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AN OPTIMAL SPEED PROBLEM FOR A BAR
OSCILLATION EQUATION WITH DISTRIBUTED
CONTROL

Abstract

In the paper, an optimal speed problem for a bar oscillation equation with
distributed control is considered. For the optimal control the expression in the
form of a series is obtained, and for determining the speed time an effective
algorithm is suggested.

There exist oscillating and wave processes whose mathematical description is
reduced to a mixed problem for a fourth order hyperbolic equation. A number of
problems on oscillations of bars, tuning fork, stability analysis of rotating shafts,
study of vessel vibrations reduce to such equations. Therefore, it is natural to state
different optimal control problems for such equations [1,2,3].

Problem statement. Consider a speed optimal-control problem of a process
described by the bar oscillations equation

Pu  0*u

er@:z/(x,t), (x,t)e@@={0<z<l; 0<t<T}, (1)

with boundary

Ou(o,t)  O*u(l,t)

u(0,t) =u(l,t) =0,

0z2 0z2
and initial conditions
0 0
u(z,0) =wug(z), u(;t’):ul(a:), 0<z<l, (3)

where u (z, t) is the process state, v (x, t) is a control function from Lo (Q). In place of
admissible controls we take the ball |||, ) < R, where R > 0 is the given number.

Suppose that ug € WQQ’O (0,1), u; € L2 (0,1). Under these conditions, for each fixed
admissible control v problem (1)-(3) has a unique generalized solution u (z,t) from
C (0,73 W34 (0,1), Ly (0,1)) [4]. Hence it follows that u € C (0, T; W3, (0,1)), % €
C(0,T; Ly (0,1)).

The following optimal control problem is stated: to find the admissible control
v (x,t) from the ball [[v[|,, ) < R that takes system (1), (2) from the given initial
state (3) is to the final zero state for the least time T' [5,6], i.e. for minimal time the
following condition is fulfilled:

ou (x,t)

o) le=7 =0,
(@) =t o |

= 0. (4)
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Problem solution. By the Fourier method we can represent the solution of
problem (1)-(3) for the given admissible control v (z,t) in the form

u(z,t) = g (u% cos ('%T)thr <klw>2u”“ sin (T)Z) Xk (z)+

t l

+§: x v (€,7) Xy, (€) d€ | sin i 2(t—T)dTXk(ﬂc% (5)
=\ kn A !

0

4 .
where A\, = (kT”) , Xk (z) = sin kl” x are eigen values and orthogonal eigen functions
of the spectral problem

XV(z)=AX () =0, X(0)=X()=X"(0)=X"()=0,
uor and w1y are Fourier coefficients of the functions wug () and wuy (x), respectively

in the system of functions Xy, ().
Introduce the denotation

k2 k2
air = — | ugg cos T T+ U1k Sin T T,
k2 2 k
Qg = (;) U Sin (;r) T — uqy, cos ( ;) T, k=12,..

From conditions (4), according to (5), we have:

T 1
//1/ €7V Ki (€m0, T)dedr  (i=1,2),
00

where

ZaZk sin —x (1=1,2), (6)

00 2 2
Ky (& T1,2,T) = Z (;ﬂ) sin <l<:l7r) (T — 7)sin kTa: sin k—ﬂf, (7)

k=1
9 (&, 1,2,T) Zcos( ) T—7) skaxsmk—Trﬁ’ (8)

For solving the stated optimal speed problem we use the results obtained in [6]
(chapter X, § 2).
It is known [6] that an optimal control problem is represented in the form

v (E7) = || / Z% K (€7, 2T) dr, (9)
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and the least positive root T of the equation

2

| T l 2
[ S e @ricranin) dir= (10)
00 Lo =1

gives the speed time, and the unknown functions ¢, (z) (i = 1,2)are determined
from the system of equations

Iy 1T
P [ Yoy @) [ [ (€maT) Koy € T dedrdo=ay () (0= 1.2). (11
o J=1 00

Introduce the function

;@) = vl e; (@) (G=1,2) (12)

and substitute (12) into expression (9)-(11). We look for the function ¢; (z) (j =1,2)
in the form of expansion of the Fourier series

60 = Lusn'r (=12, (13)

where

1
2 . T . .
Y= l/z/Jj (x) sin de:c, 1=1,2,..; 7=1,2.
0

Using formula (6)-(8) and (12), we represent system (11) in the form

! I T ¢ N2 2 . ,

. 1 7/ ¥4

/¢1 (x) // [Z m’) sin (l) (T — 7)sin 75 sin —-ax

0 00

2 2
X Z <kl7r> sin (T) (T — 7)sin kTﬂﬁsin k;Ty] dédrdx+
> i\ 2 v v
Z cos () (T — 7) sin 7§sin Wide

0 2 2
X Z <l> sin <kl7T> (T — 7)sin kTﬂﬁsin kZTy] dédrdx =

LT[ 2 L\ 2 : .
/1/)1 (z) // [Z (zir) sin (7) (T —7) sin%gsin%xx
0 00
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o0 2
X kzl cos <k:l77) (T — 7)sin kTﬂf sin k:;ry] dédrdz+
l LT - L o
—I—/wz (x) // [z; cos (T) (T — 7)sin —f sin ZTWxX
0 00 =
> k)2 o km . km > o km
X ; cos <l> (T — 7)sin T§ sin ly] dédrdx = 2 Qg SI0 ==y

Using the orthogonality of X}, (x) in Lo (0,1), we get the following system for finding
the coefficients 1; and 1y; (1 =1,2,...)

Py <€ W 51n2\FT> + o, < COS2\FT> 5 A, (14)

1 T
(L (4—c052\fT> +¢Qz< 2\fT> )\0421 i1=1,2,....

For each ¢ the chief determinant of this system

T 1 1
A, — 5—m81n2\/)\7T 1 — 1cos2y/ AT _
1 — 1cos2V/ AT LN —|—rs1n2\/>T
T2
:Z)\ sin 24/ \ Tf sin 24/ \;T—

. 1
—1—6 sin? 24/ \T — E + 3 cos 24/ N\ T—
1 T2 11
16 cos? 24/ \T = Z/\i - =+ gcos PAVO.VI

8
and auxiliary determinants

Ans — %)\iau % %COSQ\FT _
L l%)\iagi %)\ +\/781H2\/7T

_ 2T041i/\12 + )\i\/)\»iah‘ sin 2\/)?T _ )\iagi + )\iagi COS 2\/)\>Z'T

12 12 12 12
T 1 : 4
Ay — 5 - 4f sin 2\ T ZAia1; _
T — Tcos2y AT l%)\iagi
2T>\ia2i \/)Tiagi sin 2\/)\>Z‘T )\iali )\iali COS 2\/)\>iT
- 12 o 12 2 + 12 :

Then from the system of equations (14) it follows that

ﬁ B 2TO£1¢/\Z2 + )\i\/)TiOZM sin QmT — A;jQig; — A;jQug; COS QmT
Ai 12 (T{)\i — 1+ £ cos 2\/)\7-T)

0
1/111‘ =

)
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Ao; 2T \jauo; — \/7'0522' sin 2\/7'T — \iov1; + Ajog; cos 2\/)\71'T

Uy = = . i=1,2,..
A 12 <T2)\ —7+8cos2\rT>

or
16T ;A7 + 8M\iv/ A sin 2/ AT — 8\;aua; (1 — cos 2¢/NT)

12 (2T2)\i — (1 — cos 2\//\7T)) ’
0 _ 16T/\i042i — 8\/):'0421' sin 2\/)\>Z'T — 8)\1'0411' (1 — COS 2\//\>iT)
2 12 (2T2)\- - (1 — oS 2\/)TiT)) ’

Substituting the found values of 1?;, 19, in (13) and take account (9) and (12),
we get the optimal control

w?i = (15)

i=1,2,...

oo 2 l
ZZ/wﬂsm eK; (&, 7,2T) dx.
0

i=1 j=1

From formula (10) it follows that the least positive root T" of the equation

| & 1 /T 1 1 1
LS 00 (5 afoein) s (1 fomasn)
i=1 ¢ !

+(8)* (3 + prmsmeVaT)] = (16)

gives the optimal speed time. Thus we proved

Theorem. Let the following conditions be fulfilled: ug € W3 (0,1), uy € La (0,1).
Then the solution of the optimal speed problem in the ball ||V||L2(Q) < R for mized
problem (1)-(3) is represented in the form

o l
Vo(x,t):ZZ/z/J sin Kj(x,t,&,T)dE,
0

i=1 j=1

where Q/J?i is determined by formula (15), and the least positive root of equation (16)
gives the optimal speed time.

For finding the least positive root T" of equation (16) we can suggest the following
algorithm [6].

Write the system

l
[ 3@ Ky @y Ty de=a; ), =12 (17)
0 =1
)
ver) = [ Y@ K&
0 i=1

1/2

. T
1
vl = V2 (x,t) dedt =——<R,
vl M (. o
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where

I T
Kij (z, y,T)://K' & r,2,T)K; (& 1,y,T)dédr,
0

2 3

I T 12
z{ {Z% K; (&t 2, T)de| dédt

=1

We give the first approximation 1" = T7.

By solving system (17), we find ¢, () (i =1,2).

We calculate ||v||, verify the inequality ||v|| < R. If |v|| < R, then in the next
approximation we take Tp = Ty — ATy, where ATy > 0. For ||v|| > R we assume
Ty =11 + ATy, ATy > 0. The process is repeated until we find the least time Ty at
which the condition F (¢) = % is fulfilled, and for T = Ty — AT}, where AT is an
infinite small positive value, this condition violates, i.e. ||| > R.
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