HA3uHL2(R+;H) =

Sa HAlA_lHH—Jl HPOu”Lz(R+;H) + a2 HA2A_2HH—>H HPOU’HLZ(R+;H) -

3
+as | A A7y 1Pl sy = D5 [T AT | gy WLy -
j=1

Thus,
3

HPlP(;1HLz(R-&-;H)HL2(R+;H) = Z%’ 4547 e < 1
j=1

Consequently, subject to this inequality, the operator £+ P F, is invertible in the
space Lo (Ry; H) and u (t) is determined by the formula

u(t) =P (E+ PR f(1),

moreover

-1 _1\—1
Il o < 16 ey | B+ BB

x Hf||L2(R+;H) < const ”fHLQ(R+;H) :

The theorem is proved.

Corollary. At conditions of theorem 2, the operator P is an isomorphism from
W;’K (Ry;H) onto Ly (Ry; H).

Note that in the case K = 0, the obtained results coincide with the results of
[4], in the case K = 0 and Az = 0 with the results of [6], in the case K = 0 and
a = [ =1 with the results of [7].
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