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ASYMPTOTICS OF THE SOLUTION IN A
RECTANGLE OF A BOUNDARY VALUE PROBLEM
FOR ONE-CHARACTERISTIC DIFFERENTIAL
EQUATION DEGENERATING INTO A PARABOLIC
EQUATION

Abstract

In a rectangular domain we consider a boundary value problem for a third
order, non-classical type equation degenerating into a second order parabolic
equation. The total asymptotic expansion of the solution of the problem under
consideration in a small parameter is constructed and the remainder term 1is
estimated.

While studying some real phenomena with non-uniform passages from one phys-
ical characteristics to another ones, it is necessary to study singularly perturbed
boundary value problems. Such problems attracted the attention of many mathe-
maticians. Non-classical singularly perturbed equations were not studied enough.

M.I. Vishik and L.A. Lusternik in [1] have introduced the so-called one-charac-
teristic equations. They called the equations of 2k 4+ 1 odd order and of type

Loky1 = A1(Aggu) + Bogu = f (1)

one-characteristic if Ay is a first order operator, Ay is 2k order elliptic operator,
and By is any differential operator of at most 2k order. Obviously, the real char-
acteristics of equation (1) will be only the characteristics of the first order operator
Aj. In the same paper in D = {(z,y) |0 <2z < 1,0 <y <1} they considered the
boundary value problem

0 ou Ou
27 _ 4 2 =
e () = et 5 Sk = flay) 2)
ou
uF—O,%xﬂ—O, (3)

where I is the boundary of the domain D. Assuming f(z,y) for z = y together with
its own derivatives of corresponding order vanishes, the authors constructed only
the first terms of the asymptotic of the solution of boundary value problem (2), (3).

M.G.Javadov and M.M.Sabzaliyev M.M. in the paper [2] refused the go to zero
condition f(x,y) for = y and constructed the first terms of the asymptotics of the
solution of boundary value problem (2), (3) with regard to internal layers arising
near r = y. In the same paper the asymptotics of the solution of this problem was
constructed to within any degree of the small parameter.

The total asymptotics in a small parameter of the solution of a boundary value
problem for a third order one-characteristic equation degenerating into an elliptic
equation was constructed by M.M. Sabzaliev in [3].
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The boundary value problems for non-classic equations not being (2m + 1)-th
order one-characteristic equations degenerating into hyperbolic and parabolic equa-
tions were studied in the papers [5] — [7].

In the present paper in the rectangle D = {(t,z)[0<t<T, 0<z <1} we
consider the boundary value problem

0 %u  Ou 0%
_ 2 _
Lou=e a(Au)—5@+a—@+(W—f(t,x), (4)
uli=0 =0, ul=r =0, % li=r =0, (5)
Uly=0 =0, ulz=1 =0, (6)
0? 0?
where ¢ > 0 is a small parameter, A = 92 + 922 a > 0 is a constant, f(t,x) is

the given smooth function.

Our goal is to construct the asymptotic expansion of the solution of boundary
value problem (4)-(6) in a small parameter. By constructing the asymptotics we
follow the M.I. Vishik-L.A. Lusternik method represented in [1] and [4].

For constructing the asymptotics we perform iterative processes. In the first
iterative process we’ll look for approximate solution of equation (4) in the form

W=Wy+eWi+..+" Wy, (7)
and the functions W;(t,z); ¢ = 0,1, ...,n will be chosen so that
LW =0("). (8)

Substituting (7) in (8) and equating the terms with the same powers of &, for
determining W;;7 =0, 1,...,n we get the following recurrently connected equations

Wy 0*W

W-w‘FaWO:f(ux)? (9)
an 82W1 82I/VO
- _Z 71 = 1
o ow2 M= g (10)
Wy OPWi CPWily 0 o
W — ax2 +aWk = W - a(AWk_2), k — 2,3,...,”. (].].)

Equations (9), (10), (11) differ only by the right sides. Equation (9) is obtained
from equation (4) for e = 0 and is called a degenerate equation corresponding to
equation (4).

Obviously it is impossible to use all boundary conditions (5), (6) for equations
(9), (10), (11). For equations (9), (10), (11) with respect to t it should be used the
first condition from (5) and with respect to x the both conditions from (6), i.e.

Wili=0 =0, (12)

Wile=0 =0, Wi|g=1 =0; i=0,1,...,n. (13)
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Thus, from (9) and (12), (13) for i = 0 we get that the function Wy(¢, x) is the
solution of equation (9) satisfying the conditions

Wolt=o =0; (0<z<1), (14)

Wo la=0 = Wolz=1 =0; (0<t<T). (15)

Problem (9), (14), (15) is called a degenerate problem corresponding to problem
(4)-(6). Looking for the function Wy(¢, x) in the form

Wo(t,z) = Z Wor(t) sin ke, (16)
k=1

we get that the functions Wy (t) are the solutions of the equations

dWor,

where

1
£ul6) =2 [ £(t.sinkrit. (18)
0

(12) yields that the functions Wy (t) should satisfy the initial conditions
Woe(0) = 0; k=1,2,.... (19)

The solutions of equations (17) satisfying initial conditions (19), are of the form
t

Wor(t) = /e(a+’f2ﬂ2)(”>fk(7)d7; k=12, ... (20)
0

Taking into account (20) in (16), we get
o [t

Wo(t,z) = /e_(a+k27r2)(t_7)fk(7)d7' sin krz. (21)

Finally, substituting the expression for fi(¢) from (18) to (21), and denoting

Gz, &,t—71) =2 Z e~ (@ m) (=7 gin e - sin kmg, (22)
k=1

we get the solution of problem, (9), (14), (15) that is represented by the formula

t 1
Wo(t,x) = //G(:c,f,t — 1) f(t,&)dédr. (23)
0 0

Obviously, when f(t,x) is smooth and vanishes together with its second order
derivative with respect to = for z = 0 and x = 1, then the function Wy(¢,x) de-
termined by formula (23) satisfies equation (9), initial condition (14) and boundary
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conditions (15). But in order to complete the first iterative process, it is necessary
to impose on the function f(¢,z) such conditions that the functional series standing
in the right side of equality (16) so that one could differentiate required number
of times with respect to ¢t and x, and the obtained new functional series would be
uniformly convergent in D.

Introduce the denotation

C’O"ﬂ(D) = {u(t,;c) M e C(D);i=1i1 41211 =0,1,...,a;i0 = 0,1,...,,3} .

Oti10zt2

It is valid
Lemma 1. Let f(t,x) € CP~12PT2(D), and the following condition be fulfilled
0¥ f(t,0) _ & f(t,1)

ox2r - ox2r

Then the solution of problem (9), (14), (15) that is represented by formula (23)
satisfies the relations

=0;r=0,1,...,p. (24)

Wo(t, ) € CP?/(D), (25)
8i1+2i2 W(](t, 0) 8’i1+2i2WO<t’ 1) . '
g2z~ ppngpra |~ i ti2<p (26)

where 11,19 are non-negative integers, p is an arbitrary natural number.
Proof. Taking into account conditions (24) and applying to the right side of
equality (18) the integration by parts formula, we have

1 1
0

ult) =~ [ 1t )ateos kng) = 2 [ 2L conmea —

0 0

1 1

2 [Of(t,E) , . 2 [O°f(t,8) .
=5 / ég )d(sm k&) = — 153 / 8(52 ) sin kwéd¢é =
0 0

A1) [ O E)

= = TopreaapTs e sin kmé. (27)
0
(27) yields the following estimation
2Mo2p 12
|fr(t)] < WTWZP‘*‘Q’ te[0,T], (28)

ere + max enotes a constant 1mmdepenaents o . ote
0,2]) 2 (t, ) 9 2p 2 p

that such an estimation is valid for the derivatives f;(t) as well:

0 < pretzii =01, p — Lit € [0,T], (29)

where )
61+2p+2f(t, $)

D002 ;0=0,1,...,p— 1.

Mi 2p+2 = Imax
P (t,z)eD




Transactions of NAS of Azerbaijan 101
[Asymptotics of the solution in a rectangle...]

If we denote the members of the functional series in the right side of equality (16)
by Wor(t,x) = Wor(t) sin krz, it is obvious that

< d WQk(t)
dtn

8iW0k (t, 33)
Oti1 Ptz

‘k%ia (i = i1 + ia). (30)

Taking into account estimation (28) from (20), we have

1

2TMO 2T Mo 2p+2
’WOk S / > k2p+2ﬂ_2p+27 te [07 T] (31)

0

Following estimations (28) and (31), from the equality

dWor(t)

gt = fk(t) + k27T2W0k(t) (32)

we have

7 = T2 te[0,T7, (33)
where ¢; > 0 is a constant independent of k. Differentiating sequentially the both
sides of (32) and each time taking into account the estimation for the previous
derivative Wy (t), we get the validity of the estimation

‘dWOk(t)’< c1

Atk S sEpren e L€ [0,T]. (34)

d" Wog(t) ‘ < Ciy

Based on (34) from (30) it follows that

dilWOk (t7 .Z')

Ci1
A A ; (T D. 35
dti1 9z (t,2) € (3)

= L2p+2—201—iz g 2p+2—2i1—i2’

Denoting r = 2p 4+ 2 — 2i; — i9, from (35) we get that the number series

C7,1 Z = (36)

is majorant for the functional series

> iWok (t, x)

Oti10zt2 (37)

k=1

As the number series (36) converges for r > 2, then the functional series (37) con-
verges uniformly in D. This means that relations (25), (26) are valid for the function
Wo(t, z) determined by equality (23).

Lemma 1 is proved.

If we take the natural number p contained in the condition of lemma 1
p = n + 4 then the smoothness of the function Wy will admit to construct the
remaining functions Wy, Wo, ..., W,,.

By lemma 1, the right side of equation (10) satisfies condition (24) for p = n+2.
Therefore, by the same lemma, the function W) that is the solution of problem (10)
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and (12), (13) for ¢ = 1 will satisfy conditions (25), (26) for p = n + 3. Continuing
the process, we find all the functions W;;¢ = 0,1, ..., n, contained in the right side of
(7).

From (7), (12), (13) it follows that the constructed function W satisfies the
following boundary conditions:

Wleo =0, (0<z <1):;W|p—o = Wlsy =0,(0 <t <T). (38)

This function doesn’t satisfy, generally speaking, the second and third boundary
conditions from (5) for ¢ = T'. Therefore it is necessary to construct the boundary
layer type function V' near the boundary ¢ = T so that the obtained sum W + V'
could satisfy the boundary conditions

(W + V) leer =0, %(W + V) e =0. (39)
The first iterative process is performed on the basis of decomposition (4) of the
operator L. that is called the first decomposition of the operator L.. For performing
the other iterative process by means of which we’ll construct a boundary layer func-
tion near the boundary t = T, at first it is necessary to write new decomposition
of the operator L. near this boundary. For that we make a change of variables:
T —t=er, v = x. The new decomposition of the operator L. in the coordinates
(7,2) has the form

03 0? 0 0? 03
R R N A L 9 2 9
Lea=e { <8T3 + or? + 87’) +€( ox? +a> c 87'8:1:2} ’ (40)
We’ll look for the boundary layer function V near the boundary ¢ = T in the

form
V=Vo+eWVi +Va+ ...+ "V, (41)

as an approximate solution of the equation
L.V =0. (42)

Subsituting the expression for V' from (41) in (42), and associating the members at
the same powers of ¢, we have:

33% 82% A%
i 4
or3 + or2 + or 0, (43)

B3V, 9%V, ow; 0*Vy

.z 44
o "o Tor — w2 T4V 4
63Vk 82Vk 6Vk 82Vk_1 83Vk—2
= — Vi1 — k=23, ... 1. 45
73 o T or 02 TR T g Sy T (45)

In order to find the boundary conditions for equations (43),(44), (45) it is nec-
essary of substitute expansions (7), (41) for W and V in (39) and associate the
members at the same powers with respect to . Then we get:

VZ' ‘7—:0 = —Wi ‘t:T; 1= 0, 1, vy 1 Vn+1 ’T:(] = 0, (46)
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190%, oV; OW._ .
0 = 0,5 fro = P s =12,k L (47)

Now construct the functions Vp, Vi, ..., V,41. From (43), (46) for i = 0 and (47)
and we have that the function Vj is a boundary layer type solution of equation (43)
satisfying the boundary conditions

Vo

VO |7-:0 = —WO |t=T7 W

lr=0 = 0. (48)
The characteristic equation corresponding to ordinary differential equation (43),

. .. I V3 . .
in addition to the zero root has two non-zero roots A\ 2 = — - + z£ with negative

real parts. This fact provides the regularity of degeneration of problem (4)-(6) on
the boundary t =T.
The boundary layer type solution of problem (43), (48) has the form

Wo(T, x

(/\26)‘17— — )\1€>\27). (49)
By lemma 1, from (49) it follows that the function Vp(7,z) and all its even
derivatives with respect to « vanish for x =0 and z = 1.
Knowing the function Vj, determine the function Vi, as a boundary layer type
solution of equation (44) satisfying the boundary conditions:

oV oWy
Vil = =W lier s 2420 = 220, 50
1 ]r=0 1]e=r 87'0 at’tT (50)
From (49) it follows that the right side of equation (44) is of the form
fi = my(2)eMT + my(z)e?T, (51)
where mq(z), ma(x) are determined by the following equalities
A OPWo(T
mi(x) = 2 aWy(T, x) — IWo(T, z) ,
At — A2 S Wo(T. o) O (52)
)\2 Wo T, T
- — aWo(T, z)] .
ma(z) Ny [ 922 aWy( ,x)]

Following (51), we get that equation (44) has a particular solution in the form
Vl(l) = [c10(z) + c11(2)7] €M7 + [ea0(x) + c21(2)7] €7, (53)

and the functions cig(z), c11(x), coo(x), co1(x) are expressed by the functions

*Wo(T
WO(T, ) and. 8();2’33).
mined coefficients.

Represent V; in the form Vi = 1(1) + Vl(z). Then Vl(Q) will be a boundary layer
type solution of the following problem:

They may be determined by the method of undeter-

03V1(2) N 82‘/1(2) N 8V1(2) o
ors or? or




104 Transactions of NAS of Azerbaijan
[M.M.Sabzaliev,M.E.Kerimova]

av( )
Vi oo = ¢1(2), T2 |rmo = 91 (2), (54)

where
p1(z) = =Wi(T,x) — c10(),

wl(az) = Woa(;r,x) - 611(1') — )\1610(33) — C21 (l‘) — )\2620(1‘). (55)

Obviously, the boundary layer type solution of problem (54) has the form

VO (r,2) = 1 { @) = dapr@] N + Dar (@) - iy @)™} (50

(563) and (56) yield that the function V; being the sum of Vl(l) and V1(2) is
determined by the formula

Vi(r,x) = [a10(z) + a11(x)7] eMT 4+ [bio(z) + b11(x)7] et (57)

and ayo(z), a11(x), ago(x), a1 (x) denote the functions

1

N [y (@) = A1 (@)] + c10(2), ani (z) = e (),

ao(z) =

bo(z) = )qi)q M1 (z) = ¥i(z)] + c0(@), bra(z) = ca1(2). (58)

According to (55), (57), (58) we have that the function Vi(7,x) and all its even
derivatives with respect to x vanish for x = 0 and x = 1.

By constructing the functions Vi; k = 2,3,...,n + 1 we use the following state-
ment.

Lemma 2. The functions Vi, being the boundary layer type solutions of equations
(45) form k = 2,3, ...,n+1 and satisfying the appropriate conditions from (46), (47)
are determined by the formula

k
Vk(Tvx) = [Z akz ] >\1T

=0

me ]6A27;k=2,3,...,n+1, (59)

and the coefficients ayi(x), br;(x) are expressed wuniformly by the functions
Wo(T,z), Wi(T,x),... Wi(T, x) and their derivatives with respect to t of first order,
while with respect to x only of even order.

Proof. The lemma is proved by the mathematical induction method. Above
it is shown that the functions Vj, V; are determined by formula (59). Now assume
that the lemma statement is true for Vj, Vi, Vs, ..., Vi1 and prove that it is true for
Vi as well. Note that the right side of equation (45) for Vi contains the functions
Vi—1, Vk—2 that by supposition are determined by formula (59).

Repeating the reasonings carried out while determining the function V;, we can
affirm that Vj, is also determined by formula (59).

Lemma 2 is proved.

Multiply all the functions V; by the smoothing function and denote the ob-
tained new functions again by Vj;j = 0,1,...,n+ 1. As all the functions Vj(7, z);
j=0,1,...,n+ 1 vanish for x = 0 and z = 1, it follows from (38) and (41) that the
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sum U = W + V constructed by us, in addition to (39), satisfies also the boundary
conditions

W+V)li=o=0, (W+V)|e=o0 =W +V)|e=1=0. (60)
Denote the difference of the exact solution of problem (4)-(6) and U by
U—-U=¢e"z, (61)
and call e"T!z a remainder term.

It holds the following statement.
Lemma 3. For the function z it is valid the estimation

0z 2

=0 te

L2(0,1)

2 +c1lz HL ) < c2, (62)

La(D)

Hax

where ¢1 > 0,co > 0 are the constants independent of ¢.

Proof. Acting on both sides of equality (61) by the appropriate decompositions
of operator L., and taking into account equations (4), (9)-(11) and (43)-(45) we
have

L.z = F(e,t,z), (63)

where F(e,t,xz) = Fi(e,t,z) + Fa(e,7,2) is a uniformly bounded function. The
function Fy(e,t,x) has the form

o*wW, 0 0
at2 — a (AWn_Q) — 8& (AWn—l) s

and Fy(e, 7, ) near the boundary ¢ = T is of the form

82‘/ avn—‘,—l 83Vn 1 83Vn 263Vn+1
g2~ Wnte ( 2 _"’V”“) 97022 | Coron? T oroat

=

=

Obviously, z will satisfy the boundary conditions

S0 = 2lier =0, 2 i = 0, 2oy = 2oy = 0. (64)
Multiplying the both sides of equation (63) scalarly by z and integrating the left
side of the obtained equality with regard to boundary conditions (64), after some
transformations we get estimation (62).
Lemma 3 is proved.
The obtained results may be generalized in the form of the following statement.
Theorem. Suppose that the function f(t,z) € C"T32"H10(D) satisfies condition
(24) for p = n+4. Then for the solution of problem (4)-(6) it is valid the asymptotic

representation
n+1

u—ZaW +Z€]V + etz

where the functions W; are determmed by the first iterative process, V; are the
boundary layer type functions near the boundary t = T, and are determined by the
second iterative process, e"1z is a remainder term, and estimation (62) is valid for
the function z.
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