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Gahira L. SHAHBAZOVA

ASYMPTOTICS OF THE NUMBER OF EIGEN
VALUES OF 2n-th ORDER
OPERATOR-DIFFERENTIAL EQUATIONS ON A
SEMI —AXIS

Abstract

In the paper the Green function and the spectrum of even higher order
operator-differential equations are studied, and an asymptotic formula for the
number of eigen values are obtained. As first the Green function of the principal
part of the equation with frozen coefficients is constructed. By using the levy
method, the integral equation is obtained for the Green function of the principal
part of the equation with variable coefficients. In the Banach spaces of operator
valued functions the solution of the obtained integral equation is studied. The
uniform estimation of the Greeen function from which in particular the discrete-
ness of the spectrum is derived, is obtained. Using the Titchmarch’s Tauberian
theorems, the asymptotic formula for the function of distribution of eigen values
of the given operator is obtained.

Let H be a separable Hilbert space. Denote by H; a Hilbert space of strongly
measurable on the interval [0, co) functions f (z) with the values from H for which

/nf o) da < o
The scalar product of the elements f (z), g (x) € H; is determined by the equality
/ ) dx
0

In the space H; =2 [H;0 < x < 00| consider the operator L generated by the differ-
ential expression

2n
Hy) = ()" y® +> Q (2)y® 7, 0<z < oo (1)
j=2
and the boundary conditions
L
Bjylo—o = 47 (0) + 3 at 'y~ (0) = 0 (2)

m=1

Here 0 <l <lhb<..<l,<2n—-1,57=1,2,....,n,y € H; and the derivatives are
understood in the strong sense. Everywhere by @ (z) we’ll denote Q2 ().
L
Let D’ be a totality of all the functions of the form > ¢, (x) fx , where ¢, ()
m=1
are finite, 2n— times continuously- differentiable scalar functions and f € D (Q).
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Determine the operator L’ generated by the expression (1) and boundary con-
ditions (2) with domain of definition D’. Under some conditions on the coefficients
of expressions (1) and boundary conditions the operator L’ is a positive, symmetric
operator in the space Hj.

We'll assume that the closure L of the operator L’ is a self-adjoint and lower
semi-bounded operator in H;.

In this paper we study the Green function and discreteness of the spectrum of
the operator L. Notice that the Green function of the Sturm-Liouville equation
with a self- adjoint operator coefficient was first studied by B.M. Levitan [1], while
the asymptotic distribution of the eigen values of the operator L was studied in the
paper of B.M.Levitan and A.G.Kostychenko [2]. The Green function and asymptotic
behavior of the eigen values of the operator L generated by the expression [ (y) =
— (P (2) ") +Q (z) y in the self-adjoint case was studied by E. Abdukadyrov [3]. The
Green function and asymptotic behavior of eigen values of higher even order operator
given on the whole axis was studied by M. Bairamoglu [4] .The case of a semi-
axis was considered in the paper of G.I.Aslanov [5], A.A. Abudov, and G.I.Aslanov
[6] B.I. Aliyev, M.Bairamoglu [7], G.I. Aslanov and G.I.Kasumova [8] and others.
Note that some spectral and boundary value problems for abstract polyharmonic
operators were considered by G.D.Orujov [9]

We’ll assume that the coefficients of the operator L satisfy the following condi-
tions:

1.The operators @ (x) for almost all z € [0, 00) are self-adjoint in H and exist
commonly for all = of the set D {Q (z)} on which the operators are determined and
symmetric (this, we admit that the operators @ (z) may be unbounded in H)

2.The operators @ (z) are uniformly lower bounded, i.e. for all f € D the
inequality (Q (z) f, f) > c(f, f),c > 0 is fulfilled.

3.For |z —¢| < 1 the inequalities ||[Q (&) — Q ()] Q™% (x)|| < Alx — €|, where

1 a1
0<a<Zl a>0, Q% @Q = @) <a
HQﬁ (x) Q‘i (€) ‘ < c1, c1,co are positive constants, are fulfilled.
4. For |z — | > 1 it is fulfilled the inequality

Jmwq
2

lo©@ew |- 5 - 0% )| <8

where Jmw, = min{mei > O,w?" = —1} ,B>0
1

S.HQj (z) Q%% (x)H <ec¢, j=1,2,...,2n—1, ¢> 0.
6. Suppose that @ (z) for almost all x € [0,00) is inverse to the completely

continuous operator. Denote by a1 () < ag (z) < ... < a, () < ...the eigen values

of the operator @ (x), for which we’ll assume that they are measurable functions.
oo 1—4n

In what follows, for almost all x the series )  «,*" () converges and its sum

=1
F(x) € L1]0,00).
One of the main results of the paper is that the operator R, = (L + ,uE)_1 s>
0 is an integral operator with an operator kernel G (z,n; i) , that is called the Green
operator function of the operator L. By definition of the Green function G (x,n; u) is
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an operator function in H, dependent on two variables x and n (0 < z,n < c0), the
parameter p and satisfy the conditions:

k .
a) % (k=0,1,2,....,2n — 2) is a strongly continuous operator valued
function with respect to variables (x,7);
82n71G , _,'_07 82717164 , _07 .
b) anzgff_“’; #) _ 8n§f§_ﬁ W — (—1)"E;

1y am 2”*1G(2n_j) ‘ G0
v)  (=1D)"GyT + 22 U Qj () + pG =
J:

L) b 1) lly—m) .
q) BjGly=0 =Gy (z,0;0) + > oGy’ (2,0,p) = 0,5 =1,2,...,n
m=1
d) G*(z,n,p) =G (n,,um

o) [1G 0wl dy < .
0

Note that condition d) provides symmetry H; of the integral operator

Af = /G(n,w,u)f(n)dn-
0

The Green function of the operator L is studied in three stages.
In the first stage the Green function of the operator L; generated by the differ-
ential expression

Ly)=(-1)"y® +Q &)y + py (3)

and boundary conditions (2) is constructed. Here ”{” is a fixed point.
In the second stage we construct and study some properties of the Green function
of the operator Ly generated by the differential expression

lo(y) = (—1)"y®) +Q (&) y + py (4)

and boundary conditions (2).
In the third stage the Green function of the operator L,generated by the differ-
ential expression (1) and boundary conditions (2) is studied

Construction of the Green function of the operator I,
The Green function Gi (z,n,&, 1) of the operator L we’ll seek in the form:

Gi(x,n,&p) =g x,n&p) +V(x,nE (5)

where g (1, z, &, 1) is the Green function of the equation /1 (y) = 0 on the whole axis.
As is known [4], it is of the form:

1 . ,
g(x,n,f,,u):%Kl 2"+ZwkeXP(ZWk|$*77|K) (6)
k=1

Here the roots from (-1) of degree 2n lying in the upper half-plane are denoted
1
by wy and K¢ = [Q (§) + pE]2~ .
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As  — oo the function V (x,n,&, p) is the bounded solution of the following

problem :

BV |z=0 = —Bjg =0
For the general solution of equation (7) we get:
1-2n n

Vv (.1‘,77,5,,[1,) = 3 - ZAk (77’&"“) eika&

2n1
k=1

The coefficients A, are determined from boundary conditions (8).

obtained system of equations:

(7)
(8)

(9)

Write the

b Ly
V) 4 Zagflj)v(lj*m) =— [gW) + Zag{)g(lfm) i=1,2,...n

=0 m= =0

or in the expanded form

(1K) ZAkwk +Za£,l1) iK¢) mZAka =
k=1 m=1

n lj n

. . Li+1 i li— 1 5 .
= — |(iKe) Y wy et 4 N QIS T e | G 1.2,

k=1 m=1 k=1
Making regrouping of the addends in this system, we get:

lj —m+1

I;Ak wk Z ZKE

m=

n o j) l~—m+1
lj+1 m i .
= — wp o+ E eewrn j =1 92 . n.
’LK

(10)
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I (11) l1 m n li (1), li—m+1
_ l1+1 Qm "Wy iw Ken
+ Z (lKg) . kzz:l |:wk +mz::1 (ZKg)m :|€ kB
Ak = | e e
In  (In) Iln—m n 1 (1) l1—m+1 )
l Q"W l1+1 Qm Wy iwg K
wi* + 71771 — w ! —+ k'm,:| eWreBen

pe S -5 e 25

l 11—
) l—m

l m n
Wik ; (ke

m=1
I + % a(ln)wln—m
" m=1 (le)m

If we expand the determinant Ay with respect to the elements of the k-th column,
it is easy to see that ‘
Ap = —wpe@rEeNg

Then

Substituting the expression of Ay in (10), we get

1-2n n
K iwi Ke(x+m) (11)

V (a’:7 777 57 /’L)

Then the Green function of the operator L will be of the form

Kl 2n n 1-2n n

iwg|z+n| _ iwg K¢ (z+m)
Gl (55,77757#)— 2m ;w ke -k M kz:lwke REE (12)

We can write the function Gy (z,7,&, 1) in the form

12nn

2m Zwkelwk (z+m) {E - GQZkagn} 2 n

Gl ('CL‘7777£7H) = K1 2"kn1 . (13)
Zw ezwkm n) {E 27,W]€K§’r]}7 xén

Hence we get that as p — oo for the function Gy (9, x, &, 1) it holds the asymptotic
equality
Kl 2n n
S e Kl [ 1y (2, €, )]
k=1

Here as p — oo it holds |7 (z,n, &, p)||; = O (1) uniformly with respect to (z,7).

Gl (LU, 7, 57 :U’)

2m

Construction of the Green function of the operator L

As is known [4] the Green function Gy (z,n, p) of the operator Ly satisfies the
following integral equation:

GM%mMZGM%mw—/bM%QMW@%%NMGM%mM% (14)
0
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where G (x,7; 1) is the Green function of the operator L

For studying the solution of integral equation (14), following the paper [1], we
introduce the Banach spaces Xl,XQ,X?Ep),Xés),XiS) and X§5) (p>1,5>0), whose
elements are the operator functions in A (x,7n) in the space H (0 < x,n < o0), and
the norms are determined in the following form:

o0

1A (@)%, = / / 1A ()| dn s de,
0

0

[e.9]

1A (o2, = / / 1A (@, ml2dn b de.
0

0

Here by [|A (w,n)”% we denote the Hilbert- Schmidt norm (absolute- norm) of the
vector-function A (x,n) in H.

Al = | su / 14 )l dn|

IE<OO

(S S e o)

Al = [ | [ [4@0Q® w], .

0 0

4Gl = sup /qun () .

Ay, = swp sup / 1A ) -

0<r<000<n<0o0

Definition and proof of their completeness in the case —oo < x,1 < co were given
by B.M.Levitan in [1].
Determine the following integral operator:

Az,n) = / G (2,6:1) [Q (€) — Q ()] A (€.m) de (15)
0

The kernel Gy (z,&; 1) [Q (§) — @ (x)] is a bounded operator in H with respect
to variables (z,&,),0 < z,£ < oo for g > 0. Indeed, for |z —¢| <1

1G1 (2, &) [Q () — Q (@)l =

1
o

‘[Q (&) + nE] =T Zwkeiwk[Q(E)+uE] o |z+E] %
k=1

< [E 47 (@& 0)][Q€) ~ Q@) <
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<1t O Z H ) 4 pE] 2" crlQEOTuEls ¢l [ (¢) — @ (x)]H <
<90 +um)' T RO - QW[ < ¢
For |z —¢| >1:
161 (2.6 1) [Q(6) ~ Q)] <
< PO oy {mion (@ €) + ) |2~ €1{Q () - @)} } <
< cllexp (— T (Q €) + ) o él) Q <5>H +

+c

exp (<2 Q)+ kE) ) o ¢ <

Therefore it makes sense to consider the operator T generated by the kernel
G1 (2,6 1) [Q(6) — Q (x)].

Theorem. It the operator-valued function Q (z) satisfies conditions 1)-4), then
for sufficiently large > 0 the operator N is a contractive operator in the spaces

Xl,Xg,Xép),Xés),Xis) X5 and the following estimation is valid
1
INA(z,n)l, < e 1A (@, 0, B>0, p— oo (16)

In all above considered Banach spaces, equation (13) has a unique solution that
may be obtained with the help of iterations method if only the operator- function
G1 (x,n; 1) belongs to the appropriate space. From estimation (16) it follows that
the norm of the operator N as u — oo tends to zero.

Therefore, as u — oo we get the following asymptotic equality

Go (z,m;p) = G1 (@, m; ) [E + B (2,1, )] (17)

where || (2, 1)y = O (1) & 1 — oo.
In the space H estimate the norm of the operator- function G (z,n; ) :

1+O H 1-2n
X

+HE “2n

|G (z,m; )| <

o
- 1 O n
S rl QB | _ |H_ + /)\JFM S dEy (2)||
0

o
xmax /Wk O\ + w271 4B, (2)|| <
1

_1+0()
- 2

Here w; is the nearest point among wi,wa, ...w, to the real axis.

(L+p) 20 exp [ Tmwy (1+ 1) |z — 7] (18)
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Hence we have:

7 2 1-2n
[ 161 o)y g < EECLD
0

o0
1-2

—2n 2
X/62mel(1+ﬂ)ln2|m_77|dn < mz(l)) (1+p) n X
0

1 1 1 _4n
x L UHO0W) gy (19)
2Jmwq (14 p)2n 8Jmwi

For |Gy (x,n,¢&, u)||§ we have (denote by ||| the Hilbert- Schmidt norm in H)

[HO(l)FiX

2
HGI (%Uafaﬂ)”Q = 4n2

J=1

2

(8, () + ) = et (Bs@) e

Hence

> 2 > 1-2n
161G wigan < FEZEES {500 +0) 5
0 j=1

o0
1
0

1+0(1)P°S i (140 (1))
< i (@) T = Sl

Integrating on the integral [0, co0) with respect to x, we get:

oo 200
[iei@nemian}ar < 2O [rear <o o)
0 0

From estimations (19) and (20) we get that the function G; (z,n; 1) belongs to
the spaces X3 and X» if only the operator function @ (z) satisfies conditions 1) -6).
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Therefore the function Gy (z,n; p) for sufficiently large x> 0 is an element of
the spaces X% and X5 as well . It is proved that the solution of integral equation
(14) is the Green function of the operator L i.e. it satisfies all basic properties of
the Green function.

Construction and asymptotics of the Green function as pu — co of the
operator L.

The Green function G (z,n; ) of the operator L generated by expression (1) and
boundary conditions (2) is sought in the form

G (z,m; 1) = Go (x,m; ) — /Go (z,& 1) p(&;m)dE (21)
0

Using the basic properties of the Green function Gy (x,n; 1) for defining p (€, 7)
we get the following integral equation

2n 82”,]-G n:
p(&m) + Y Qj(x) axg,ffj” #)_

j=1
2n oo
oG
—Z;Qj (ﬂf)/axgnojp(&n) dn=0
= 0

Ox2n—7J

2n .
If we denote F'(z,m;p) = — > Q; (x) 0" JGo e get the equation
j=1

p(&mn) = F(z,n;pn) — /F(%ﬁ;u)p(é“,n) d§ (22)
0

Using the explicit form (12) of the Green function Gg (x,n; p) it is easy to get
the following estimation for the norm of the operator function F'(x,n; ) :

|F (x,n; )| g < ep™Ye™/mervila=2|

Hence

o0
2 _
sup [ IF (e ) dn < e
0§x>ooo

i.e. the function F'(x,n;pu) is an element of the space and X§2) and as  — 00
tends (with respect to the norm of the space X§2)) to zero. Therefore equation (22)

(

in the space X32) has a solution and this solution is unique. Hence in particular it
follows the fact that for sufficiently large p > 0 the solution p (£, 1) of equation (22)
behaves in the same way as R (z,n; ) .

For sufficiently large 1 > 0 the integral operator contained in equation (21) is
contractive (and as pu — oo convergent to zero) and therefore as 1 — oo we have:

G (z,m; 1) = Co (z,m; 1) [E + q (2,13 )], where ||q (z,m; )|l = 0(1) (23)

as jL—»00
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From this asymptotics and from (17) it follows that as p — oo

G (z,n;p) = G1 (,m; 1) [E + p (x,m5 )], where ||p(x,n;p)|lg =0(1)  (24)

as p—oo

Using the expression for the function Gy (z,n; p) for the function G (z,n; u) we
finally get:

1-2n p

QUL REL T S @bl (54 Q (2, ), (25)
k=1

G (x,m;p) =

where |2 (&, 75 1) ;7 = 0 (1) as 1 — oo,
From asymptotics (24) and belonging of G (x,7n; 1) to the space X it follows
that the integral operator generated by the kernel G (z,n; i) is a Hilbert- Schmidt

type operator, i.e.
o0

[ 16 o asy <
0

0

Since G (z,7; 1) is the kernel of the operator (L + pE)~" in Hy we get that the
operator L has a pure discrete spectrum Aq, Ao, ..., Ap... with a unique limit point at
infinity.

Asymptotics of the number of eigen values of the operator L

Denote by ¢ (), ¢y (x),...0, (z),... the orthonormed eigen functions of the
operator L corresponding to eigen valuesAi, g, ..., Ay.... As the function G (z,n; )
is the Green function of the operator L, i.e. the kernel of the resolvent R, =
(L+ pE)™", we can write

o () = (An + 1) /G (2,15 1) ¢, (1) dn (26)
0

Since as p — oo G (z,m; 1) = G1 (x,m; 1) [E + p (z,m; p)] , where

Q(x) + pE] =
2ni

Zwkewk[Q(I)+ﬂE]%|x_"| (1+0(1))
k=1

Gl (l’, m; M) =
from (26) we get

P, ~ (>‘n+ﬂ)/G1 (z,m; 1) @, () dn as p — 00
0

or

f:f; ~ ZGI (15 1) 9y, (1) dny (27)
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Denote a,, = /G1 (x,m; 1) @y, (1) dn. Then we have

<An+ e el

Hence N
S o / (Z ||anuH> d (28)

The expression for a, is the Fourier coeflicient for the operator valued function
G1 (z,m; p) . Then from the Parseval equality we have

ZnannH _ / S 2 (s ) di (20)

Oml

where 74 (z,7m; 1) are diagonal elements of the matrix corresponding to the opera-
tor Go (x,n; 1) in the orthonormed basis composed of eigen vectors 3,, (z) of the
operator @ (x) i.e.

2n n

_ (B (@) 1} S e ¢ivalBrm @412 (1o (1))

T"'mm =
2n1

a=1

Then from (29) we get:

> llaall® =
n=1
s 1-2n p 1 9
2 . B
:/ 2 {{ﬁm (x)z:;ﬂ} Zwae%wm(w)ww‘ "} dn =
0

a=1

1—-2n

B @)+ 1) 7 | I 5 s (w2l
— Z _4n2 Zwae [Bm( ) M] _.I_
0 a=1

n 4 L
+2 Z walu}aQeZ(UJal+0Ja2){5m(23)+u}ﬁ‘ n| dn:

a1,a2=1

- {Bm ( + /’L};n - y 2iwg x nlz u
= Ay Z / B )25 gy
m=1 a=1

1,
+ 2 Z walwag/ % w01+w02)[6 ( )+,LL} 27’L‘ Tl|d77 _

aq,a2=1 0
ayFog

n wi
Z{ﬁm —4n2 {Z . L—i_

a=1 2iwa [By, + p] 7
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n
Wa Was

+2 ) =

aq,a=1 (wal + waz) [6m (:E) + :U’]ﬁ

apFag

(B (@) £} 2"
mzl (B (@) + p}

aq,a0=1
ayFag

ME&;—/%

C,, 1—4n
m=1
where
1 Tl W W
o o
Cn = n? w 1—|—w2 ’
aq,0=1 a1 a2
o] Fag
so,

Ch n
Znann =52 @)

Zwﬂ ra 3

Integrating with respect to x in the interval (0, 00) (taking into account summability

of the function F' (z) = Z (B () + 1) S ), we get

m=1

o0

Ch
/ 5l d = EP Drarmm=

Onl 1 +,u] n

Taking into attention (28), we get

00 1 Cn 00
o s 2 =

)\ +ILL m:l gj-'-u] 2n

The known identity holds ([ ],p. 209)

TN (V) dA li 1
0(A+u)3 2 (N, + p)?

Then from (31) and (32) we can write the relation

()\—l—,u Z/ 2;1'

(30)

(32)

(33)

For obtaining the asymptotics N (\), we use Titchmarsh’s following tauberian

theorem [9] p. 422)
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Theorem. Let f(x) be a non-negative and non-decreasing function, and let as

T — 00
o0

fwdy e
Z($+y)aw/oo{q(§)+$}ﬁ where §>0,a—F>1

If q(z) satisfies the condition

@ Jaes [ 2o <S [ cico-const,
g a9y =
q(§)<z a

q(§)<z <z
then OT (o)
z) v —— Y T — a=B=1 ge.
F@)~ roresy [ ety

q(§)<z

In order to get from formula (33) the asymptotic formula N (A) by means of the
Titchmarsh theorem, the following condition should be fulfilled:

B).There exist positive constants C; and Co such that the following inequality
is fulfilled:

C; > C Cy
5> [ ey [ ety [
2n 2n 2n
m=lg (@)<t m=lg (a)>tPm m=lg (@)<t
Thus we get

Theorem Let conditions 1)- 6) and condition B) be fulfilled. Then for the
function N (X) the following asymptotic formula holds:

C,n? L
N~ 2(2n1)F(21n)I’(121n)%:B (/) A{A_Bm(x)} " dr.
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