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Abstract

In the paper we consider on a semi-axis a second order operator-differential
equation with an integral boundary condition, and indicate sufficient conditions
on operator coefficients of the boundary value problem at which it is regular
solvable. Furthermore, we find the completeness conditions of the chain of eigen
and adjoint vectors generated by the considered boundary value problem, and
establish the completeness of descending elementary solutions of the operator-
differential equation under consideration.

Consider in separable Hilbert space H a polynomial operator bundle

P (λ) = −λ2E + λA1 + A2 + A2 (1)

and the appropriate boundary value problem

P (d/dt)u = −d2u

dt2
+ A2u + A1

du

dt
+ A2u(t) = 0, t ∈ R+ = (0,∞) (2)

Lu = u(0)−
∞∫

0

K(s)u(s)ds−
∞∫

0

K1(s)u′(s)ds = ϕ, (3)

where u(t) is a vector-function with the values in H, ϕ ∈ H, A, A1, A2 are linear,
generally speaking, unbounded operators in H, the operators K(s) and K1(s) for
any s ∈ R are linear operators in H, the derivatives are understood in the sense of
distributions theory [1].

Let A be a positive-definite self-adjoint operator in H. Denote by Hγ =
= D(Aγ), γ ≥ 0 the space of Hilbert scales generated by the operator A, i.e. in
space H the scalar derivative is determined as follows (x, y)γ = (Aγx,Aγy).

Denote by L2(R+; H) a Hilbert space of vector-functions f(t) with the values in
H, for which the norm is finite [1]

‖f‖L2(R+;H) =




∞∫

0

‖f(t)‖2 dt




1/2

.

Then the linear space [1]

W l
2(R+;H) =

{
u : u(l), A(l)u ∈ L2(R+; H)

}
, l = 1, 2.

is a complete Hilbert space with respect to the norm

‖u‖W l
2(R+;H) =

(∥∥∥u(l)
∥∥∥

2

L2(R+;H)
+

∥∥∥A(l)u
∥∥∥

2

L2(R+;H)

)1/2

, l = 1, 2.


