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OPERATORS

Abstract

In the paper finded the asimptotics of eigen numbers of discontinuous con-
dition Sturm-Liouville operators, learned the properties of the eigen numbers
of Dirichlet’s and Dirichlet-Neumann’s boundary problems and proved the sim-
plicity of zeros of the characteristic function of Dirichlet-Neumann’s boundary
problem.

Let’s consider on the interval (0,7) at the point a € (0,7) the discontinuous
condition Sturm-Liouville equation:

—y" +q(x)y =Ny, (1)
y(a+0)=ay(a—0),

Y (a+0)=a ly(a—0), (2)

where (2) are discontinuity conditions, A is a spectral parameter, ¢ (z) is a real-
valued function in the space Lo (0,7), @ € R and « # 0, 1.

Note that taking
a, r<a,
p(x) = 1, z>a

we can write problem (1), (2) in the form of the equation

(@) (pl(x) () y>’) T a(e)y =Ny

Let’s consider the following boundary conditions:

y(0) =y () =0 (3)
y(0) =y (7) =0 (4)
y(0) —y(m) =0, 3 (0) =y (7)=0 (5)
y(0)+y(m) =0, ¥ (0)+y (7)=0. (6)

For o« = 1 the asymptotics of eigen numbers for (1), (2), (3) (Dirichlet prob-
lem), (1), (2), (4) (Dirichlet-Neumann problem), (1), (2), (5) (periodic problem),
(1), (2), (6) (antiperiodic problem) is known (see [3]). For a # 1, wew’ll study
the asymptotics of boundary value problems and distribution of eigen numbers of
the Dirichlet-Neumann problem on a real axis. For that at first we construct char-
acteristic functions of boundary value problems and their asymptotic expansions.
Assume that s (A, z), ¢ (A, x), sz (A, z), ¢ (A, x) are the solutions satisfying the ini-
tial conditions s (\,0) = ¢ (X,0) = s (A\,7) = . (A, 7)) =0, s (\0)=c(\0)=

—~ =
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st (A, m) =cx (\,7) =1 of equation (1). Then we can write characteristic functions
of boundary value problems (1),(2),(3), (1),(2),(4), (1),(2),(5), (1),(2),(6) as follows:

xp N =as(\a)s. (N a)—atsy (\a)s' (\a) (7)
xpny (A) = as (N, a)c; ()\ a) —ateg (N a)s (M a) (8)
Xp (A) =2 —=2uy () 9)
Yo (V) =2+ 2u; (V) (10)
where )
ue () = 2 (e () —a b (V).
x1 (A) = sz (N, a)d (N, a) —cr (N, a) s (N a)
X2 (A\) = s (N a)c(Na) — . (N a)s(\a). (11)
When ¢ (z) = 0, the characteristic functions
vbo (V) = at sm)\)m o sin A (ia —7)

+

Xpn,o (A) = —a™ cos sAT + a” cos A (2a — )

Xpo (A) =2 (1 — o cosAn)
Xao (X)) =2 (1 —af cosAr),

(
where at =1 (a+ 1), a==1(a-1).
Before we pass to asymptotic expansions of characteristic functions, prove the
following lemma.
Lemma 1. For the function g (x) € Ly (0,7) and any sequence y, = n+ hY 4

(2) .
h% the relation

b2 b2
B34 /g (x) sinypxdr + By /g (z) cosypxdx p € o
b1 bl

is true. Where 3; € C, b; € [0, 7], sup o) ,ji=1,2.

Proof. Let’s determine the function G (z) satisfying the condition G (z) =
g(x),z €[b1,ba],G(x) =0,z € [-m,b1] or x € [ba,nw]. Then G (z) € Ly (—m, 7).

b2 b2
B4 /g () sinypxdx + B, /g (x) cos ypxdr =
b1 bl

=0 /G () sinypxdr + By / G (z) cos ypxdr =

- 762 ;Zﬁl /G (x) eV dy + LQ —;Zﬂl /G (x) e~ WnT g,
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Prove that

/G(:U) YTy b € Iy, /G(x) e~y 5 € ly

s ™
(2)
. (1) Shy
Qp = /G(x) e tdr = /G(:c) i@ gihn @I g0 —

— /G (1’) ein:peihgl)x (1 +0 (]‘)> dr =
n
— /G(ﬂ?) eina:eihgil)acdx +0 <1> 7 {O (1)} € ly
n n

-7

w b o (Zh(l))k i
/G(a:) ¢ i g — /G(ac) e dx + Z A /G(m) e dy
— kK ’

/G (z)e™dx 3 € Iy

( ) Bunyakovski

inequality:

According to Parseval’s equality,

o0 OO

Z /G ek d <( —1) 3 ;;T/W‘G(:L‘)xk‘zdxg
k=1"""" 2.

n=—o00 |k=1

2i( W _q i o /G ]da;_—( —1)(6”2—1>/\G(a:)]2da;<oo.

So, {an} € la. The lemma is proved
Using Lemma 1 and the inequalities |sin Az| < el™A jcos x| < eMmA7l 2 €
[—7, 7], take into account asymptotic expansions of the functions s (A, x), ¢ (A, ),
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Sz (Ax), ¢z (N ) (see: [3], p. 18) in expressions (7)-(11). Then for the character-
istic functions of boundary value problems we can write the following asymptotic
expansions:

Aat cos A — Ba” cos A (2a — moel J1 (A
Xo () = xp0 ) - o oAy mar AN 1
+ . —_ . _
Xpn (A) = Xpno (A) — Ao sin A+ Bf\x sin A (2a — ) + eImeQ)(\)Q’ (13)
2Aa™ sin A moxl f3 (A
Xy (0 = X0 (3) — ATy mar f5 () (14)
2Aat sin A A
Xa () = X () + 22X IAT | jimaet J1 ) (15)
where
1 1
A=; [awd. B=3 | [awar- [awar).
0 a 0

B2

sup |fi (V)] < 00, {fis (yn)} € 2, b =1.2.3.4, yn =n+h{D + =

is a sequence satisfying the condition sup ‘h,(f )‘ < 00, j =1,2. In [2], the distribution
of eigen numbers of periodic and anti-periodic boundary value problems on a real axis

was shown. Simplicity of all the zeros of the function x p (\F)\) and the zeros of the
functions y,, <ﬁ> and x, (ﬁ) begining from some term, was proved. Now prove

the simplicity of all the zeros of the function xpy (ﬁ) and show its distribution
an a real axis.
Lemma 2. The zeros of the function xpy (v/z) are simple.

Proof. Assume that the numbers vy are the zeros of the function xpy (v/2).
€

Let ¢y (z,2) & s(vz,2) ¢, (VZ.a), @5 (2:2) D ex (vZ,2) 8 (VZ,a) . Tt is casy to

prove that (see [2], p. 26) the inequality
a ™
a/gp% (g, ) dz 4+ ot / o5 (v, ) dz = xpy (VVER) 8" (VP @) ¢ (Vg a)
0 a
is true. It is clear that vy, £ = 1,2, ... are real numbers. From the last equality we
get that xpy («/Vk) #0, k=1,2,... is satisfied. Thus, the lemma is proved,

Let the numbers \; be the zeros of the function x py (v/2).
Lemma 3. For the numbers A\, and vy, the relation

—00 <V < AN <V <A <3< A3< .. <V < A < .o

s true.

r (Vg
Proof. It is clear that as (\/E, a) = _lM /

(Vona) s' (V Ak, a). If we take into

as!
account this expression in

o (V) = s (V) &, (Vi) e (Vi) ¢ (V).
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we get the equality

1 sz (VAk, @)
wov (V) = L),
Y (Vi

It is clear that signm = signxp (VM) = (—=1)F (see 2], p. 28). So,

signxpx (V) = (1) (17)

Allowing for (13),

This equality and (17) shows the validity of the lemma.
Assume that the numbers z,(cl) and z,(f) are the zeros of the functions Fj (z) =

sinmz + vsinbz, Fy (z) = cosmz + veosbz, ([v] < 1,0 < b < ), respectively

k 1 1
= : - — - Iy = : =k+-5.
Gy, {z ’Rez 2’ < 2}, k {z Rez =k 2}

Lemma 4. On each domain Gapyj—1 the function Fj(z) has a unique zero, all
zeros are real, and they satisfy the relation

inf | — 43)\ >1-20>0, (18)
s#EM
where 6 = %arcsin lv|, j=1,2.

Proof. It is easy to show that the inequality |V cos (gj + bz) ‘ < |cos (gj + 7rz) ,
z € I'opyj1, j = 1,2 is true. It is clear that at each domain Gg,;_1 the function
cos (% 7+ 772), j = 1,2 has a unique zero. According to the Rouche theorem, at each
domain Gapyj—1, j = 1,2 the function Fj (z), j = 1,2 has a unique zero

sinmz = |v], z=wl =(=1)"0+n;

sinmz=— v, z=0l) = (=1)"" 0+ n;
2) 1 2) 1,
cosmz = |v], z:w;n:2n+9—§, z:U;n+1:2n_9+§’
@) 1 (2) 1
COSﬂz:—M,z:w2n+1:2n+9+§, 2:0271:271—9—5,

1 1
6 = —arcsin|v|, 0<6< .
T 2

It is clear that F (Ug)) F} (ng)) < 0,7 =1,2. So, for each number n there exists
a real number z,gj) such that z,gj) € [0(j),w(j)] and F} (zgj)) =0,7=1,21e.

27(3) S G2n+j_1,j =1,2.
We proved the first part of the lemma. Now prove the validity of relation (18)

inf |21 — z(l)) = inf‘ (1)
5 k

(1)
o m g+l T Pk ‘ >
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. 1 1
> min {Héf ‘U](C_zl — ak)

. (1 1

,Héf’wk_gl—wé)‘} =1-20>0,
inf
s#m

Thus, the lemma is proved completely.
Lemma 5. There exists a number ¢ > 0 independent of the numbers 6 > 0 and

. 2 2 . 2 2
z§2>_2g)’ :lgf’z,gjl—z,g)‘ zlgf’a;jl—w;)‘ —1-20>0.

n such that for z : ‘z — 2'1(3)‘ < 9§ the inequality

[y (2)] 2 e|z = 20| eltmenl, = 1,2 (19)

18 satisfied, where § << 1 — 26.
Proof. At first prove that the relation

inf ‘Fj (zgﬂ)‘ >d >0, j=1,2 (20)

is true. Assume that j =1

7 ()]

™

>

coS 7TZ£L1) + éI/ cos bzﬁll)
T

b
cos m=f?)| - ’
T

‘ v COs bzg)

' _

1 — sin? mﬁ}) — (%)2 V2 4 (%)2 sin? mﬁf)

‘COSQ 7rz7(11) - (%)2 V2 cos? bzg)

‘coswz,(ll)‘qtlb?”} l/cosbzr(}) 1+ b?y| a
1= ()14 ()’
1+ || ’
b (1 1?)
/[, (1) 2N )
7 (40)] > L

for b =0,
Thus,

F| <27(L1)>‘ = |F{ (n)] =7 > 0. For j =2 (20) is proved in the same way.

inf | F; (zg))\ —d>0, j=1,2

It is known that

Fj(z) = F; (zg)) (z - 2,(1]')> +o (z - 2,(1]')> ozl = |29, j=1,2.
From this equality we get that the relation
_ (j))‘
olz— 2y
()] > {(j)’_H ‘_<j>>
|F; (2)] > ‘FJ (zn> ‘Z_Zg) 2=z >
=) L ~
> =7 ‘z—z,gﬂ), 2] — |20)], j=1,2

‘z—zn
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is true. It is clear that one can find a number dg > 0 such that for each integer
()
. 0O Z—2Zn /
U < dp the inequality ——— < 5 be true. Denote 6 =
e

Zn

n, when z : ‘z—z

min {(50, 1_2—29} According to the last inequality, the relation

Q\

’FJ(Z)’ > 9 Z_Zr(zj) , J=12
is true. Thus,
/ /
| (2) 2% z— 29 = Der z— 20" >
! . , d
2 oo z—zgj)‘eumzﬂ = c‘z—zflj)‘eum”‘, c= 5 >0, j=1,2.

The lemma is proved.

Note that the estimates (18) and (20) may be obtained by other ways as well
(see: [1]).

Assume that the function x (z) is one of the functions Fj (z) or Fs(z), the
numbers z o are its zeros, X (z) is a function consisting of any linear combination
of the functions e ™%, /™% ¢~ % the function f (z) is a function satisfying the

i)} € ly, sup |h}| < o0

2k,0

conditions sup sup |f (z)| < oo and {f (z;@o +

1 (2) % xo(2) + X&) 4 gt 1) (21)

Let the numbers z;, be the zeros of the function x (2).
Theorem 1. For the numbers z, the asymptotic expansion formula

R X (21.,0) )
Zk:Zk,o—l-L-l-L,Oék =—-——"", {ak } €l (22)
Zk,0 Zk,0 X0 (Zk,o)
18 true.
Proof. First we prove that

iy

2 = 2o + P sup |hg| < oo (23)
k

)

is true. It is easy to prove that X (z) = el™27l0 (1), |z| — oo is true. Then we
can find a natural number ky and a number ¢y > 0 such that for z : |z] > ko the
inequality ’e"lmzﬂ%(z) + [ (2)| < co is satisfied, and furthermore §; = ol < g.

Thus, for z : |z — 20| < d1, |2| > § is true. According to (19), the inequality

‘X(Z) - X0 (Z)‘ — |6_|Im27r|%(2) + f(2)|€|lmz7r| < io|e|1mzw\ <

2| z

2
< %ellmwl < cdpememl < Ix0 (2)]

is true. According to the Rouche theorem, for each natural number k > 2kq the
function x (z) has a unique zero at each domain |z — zj o| < d1. Denote this zero by
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2. According to Lemma 4, we can write the relation z, 0 = O (k), k — co. So, the
relation

I
2 — 20 = X7 sup |hg| < oo

)

or L
k
2% = 2o+ ——, sup|hy| < oo
2E,0
is true.
Write the following equalities:
- 2
oitze — eitzk,oe”% — eft2k,0 <1 + hkit) +0 (1> . k— oo
Zk,0 Zk,0
or

itzy itz hk itz\! 1 ?
et = e —i—?(e ) lz=z0 + O % , k — oo.

According to this equality, we can state the validity of relations

2k,0

)

h 1\?
:iﬁ) (zk,0)+0<<) ) ) k‘—>OO,
ZE,0 2k,0

h 1\?
m%ﬁv&%@@+0«%9>,kﬁm (24)

2
Xo (2k) = Xo (2k,0) + Lo Xo (2k0) + O <<1> ) -
2k,0

;T
|
2

2
X (2k) = X (2,0) + thk%' (z6,0) + O <<1> )

Zk,0

)

From the last equality, we can write the validity of

z@w:z@m+o<<lf>,hﬁm (25)

2k Zk,0 2k,0

According to (24) and (25),

X 2
0=x(z) = &Xf) (2k,0) + X (20) + f () +0 ((1> ) ’

Zk,0 ZE,0 2k,0 ZE,0
1 2
hi = oz§g )+ oz,(C ),

- 1
@ X(zk0) @2 fz) +0 (%0)
Q= g = 7 -
Xo (Zk:,o) Xo (Zk:,o)

According to (20), sup

1 (2)
x{)(Zk,o)‘ < 0o. Hence {ak } € lo.

The theorem is proved.
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If in expression (21) of the function y (z) we accept

1) x(z) = a+XD (2), X0 (2) = O%XDO( z),
X(z) =% (Aoﬁr cos zm — Ba~ cosz( a—m), f(z) =5 (2);
2) x (2) = =X xpn (2), X0 (2) = = Xpwo (2),
X (z) = O#( Aatsinzm + Ba~sinz (2a — 7)), f(z) = —O#fg (2);
3)x () = 201l+xp (2), X0 (2) = coszm— =, X (2) = Asiner, f (2) = — 5,5 f3 (2);

4) X (2) = 507 Xa (2)s Xo (2) = cos 2w + 35, X (2) = Asinzr, f(2) = =507 fa (2),
we prove the following theorem for asymptotics of eigen numbers of Dirichlet, Dirich-
let — Neumann periodic and antiperiodic problems.

Theorem 2. For the eigen values A, vy, 1t of problems (1),(2),(3), (1),(2),(4),

(1),(2),(5),(6)

/ On
)\:n+ )
e e

Aat cos /Anom — Ba™ cos /Ao (2a — )

a, = ,{an} €ly
No (M)
Vn = 4/Vn,0 Tro
Ao sin /7y, om + Ba” sin/Un ) {8} el
n 2

= Xpn (ﬁ)

\/ Mn0+
\/MnO \/ unO

1
pro=n+6y, 6, == arccos — A} €l
: T

1 1
+

= —(a+=
o 2<a a)

where the numbers Ay, 0, V1,0, ,uétmo, :uétnﬂ,o are the zeros of the functions xp ¢ (v/2),
Xpno (VZ), Xpo (VZ) and xq0 (v/), respectively.
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