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QULIYEV CX.

STRONG GENERALIZED SOLVABILITY OF FIRST BOUNDARY VALUE
PROBLEM FOR GILBARG-SERRIN EQUATION

Abstract

In present paper the class of elliptic equations of the second order of Gilbarg-
Serrin’s type was considered. The strong generalized solvability of first boundary value
probdlem for such equations is proved.

Let D be bounded domain in »-dimensional Euclidian space E, of points
x=(x,...x,), n23, 0eD, and D be boundary of D. Consider in D Gilbarg-
Serrin’s operator
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where r=|x|, & <ulr)<b,, b >-1, b, <».
It is easy to see, that operator L is uniformly elliptic in domain 0. However, if
in£ ,uﬂx|)>n—2, then solutions of equation Luw =0 find the series of qualitative new

properties extrinsic, for example, for solutions of Laplace equation (see [1-2]). The aim of
present paper 1s to prove the uniqueness of strongly generalized Dirichlet problem for class
of equations of Gilbarg-Serrin’s type. It must be noted, that in case if u=const the

analogous results was obtained in [3-5]. The paper [6] could be used as reference for the
question on weak solvability of first boundary value problem for considered equations.

Now we will describe some denotations and definitions. By L, (D), W, (D) and

wy, (D) we will denote Banach spaces of functions, giving on D, for which final norms
are
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Here Vu is vector of gradient of function u(x). By W2, (D) we will denote subspace
W.,(D) the dense set in which are all infinitively differential in D functions, which

vanishes on 0D, the corresponding norms of which are finite.  For
— Ou &%u
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and

. Everywhere further under the record c(.) we will
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understand that constant ¢, which depends only on content of brackets. Suppose for
function u(r) following conditions

by < ulr)<b,; by >2n-3, b, <, )]
1;:'(1‘15%‘—; —.%Sﬁ'(r)ﬁ 0; re{0,diam D). 2)

We will use following lemma, that what was proved in [6].
Lemma 1. Let D be bounded domain in E,, in which the coefficients of

operator L saﬁsﬁ;ing to conditions (1)-(2) are determined. Then if y =1—n, then for
any function u(x)e W, (D) NC (D) the following estimation is valid

~ [ uLudc > C, (u)f r (V| i (3)
Fa) 0o

- Lemma 2. If conditions (1)-(2) holds with respect fo coefficients of operator L,
¥ =1—n, then for any function u(x)e Wy, (P)NCg (D) inequality

Hu“n@(n) = C4 (n’”)“Lu"Iﬁn(D} @
holds.
Proof. We fix &, 1<k <»n and suppose in estimation (3) #u, instead of function
u . We have :
3 [ 19, Yo = erf wldc+ Y (¢, fu?) e +
k=lp ik=lp
+ Z]r’“umdx-z‘[r” 2dx —(y +n)er ugdx +
L=l k=1p k=1p
+ 3 frrudan=3 [rriulds )
1,k=1p ik=1n
Soas ¥ =1-n. From the other side,
Ly, )= rLu, +u Lr +2 3 ayru, ©)
i j=l
where a; =6, + .u(r);:,.xj . Here &, is Kroneker's symbol. Moreover, Lr= n-l ,
r ¥
2 Za,}ru@ = 22_% + 2ulr 2“;* Thus, from (6) we get
i, =l i=]

Is= “I ru L{ru, Ydx = —Ir"*zukLukdx -~

—j f*'u,,miu,,dx 22]#“ D et -
r

i=lp

_22,[’?+]“t ';f'ukf#(rhxmjl iy bty )
=l p
It is casy to see, that

i, =~(n - I)ijr"ufdx

i=2l p
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= f:j(r”x )ﬁdx yz'[r’“zxj uldx
=1 n =l p
+nf{r ubde={ruldc
D )
Le.
i, +r'3=(7+1)jr’u§dx=—njr7u§dx£0 {8)
D D
We have further
=y J'(r"x,u(r))iufdr = Ir"p(r)lfdx +
i=l p D
+ Ir’”'y'(r)ufdr. (%)
D
Finally,
iy =-jr”+*uk(Lu),,dx+Ir”“u ,u(r)x" dx +
¥ Jj=l
+ 2J‘r”*2u ,u(r)z Mk e er“zu,,p(r)z
ij=1 b
=hthtihtis. (10)
But from the other side, according to conditions (1)-(2)
5= Jr’”‘zuul,udx +{ + Z)I P x u, Ludx <
D D
< [r7uy, Luds +y +2)| j Py |- Lo, (11)
D
2 5C, er? M-y, (12)
ii=lp
Js < 2b2_z [ g |- |, (13)
<2b, erf e[ i (14)

iLi=ln

Taking account of (5)-(9) and (11)-(14) in (10), we obtain that for any ¢ >0
Qijr"” z‘:x‘.:c<z‘[r””2u Ludx +

L.j=1p =
e +b,)3 [rrude+ly + 23 [ |\t +
i=1 p =l p
+c z Ir’”lu,‘” U'dx+2b22.[r” [uk“u,‘|dx+
Lik=lp

+2b, Z J'r“‘JukHuq'drs—er’”u,fdr+
Lik=1p 2 i=l p

n * +
+~2-;;|;r7 ?(Ln:)zcsfx+(ci +b2)c'5£r” ?(Lu) ax +

n—3 2 n-13 "
e b[r’fVu] dx:+-——~—~( 5 y +£r" *(Luf dx+
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c, Z’[r”z uldx -1 a1 Ir"|Vu| dx +
i.f=1p 2z
j y+2 2dx+ 2 Ir"|Vu| dx +
i.1=lp
2b2m o732 zafc+2b2n Il i <
fg—:uj; 2g E[ | ul

<ec, (‘u,n)z_fr“zu;a‘x + ¢y (g, p,m) r*{Lus Y dx .
D

Li=lp

Now we choose and fix ¢ =§L . Then
7

jr?“ rax<eq(p, n)fr’*z(Lu)2 15
From the other side from l(;;ft follows that for any £, > 0 it is valid mequahty
‘jr?'z widc+—— jr”z(Lu)zaspc Ir"|Vu| dr. (16)
Morcover, according to [6]
[r2utdx <ey (un)r7 [Vul" dx . an
D D N

Fix now &, = AZR . Then from (16} and (17) we have

Cio
Ir"\Vulzdec“(p,n)jrﬁz(Lu)za‘x (18)
D D
Thus, from (15), (17) and (18) follows the requested cstimation (4). Lemma is proved.
For x° € E, and R>0 we denote by Q7 the ball {r:|x—x“|<R}.
Lemma 3. Let Q,;‘o C D, y =1—-n and with respect to coefficients of operator L

conditions (1)-(2) hold. Then for any function u{x)e sz.r bj{u )ﬂ C”(Q_};‘o) Jor any
re(0,R) inequality

eilz, () < C (R,y,:{l _ % )‘2 (n L“"a,,,(af ) +aly o x]]) (19
is valid. '

Proof. Let u(x)e sz_},@ )ﬂC (Q ) Congider auxiliary function q(x) such

that 77(x)=1 for erfn, 7(x)}=0 for er&:, OSq(x)SI, r}(x)eCfbe ) For this
2

we could assume, that for i, j=1,n

13 (n)

|’7f Iqﬂl (R )2' | 20)

Suppose v{x)=u(x)- {x). It is clear, that W{x)e Cy bR )ﬂ Wfl}, (Q;o ) Therefore for this
function we can apply estimation {4). We have, taking account of (20)
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||ul|2sz (g“’)scm(n,ﬂ{ ]‘ (L )zlxlﬁzdx_l_ (Cls(n) I 2!x|r-- de+ 'E'ls n a“) ” lrlvu| ah_}
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From here immediately follows the requested estimate (19). Lemma is prowd
Lemms 4. If conditions of previous lemma are valid, then for any ﬁmcnon

u(x)e W) @2 )ﬂ(“" (QR ) for any r<(0,R) following inequality is true

Pl (o) 5fn(R’rs",ﬂ{IlLﬂllL,m(gs +IMIL1,+,(Q;°]) @

Proof. Suppose A= sup {[ J |fu||w2 [ o }} Then  there  exists
Fi

re(0,R)

R, 0<R <R suchthat

w515 Wy )

According to previous lemma for any R,, R, <R, < R we have

A<2[ ] Coe (1, MR; [L»%—J X

(1 )+l o) 52085
(12 () o) b )|

Applying now interpolational inequality, we have for any £ >0

As ZC’ISR;{ - %]2[1 - %J_z [[|Lu||%{ o)+ Bl () + ool Q;:]] <
<ICLR; [1 - %} (1 - }%—T [1 - %Ta A+
+ 2013&.“(1 »%]2[ = ) by, o) +
+2CISC,9R;1[1~%~]T -—-J b o) @2

R .
Suppose that § =1~ —R} and choose R, €(R,,R) such, that 1— %ﬁ— =~§- . Now we fix this

. R
R, . It is easy to see, that §<1_§L<5' Choose now & such that
2

320, R;26 25 =

. C
Taking account of fact that Cy = ~35'8E2 , from (22) we obtain estimation (21). Lemma is
proved.
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Corollary. Let for p>0 D, ={x:xe D,dist(x,0D)> p} . Then if conditions of
lemma are satisfied, then for any function u(x)e ny (D) for any sufficiently small p
the jollowing estimation is valid

P, ) S Cur @, Yol o Wil )

Lemma 5. Let conditions (1)-(2) holds with respect to coefficients of operator L
and y=1-n. Then for any function u(x)e (D) Jor any sufficiently small p
inequality holds

(AR Y5 (127 BT ™ Ny § @3)

Proof. It is enough to prove estlmation (23) for functions

u(x)e W, (D)NC® (5 ), u| 5p=0. We will use method of local straightening of boundary
(see [7]). Now let x" €®D and p is fix cnough small number. So as boundary 8D
belongs to class C?, then there exists coordinates transformation x <> y such, that if y°
is image of point x°, then in some neighbourhood of y° the image of boundary is
determined by equation y, =0. Denote by Q2 » the subset D, which for such mapping

will maps to the balf ball sz ={y:yeQ2p,y,,>0}. For this the operator L will

transforms to the some elliptic operator L of second order with contimious coefficients, so
as x° =0. Let #(y) be image of u(x) for such mapping. We continue function #(y) by

odd order through hyperplane y, =0 into half ball Q) \QJ , and denote obtained
continuation again by #(y). According to previous lemma

e, (o) S Cor{ Bt o) + Bl o))
Taking into account fact, that function #{y) continues by odd order, returning to
variables x and covering D\D, by sets _Q;‘; , we obtain estimation {23). Lemma is
proved.

Corollary. If conditions of lemma holds, then for any function u(x)e W, (D)
inequality

ez, oy < Co @2l iy + Bl )

Theorem 1. Let with respect to coefficients of operator L conditions (1)-(2)
satisfies. Then for any function u(x)e ny (D) the following estimation holds
”“"wg, (£} = c24 (D s n]lLu"L,_m{D) ) 24

Proof. As it follows from [6], the inequality (3) is valid for any function
u(x)e w2 (D)NC=(D) ugp=0. From (3) for any o >0 we have

is true.

Ir” 2 2dx+ j " Lufde2 C, j r"|Vu| dx . (25)

Taking into account (17), from (25) we obtam
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L [ (Lu)dc [fl - 5] frr-2utds. (26)
o3 Co 2

D

Choosing now o = % and taking into account that 72 2 (diamD)J' r?** _ from corollary
€10
of lemma 5 and (26) we obtain requested estimation (24). Theorem is proved.
Theorem 2, let in domain D are determined coefficients of operator L,
satisfying to conditions (1)-(2) and y =1—n . Then first boundary value problem

Lu=f, xe D;ueW}, (D),
is uniguely solvable in space Wf? (D) forany fe L, (D). For this for the solution of

u(x) the following estimation is valid

"M":«F;_r (D) s C“llﬂle”,{D) (.27)

Proof, For proof of this theorem it is enough to apply standard procedure (see, for
example, [3]). Using theorem 1 and estimation (27) becomes a corollary of inequality (24).
As a conclusion, author express gratitude for its supervisor doctor of physical-
mathematical sciences, professor 1.T.Mamedov for statement of the problem and useful
discussions.
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