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SAFAROVA R.G.

ABSOLUTE CONVERGENCE OF FOURIER INTEGRALS OF FUNCTION
FROM THE CLASS L,(R*)(i< p<2)

Abstract

This paper summarizes the well-known results of Tichmarch in relation to the
absolute convergence of Fourier integrals for the function of one variable.

Let f(x)e L,(R") and
- G
it

(x,u}:xlu] +tot gy, du=du..du,,

(1)

where

_:;'[u = _[f{x]e'f{r'"}cir, de=dx,...dx,

1
(zﬂ']k R
its Fourier transform,
In this work the known results by Titchmarch [1] are generalized, which concern
to absolute convergence of Fourier transformations of function of one variable for

function of many variables from class L, (R“) (k=1).
Denote by f [.x;t} the mean spherical of function f [x) by the sphere with radius
t and centre in point x e R*

,)_ {*ﬁ%f X & e, +HEMO(E),

where x=(x,...x,), Z:&2 +-- + &7 =1 is unique sphere; do(£)is element of volume by
dimension (k —1).
Fourier transform of function f(x;¢) is determined so:

flxe)= j o, (e et 2)

where a, (r|u[) = 24T +1)- (Ii(r;:D 3 and I F{z) is Bessel function.
o

Function a, (¢) has following properties (see [3], p. 37).

Lemma 1. For some u>0 and the corresponding it constant b(u)> 0, it is valid
the inequality blu)<1- cxp{r) <2fort>u.
In addition

fl

)

=

1 —ap{:){[%]_-i: Jor t>0.

l—f:r#[x]:} for O<t<m,
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Suppose dl{x,:): f (x,t}— F {x] and

M, @()= {{—2;-]:? Rj]m{x,:]"dxr; »

where xe R*, dx=dxdx,...dx,.
Let @(t) be some positive function such that @(r)4 0 for t —0.

It is valid the following
Theorem 1. If M,®(t)=Ow(t)) for t — 0, then

}(ujﬂ[m[ﬁﬂ for sy

where & =0 is some number.
Proof. Keeping in mind the expansion (2) it is not difficult to show that Fourier

transform of function ®(x,¢) is expression {a iy (tiﬂ'l)u 1}}{:{}
Consequently,

o, () - 1176)=— { y Jo ).
Hence we find
-1}}(45(: [®c.r)x = O(olt)) for ¢->0.
R
Assuming t=— (0<&<x) and using Lemma 1 from the last inequality we

d

obtain

eeqi)) b

Theorem 2. Let 1<p<2 and f{x el (Rk] If M, "-D(r} O{w{r}) Jor t—0
and

3 1 0P (51 )< 4<o 3)

n=|

P
for some >0, then j‘f{u# du <400,
Hl.

Proof. Keeping in mind that {ap (l|u|]—1}}(u] is Fourier transform of function
®(x,t) by virtue of Titchmarch theorem ([2], p. 128) we find

-] o < gotara)” -cten.

where p>1land pp'=p+p'.
Henee it follows that

Jiﬂﬂ(“i"lr‘}{”rd” = G(w‘“’ {r}) for t—0.
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It is easy to be persuaded in validjh of following correlation

[ e’

r:—|5.'||r|:ﬁ2h' 1

u) du=0 (m”l{r']] for t—0, (4)

2 2 2
where |u| :|u,| +--~+Eu&| :

Assuming r:i (G{E{%] and using Lemma 1 from (4) we find

Jn
_[ }(u# du= O[ru”[%]] for n—om, (5)
" -I'_—1u|252ﬂ—] it

Using Gelder inequality for 4} +i,= I, g =1 and assuming Sy = p' we find
q q

r 2 Ay -8y
ol (u* du i[ j i (ui a'u] [ jdu ] =
n—sfu| <201

R—lsIurSZn—]

: By
S R B S
ul du EC-H*’E{[ ﬁf‘f]a)'ﬂ[—]
i 4 ] =

n

[

n—IﬂuFEln—l

£ nmﬁ—ﬂfﬂ}[ |

n-i=ful* <2n-1

for0<f<p'.

We suppose in the last inequality n=2" and sum the obtained inequality by
v=0,1,2,.... Then from the last inequality we find

s [ ﬁ’"
* du = ZE Pt (5. 27| (6)
(-2} 1
Note that convergence of series 225‘ P2 of (5 -2_""") is equivalent (see [3], p.
w=ll

39, corollary) for A= k[l - Er] to convergence of following series
P

oo E—l
> n* mﬁ( ) Zn m‘ﬂ(ﬁ n']'”r)
n=|
Therefore, by virtue of condition {2} from the last equality and from (6) we

P .
conclude If{u* du<x for 0<fi<p'.
Rt

e
For f=p' convergence of integral _{‘ Vi {4 du follows from Titchmarsh
Rl

inequality ([2], p. 128).
Thus, if we have proved that if 1< p<2, then for fulfillment of condition (3)

T
ki {u* du converges for some f>0.

integral _[
R.t

For finish of proof of Theorem 2, we must only consider the case p=1. In this
case condition (3) has a view



Convergence of Fourier integrals 151

imﬂ (5 . n']’“‘}{m ;
n=i]

Taking into account Theorem 1 we find

Jelad_ L AgpdrA5)

n—iqulzizn—[
Supposing n=2" and summing by v=0,1,23,... we find

J }‘(ur dﬁ@z"“” of (527" )J'

Rﬁ

i

k
oo V*[l—l] pl

But convergence of series 3.2 ** 7/ (cff : 2_'"'2) is equivalent to convergence
w=l

m E_ o
of series Y n ' (:5 ~n'”*] for h=k, that is, convergence of series Y @’ (5 o ),
P n=1 n=l

- which validity follows from the condition of the theorem.
P L
Thus, integral j‘f{ui du <+ incase p=1.
g
Proof of Theorem 2 has been completely finished.
Theorem 3. Let 1<p=2 and fe Lsz*]. If MPCD[I}: Nwl(t)) for t =0 and

= i I—ﬁ 1
_[.r [ ”}mﬁ(ﬂdrcmforsume B >0, then
1

J

g
Proof. Keeping in mind that w(r) is positive and w(r)4 0 for = 0, we find

n PV o (5 % & )EC ]r"ﬂ"""'ai‘g(r_‘i‘ g ]a'r .

P
f(u* du <+

n-1

- Summing this inequality by n=23.4... we obtain
S ah (5. )<C [ (5. i,
n=2 1

Having substituted of variable by formula r=(8t)", dr=k8(51)"dr we find
that

?r-ﬂfﬂ’ . (,5 Wk )df % CT (=Bl 8 G] g
1

I

Hence we find

> b (5.7 )< cTr“-ﬁfﬂ‘-'mﬂ[l]dr =
n=2 |I|II5' I

-t sor (D o
15 ! 1 t
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1

_a/p 1

Integral Ir["ﬁ L Pt [-—jdr for the fixed § >0 converges. Thus, convergence

: t
g

of integral jr':"’ﬂ“” Kt gyP [Jd: implies convergence of the series Zn BIF gy# {5 e ]

n=l
Then by wrtu:: of theorem we have

CaY

g
f[x* dx < +a0

|

Ht
for some #>0.

'
f{x* dx <+ for ﬁ}ka?;_—-_k'

For k=1 hence if follows the well-known theorem by Titchmarch on the
absolute convergence of Fourier transforms of function of one variable [1].

For k=2 from the proved theorems some results of [5], [6] follow.

MNow let proven some meaning the reversibility of Theorem 2.

For that first we prove following

Lemma. fer §>0, r>0 some number m{x]zﬂ {IE R*J is some positive

Corollary. [/ m(r]= O(t“) {cx >0), then _{
i

function de.fermmea’ in R Then following two corellations are equivalent

L folas= oo'(s-n) (1), %)

'c|$-..|"_ |x|2 H
2 le - x|r|l O{m (¢) ) (t—0). (8)
Proof, Assume (T} is valid. For ¢ = 0 choose the natural number # such that

2
n= [5 }:5_{”“ (0<8<x).
!

/2
Using Lemma 1 we find

o)t -, ()] ds Lu+1)’ |:LJN " lx)x >

|« |-:-.. n+l <n+l
<cno(sn+1))ccor (). ©)
Further taking into account Lemma 1 and condition (7)
j q:(xll -, ﬂx[f]rdx =2" _[(p(x]dx =
|l |zt (10)
= D(mr [ﬁ' (n+1)"2 )J= O(mr (f])

From (9) and (10) we conclude that
_[q:{le x|f] O{m (¢ J (r—0).
Rk

Now let prove that from validity of (8) the correlation (7) follows.
For the given n and for & >0 choose ¢ such

]

By virtue of Lemma 1 we have (f}{ <)



e
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1r

1 r f2r

1- ] de S ——
|:|s£'? oot -a, & ] 7 (u+1) |x|$-[ll';
Hence we find

n" ﬂxlzrtp{x}fx O™ jq:{xll a (rlxl] dx <

|1 n !x| n

(11)
gﬂgj}pi{x]x—a,, () dx<ca ()< co’(s-n7?).

Consequently,
o o) =0l (5-n?)) (1> ).
sl
Further, using again Lemma 1 we find
[ olfi-a,lfx] dr<b [ol)x (6>0).
|<fzfn [z

Hence we obtain
| olx)x=cC jq:(xll -a, (r]xﬂ’dx <

ENE ool

(12)
<C [o(efi-a, (i) dx<Cor ()< Co’ (5-n72).
R

From (11) and (12) we conclude the validity of (7).
Now using Lemma 2 let prove the following theorem
Theorem 4. If

n—zjxlgjnleF(x]zdx +I lﬂir'[xlldxzo{mz{gdn_w)), s
then M,®(t)=O(al(t)) (t—0).

Proof. By virtue of Plansherel theorem
(1P|t~ a, ()] = J(e,e)a. (13)
Taking into accou‘::t the condition of this th;::rem and Lemma 2 we find
F@Y - a,(ul) du=0{0*()) for t—o0. (14)
Rl

Then from correlations (13) and (14)

M*o(r)=0(e(r) ((—0).
Now we will consider the spherical means of order g(g>0) of function
flxer).
For g >0 function

Zq—l +2

P S TR

is called a spherical mean of order g of function f, where B(a;f) is Beth function (see
[4]).
It is not difficult to show that
—1q—£+2 ]

WI& —Sl)q s lds =1
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(for that it is sufficient to introduce change of the variable by formula § =¢cosg)
Then we have

fy(1)= flx)= % ;I{r’ -] 4 [ f(x,) - f(x)lis (15)

So as Fourier transform of function f° {x,r)— I {x] is equal to {a“{s[uD—l} P (h‘],
from (15) we conclude that Fourier transform of function f,(x,r)- f(x) is following
function:

—lq'—\l:-il e
B(q,k,fz}u( g )v %ZII(S!ui {H}G‘YS
Denote @, (x,1)= £, (x,1)- f(x).

Prove the analogy of Theorems 1 and 2 for spherical mean of order ¢ and of
function f(x) (J.'ERI].

Theorem 5. If M® (t)=0(w(t)) for t—>0, then for some &§>0 the
Proof. We have

correlation is valid
* = c{ﬂ,[i]] Jor Ju—>eo.
j
2r 24’—\I:+2

B{q,ka]j[ r e ]{a ("|H| l}iq f{“]" j-lI) l':q,;)e"'h"}dx

Hence it follows that

Rark-2 6[ (‘2 -5 }H 8 {1 =y (S|u|}}a‘s

SCJ‘IJq(x,I}i\:.

Assuming r:ﬁ (0<& <) and using Lemma 1 we find
w :

{4 42)

Hence it follows that

jof Tl sl -of of ).

Make change of the variable by formula sjuld cos¢. Then

kel
Jee

dx=—ﬁsi.n(pdtp and 0<p<Z
M
We have
reala 2 §t+:l costt
o f(u* 6{5""35‘1:12"'1@ » |M sin Qdp = O[«{M ]

After some simplification from the last cum:]annn we find

Ll



Convergence of Fourier integrals 155

a2 [ "\
fu# [sin*** @ cos*" cpdtp:OLm[ﬁ]J. (16)

Taking into account

w2 k
[sin®7% @ - cos**! qdp = L{q,a + 1) :

0
for |y,
ol-dff]) = v
The theorem has been proved.

From (16) we conclude that
Theorem 6. Let 1< p<2 and f(x)e L,(R*)(xe R").

ﬂ'"f"xr} f(xj| =0e(t)) t—>0 and En il d ‘H( "”‘)-:;+w Jor some

=]

B=0, then

e
_[ f {x* dx <+,
R
Proof. By virtue of Titchmarch lemma we have:

L[ x;z I(f =)t uds) -1} ks

e
du] =

e
£C[J£[x,r}-f[x1pﬂ] =0(a(r)) for 10,

where l+i_=] and p>1.
P P
From this correlation it follows that

[ e -2y e, bh)- }f(u)a.s; -0 (),

n—lslulz-;zn—'l
where ful” =u[* +--- +1u,;| du=du, ...du, .
Assuming r=— (0<& <) and using Lemma 1 we find

[“I
[ rj(ﬁ ~d’s” ’*"'a&l ‘f(ui du=0{o”(5-n"")).

Having change of the variable by formula sju|=dcose as in the foregoing
theorem, after some simplification we find

- }[ufdu=o(mpf(5.n-v= ).

Proof of the theorem is finished as it was in theorem 2. Analogously the analogies
of Theorems 3 and 4 are proved for the spherical means of order g (g>0).

- |.!.1:.|| =2n-]
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