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ON THE THEORY OF NONLOCAL BOUNDARY VALUE PROBLEM
FOR LINEAR ABSTRACT ELLIPTIC EQUATION

Abstract

Nonlocal boundary value problem for linear absiract elliptic equation is
considered and is giving formula for weak solution.

Let £ be some Banach space. Consider nonlocal boundary value problem
d*x .
7=Ax+f(t)(05r£?) @)
x(0)=x, , x{r)=x(c) | (2
with supposition, that lincar constant is, generally speaking, non-bounded operator A
such that its resolvent R(2) satisfies to condition:

LOBTR

In this case equation (1) is called elliptic (see, for example, [1], [2], and also [3]). By
D{4) we define domain of definition, dense in E , of operator A .
1. At first, consider case when f{r)=0, i.e. homogeneous equation

(1<0). (3)

£ =Ax. @

Definition 1. Function x(t) is called weak solution of equation (4), if

al it is continuous and has continuous second derivative on (O,T), A™Y zx(t) has
continuous first derivative on [O,T];
b) the value of function x(t)(0 <t <T) belong to D(A);
¢} it satisfies to equation on interval (O,T ).
Definition 2. If weak solution x{t) of equation (4) satisfies to boundary
conditions (2), then we will call it as weak solution of boundary value problem (4}, (2).
It is known ([4]), that when operator 4 satisfies to condition (3), then for this

opetator fractional powers could be defined, in particular, as A™2.
Introduce denotations

dx
H=dA =
equation (4) could be rewritten in the form of system

dx
o4 ¥,
ﬂ«; Al,"zx
dt '
And if we introduce substitution
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ZF=

then for this functions we obtain equation
dz

dt

Operator — A~ is generated operator of analytic half group ¥(¢), satisfying to
C, - condition ({5]). Therefore for first equation the Cauchy problem is uniformly correct,
and for second one is uniformly correct inverse Cauchy problem consequently,

z2()=V )z, , H)=V(T-1)9;.
If z,, 9 € D(A“Q), then fimetion
x()=V )z, +V (T - )3

is weak solution of equation (4) ({1]).

Now consider boundary value problem (4), (2) and define its weak solution.
Introduce denotations

&= Awmzo » £25 A—W'gr -
Any solution of equation (4) could be determined by formula
6)=V1(0)g, + V2 ()8, (81,8, € £), ®)

where
Vi()=v{)a™?, v(e)=v({T -4,
We have
Vi (0')81 +¥, (0)82 =Xy }
V(g +V,{Tg, =Vi(c)g, +V, ()g, ‘
VI.(O)g] +V2(0)gz =Xy, }
7 @)-v 0, =7, () +v,(0)lg, =0
By

R ASEASRASRAC
we denote operator determinant of this system. From this system we could define g,,2,:
Dg, :[Vz(T)"“ Vz(c)]xo s} 6
Dg; =)~ % O ©
If we suppose, that operators
D Ar)-vie)] (=12)
arc determined on whole space E, then from (6) we can determine g, and g,.

Determined elements we substitute into (5), and we obtain weak solution of problem (4),
2).

b, SO 5O

2. Now consider non-homogeneous equation (1). We suppose, that
F{)(0<1<T) is continuous function. By substitutions
dx x— x+
= A_V Lund N = '—“-—-}-}“ -9 = —'——Ji
¥ a2 2

equation (1) reduces to the system
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dz 1.
== -A" ¢ -4 2 £(),
o : (0<e<T).
== A9 - —2—A‘1f2 7

Solutions of these equations, correspondingly, have the form ([1])

o)V +3 V- 1o

T
96)=v(T -0, +% [V(e -0 F (o) .
Then general solution of equation (1) have the form

xo()=V({t)z, + V(T - 7)% +%iVﬂr — 2 fle)dr Q)

First two members in this form are general solution of homogeneous equaﬁon,
which was considered in previous item.

If we suppose, that function f(r) satisfies to Holder’s condition, then as it was
proved in [1], function

T
g0)= V) ()ar,
0
will be weak solution of equation (1). Here

1 .
“V(t-2)4A™" for t27,
T VL
2 -;-V(r —t)A™ for t<7

is fundamental solution of equation (1) and have the known property ({1]).
Taking account of denotations from first item, we can rewrite formula (7) in the

following form
x(t)=V,()g, + ¥ (t)g, + 2 (). ®)
Taking account of boundary conditions (2), from (8) we obtain
V,(0)g, +7,(0)g, + g(0)=x,, }
Vi()g, +V,(T)g, + e(T)=Y(e)g, +7,(c)g, + £)
V)(O)gi +V2(0)82 =X — g(O), }
[Vl(T) +¥ (C)]gl + [Vz(T)"' Vz(c)]gz =& (c)—— gl(T)
Solving this system, we have
Dg, = [Vz (T ) -V, (")] [xog (0)] -V, (018 (c) —& (I )]: }
Dg, =K 0)glr)- g0 - ) - 20)].
If these formulas we will take into account in (8), we obtain
Dz =V, (O}, (T)-V, ()%, - 20)]+ 7, (0fe@)- ()]} -
= O -V, - 2O+ ¥ O)fe(T)- 2]} + 26,
Dx =V, (tIV2 (T) -V, (C)]Io ~¥; (erl (T) ~-¥ (c)]xc -¥ (tivz (T) - Vz(c)}g@) *
+V, (W () -7 g )+ M (1, (0)e(T) - 2 ()] ¥, (% 0) ) - g()] + De ),
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D=0, 0)- V(e 5 D) -7 ), +IG9(L_S)f(S)dS , ©

where
Got.8) =, (0) -V, (@) - VN, (1) - v, )] o (1. 5)+
+ [Vl (‘)Vz (0)_ v, (ty/i (0)][%(’!’,.9)-— Vo(C,S)]
’ %) 7,0 Y, {t.5)
Gyle.s)=| w0 v,(0) Vo(T,s)
(1) -V 0) v, (1)-7,) Vo([T.5)-Vle.s
Now suppose, that

D,(0), D7, @)-Vi)] (=12)
are determined in whole space £, then from (9) we have

)= D F (7, @) -V, O] Vo ) - )] +1G(f,8)f(5)ds ,

where
Git,s)= D'G,(1,s).
And this exactly is weak solution of problem (1), (2).
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