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SADYGOV MLA,
ON THE PROPERTY OF A BI-IMFFERENTIAL
Abstract

In the work the definitions of a bi-differential and two-differential are given, the
classes of O- bi-lipschitz, @-two-lipschitz, weak @- bi-lipschitz functions are
determined. Properties of the bi-differential and two-differential are studied.

The second order sub-differentials have been considered in papers by Hiriart-
Urrity J.-B. [1], Bedelbayev A.A. [2], Warga J. [3] the author [4, 5, 6] and others.

The definitions of a bi-differential (see also [7]), @~ bi-lipschitz, & -two-
lipschitz, weak @ - bi-lipschitz and & - strong bi-lipschitz functions are given, and some
of their properties are studied in the present paper.

Let X bea Banach space, f: X -» R. Suppose

£ (eo16)= lim = (f(z+fx) 7&@D), 78 (xys)= lnn-—(f(z+2rx) 2/(z +0x)+ £ (2)),

T(xo x)= zlgg—(f(zwx) 2f(z+ 1)+ £(2)).
Jan]

The set of all continuous bi-linear mappings from X xX into R denote by
B(X?,R). If there exists such a bi-lincar symmetric functional x" e B{X? R), that
O(x)=x"(x,x), then O(x) given in the space X, is called a quadratic functional. The set
of all quadratic functionals from X into Rdenote by B,(X). We call the set

D, (%)= & B (X): £2T (1,3x)< 0(x) < £ (xy3%), xe X
a bi-differential of the function f at the point x,.

The following lemma immediately follows from the definition.
Lemma 1. The following relations are valid:

D foT Gepsx)= 07 (i) 2 O (xgsx)= B (xg5x)

3 2 (i x) = FOT (x,3%); 4 e =a? 2T (x,;x);

3) Dz(afxxo)““asz(xo)

The function f we call 2-lipschitz with a constant X in the vicinity x,, if for
some ¢£>0 f satisfies the condition

|fz+25)- 21z + )+ fEY < K|x" Cor |f(z+x)-27()+ f(z - x) < K|u)
for xeeB,zex, +eB.
The function f we call @ -bi-lipschitz( 6 -two-lipschitz ) with a constant X in
the vicinity x,, if for some £>0 f satisfies the condition

lf(z+2x)—2f(z+x)~f(z+2y)+ 21(z +y]SK"x-yugmxlhﬂyu)z“g,
(e + )+ e )- £e+ )~ £z~ )< Kl - off (el pAF)

for x,yeeB, zex, +£B; 0<8<2,

(1)
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If the relation (I) is satisfied for z=1x,, then the function / we call &-bi-
lipschitz( & -two-lipschitz ) with constant X at the point x, . The function f we call {2}-
lipschitzwith a constant K at the point x,, if for some £>0 f satisfies the condition

£ Gy + x)~27 (o) + g —x) <K}, xeeB.

The function f we call weak & -bi-lipschitz(& -two-lipschitz ) with a constant

K atthe vicinity x,, if for some £ >0 f satisfies the condition

7+ 28)=27 49~ 1 +25)+2Ge+y) < K~ ff e+ A = ol + )
(6 42+ e =)= 1a+3)- sla= D<Kl = G+ A + o+ 1))

for x,yeeB,zex, +£B,0<8<2.
The function f we call & -strong bi-lipschitz with a constant X at the point x,,
if for some £ >0 f satisfies the condition

lf(x0 +x)- flx, +yl£K|lx—y||€(][x||+1|y|l)w, x,yee B, 0<0<2.
Note that if f,,i=Ln satisfies the & -strong bi-lipschitz condition at the point
%, , then max £, (x) also satisfies @ -strong bi-lipschitz condition at the point x, .
It is clear that if f is a & -bi-lipschitz (& -two-lipschitz ) function in the vicinity
X, , then fis {2}-lipschitz the vicinity x, .
Let >0, v>0, S2av and §>0. The function f we call a (@, f,v,58)
lipschitz (see [5]) with a constant K at the point x,, if 7 satisfics the condition

v -V ﬁ—m
£y + x4+ 3) £l +2) <Kl [||x;|f N j ryed B,
We can easily check that if the function f satisfies the (1,2,v,8) lipschitz
condition with a constant K at the point x;, then
o +5) £ + P K= A Qo - 7).
Lemma 2. If the function f,,veQ satisfies the (@,B,v,8) lipschitz condition
with a constant L, at the point x,and L=sup{l, :te Q}<+o, then f(x)=supf.(x)
el

v

also satisfies the (o:, B8 )» lipschitz condition with a constant L at the point x,,.
Proof. It is clear that for x,ycd B

f(xo +x+y)—f(xﬂ +Jc)=supf,(3i:c| +x-&-y)—supff'(ac0 +x)s
vell rel)

<sup(f, (s + x4 y)— £, (0 + ) < 1] yn"(uxuﬁ'ﬂ" RN j

e}
S0+ x+3)= flxg +x)=sup £, (5o +x + y) +inf (- /. (x +x)) @

v -y prav
2inf (7, +x3) = 7, + )22 {4 A )

It follows from the relation (2) that £ satisfies the (&, 8,v,8)- Yipschitzcondition
with a constant L at the point x, . The proof of lemma is completed.
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Theorem L, I f is a 6 -bi- lipschitz function with a constant K in the vfcfnffy

u, then f% (u;0) is an upper semicontinuous function depending on (u;v), and as a
Sunction only on v satisfies the condition

£ s)= £ ) < Kl - o Qo+ o

Proof. Let {y,- and {v,} be arbitrary sequences converging respectively to u
and v . For each i by definition of upper limit there exist such z, € X and >0 that

Iz, - vl +1, 4—1- and |
fIZI*(y w, ) f(z +24 Uf) Zf(z +1 |')+f(zi)= f(zi +2tfu)__2f(zi +tiu)+f(z:‘) +

12 12

+ flz, +2t0)- £z, + 2t )+ 2£(z, +t,.u)-— 2f(z, +tp,) <
i B
s e+ 20 22D s - off Qo+ i)

(2

Passing to upper limits for 7 &« we get
tims P (y,50,)< /P (p30),
ie. £ (u;0) is an upper semocontinuous function depending ot (2,5).
If x,uve X, then
Fl+2ax)-21(y +Ax)+ 1)< fly + 220) =21y + 20)+ F(¥)+ )
+ K2 —off (o] + ol
for y near u, A near 0. Division by A and passage to upper limits fory —>u, A4 0
gives the inequality

£ x)< £ )+ Ko - of i + o) 3
In this inequality by replacing x and v we get
Fi (o)< f 2t (%) + Klpe ~ u“ﬁr (ﬁxn + “v")” . %)
We get (3) and (4)

7 ) - £ ) < K o G+ ol

The theorem is proved.

The following theorem is proved analogously.

Theorem 2. If f is a @-bi- lipschitz function with a constant K in the vicinity
u, then f 2~ (u,0) is an lower semicontinuous function depending on (u;v) and as rhe
one-variable function only by the second argument satisfies the condition '

’ £ ()~ P (“’Uj < K- v“ ﬂ‘xn + “0")24
Jorany xveX. ?
The foliowing corollary arises from theorem 1 and 2.
Corollary 1. If X is finite dimensional and f 8 -bi- lipschitzfunction in the
vicinity x,, then D, f(x) is upper semicontinuous in x,,.
Assume
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D; flx)=0eB(X) /¥ (x;x)2 0x), xe X,
D; f(x,)= EBO(X):ftzl"(xo;x)sQ(x), xeX .
It is clear that D, f(x, )= D> f{x, )}~ D f(x,). Besides, if D, f(x,) is not empty,

then
j2l- . < 2+ .
P n)s jnf Ok)s sup Q)< S enin).
Assume :
— 1
£ (rosx)=tim (o +88)= 2/ () + /i = ),
.1
f(z)_ (xo;x):%}“?(f(xo +15) -2 (%) + flxy ~1x)).
If f satisfies the & -two- lipschitzcondition with a constant X at the point x,,
then

[0 ()= £ (s} € Ko - of o + )
lf (Zk(xo;x)ﬂ £ (x,: yjﬁ K"x B yns @xu . “y“)z—e -

The set D> Sx)= b eB,(X): f O (x,:x)<O(x)< F (xy;x), xe X we call a
2-differential of the function f at the point x,.

Assume D3 f(x,)= {QEBO(X):f{Z}*(xO;x)EQ(x), xeX ,
D3 flx,)= beBo(X):f(z)”(xo;x)s Olx), xe X .
It is clear that D l,]"(Jcﬁ)mé’; (x,)n ;);f(xo). Let B-(XZ,R):
& e B(x2,R): x" is symmetric .
Lemma 3. If g is a positive homogeneous second degree non-negative
continuous function from X to R and g(~ x)=g(x), then

g(x):max{Q(x):QeG ,
where G:lv);(%g](o)z{QeBo(X):g(x)EQ(x),xeX :

Proof. Assume that P(x,y)=4/g(x)g(3). It is clear that P is a bipositve

homogeneous continuous function from X x X to R and P(- x,~y)=P(x,y). Therefore
by analogy lemma 4 and theorem 1 [7] we obtain

P(x,x)= max{t‘ (r,x):x" ed,P ,
where 9,P = {\:* e E(X2 ,R): P(x,y)2x"(x,y), x,ye X . Therefore we get
g(x)=Plx,x)= max{r'(x, x):x"e BZP}z max{Q(x): Qe G},
The lemma is proved.
Lemma 4. If fis a 0 -two-lipschitz function with a constant K at x,, then

v N 1 hd +
Dz[f+-2—K“-— xﬂﬂz)(xo) and D 2(—;—1{“-—):0"2 - f](xo) are not empty and

7 ) =max| 000 Kl s0 €D 1+ Lh-f Yo}
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7 )= min K - 06):0 D3 F kb= - £ Yo )

Proof. Denote g, (x)= f(x)+ %K“x - x0||2 , g,{x)= %Kux - xuuz ~ flx). Itis
clear that

gl (s x)= f@%(f(xo +tx)- 2.1 (0, )+ £l — )+ Kt2||x||2)= SO (g x)+ K|

-1
8 (e )= 7l ) 210} ey — )+ K )= K - 7 (i),
According to condition f is a {2}- lipschitzfunction with a constant X at the point x,,
therefore gl (x,;x)20, g\ (x,;x)20. Besides, by lemma 3 we get

ol i) =max 06):0 Y 1+ L= Yo,

£ (rin)=max{0e): 0 D Tk - -7 ).

Since  g{™* (xo3%)= £ @ (s 0)+ Kl , &5 Grosx)= Kl ~ £ (x53%), then
we get

£ x)= max{Q(x) - Kﬂx"2 Qe D ;(f + —;-K" -X, ||2 X, )} ,

F (x,x)= n:u'n{l{.'"x"2 -0fx): Qe D ;(%K" —x|* - f](x0 )} :

The lemma is proved.
Corollary 2. If X is a Hilbert space and fis a two-lipschitz function at the

point x,, then D > fx,) and D 3 (x,) are not empty and
ffz}*(xa;x)=max{Q(x):Qe lv)gf(xo)},

70+ (uin)=mind0Gs): 02 D1 /G-

Proof. It is clear that in a Hilbert space ]]x"z =<x,x> i§ a quadratic functional.
Therefore

b g(f *%Kll--rollz](xe)=beBO(X):f“}*(xo;x)zQ(Muxllixex}=
=D flx)+ K"
ss;[;Ku-— x|’ -fJ(xo)=b€Bo(X):fm’ (o 0) < Kol - 0(x), x< X J=

~ K - D3 (w).
Considering these relations in lemma 4, we get

7 (s ) = man 0(e)- Kbl 20 3765+ K = max{Q(6):02 D1/}

"
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75 (5,5) = mind Kf* - Q) @ Kl = D) -mind0le)- 0 376}
The corollary is proved.
Denoting g, (x)= /¥ (x0;x)+ K|, g2(x) =K’ — f (53 %) from lemma 3

we get that the following corollary 3 is valid.
Corollary 3. If X is a Hilbert space and f is a @ -bi- lipschitzfunction in the

vicinity x,, then D; f(x,) and D; f(x,) are not empty and
7P (g x)=max{0(x): 0 € Dj £,
7™ o) =min (x): 0 € D5 £ (x,)
Let y,: X xX >R be bipositive homogencous symmetric functions. The

function f we call the (4,y,,y, )-bi- lipschitzin the vicinity x,, if for some £>0 the
function f satisfies the condition

lf(z+x1 +x2)—f(z+x1) f(z+x2} f(z+}’1 +y2)+f(z+y,)+f(z+y2]s
<1y11(x,,x2) Wl()’uJ’zP |'="’z(x1:x2)+'a"z(}’1 }’2] 2 +Oq|x1“ ||xz||+|13’1\| "}’z")

where x,,%,,y,,¥, €8, zex; +sB, 0<0<2, Og')ao for Av0.

Lemma 5. If f safisfies the (8,w,,y, )-bi- lipschitzcondition in the vtcrmty X,

then d, f(x,)= D, f(x,), where d, f(x,) is defined in {7].
Proof. 1t is clear that (see [7])

F2ys %)~ £ (x5) < E{h%[f(z +21x+';'1—2x]—f(z+;iqx)~

Ao

-—f{z+%—x]—f(z+21x)+2f(z+ﬂ,x)] un i0( fs‘?“x” )
;.14,0 ilo %

Similarly we obtain £ (x,;x)— f¥(x;;x,x)<0. Therefore fPF(x,:x)=
=f[2](x0;x,x).

Analogously it is verified that FP(x,;x)= flz|(xn;x, x). From relations
2 (x,2)= fP(x,; x,x) and fi2|’(x0;x)=ﬁz|(xo;x,x) follows d,f{x,)=D,f(x,). The
lemma is proved.

Note that in definition of the (8,w,,w, }-bi- lipschitz function it is appropriate to
assume y; =y, and Wz(xuxz)zlixlll‘"lel-

Corollary 4. If f is a (8,p,,w,)-bi- lipschitzfunction in the vicinity x,, then
D, f(x,) is not empty and

flzh(xo;x)=maxb(x)3 Qe sz(xo) '

j’m* (xggx) = min b(x): QebD, f(xa) )
Corollary 4 immediately follows from corollary 3[71.
If f isconvex, o; 20, @, 20, @, +a, =1, then
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f(z+r(a1x1 +o:2x2)) Zf(z)—i-f(z r(‘3’4'1’*”1 +a2x2))
t2

}* (;vc[,,(:t:lx1 +a2x2) ILm
rJA}
s jlm ;?U(z +rx])—2f(z)+f(z "xl))"“a: }_1:1;{_20(7- + txz)—Zf(z)+f(z - ,))=
tISxo tho
= alfizh (xo ; x,_)+ C’*'zfm+ (xo 15,
ie. x> £ (x,:x) is convex. Besides
£ (e, 0)= fim - [ E Flz+2m)+ % f(z)] ~2f(z+ rx)] >0
l |
It is analogously verified that f is convex, then x — ¥ (x,;x) is convex.and
FO*(x;x)20.

Let f be convex. The set DY f xo) {r eB(X ) Jf(z)*(xo;x)-f(z)*(xo;y)?_
2x"(x,¥), x,ye X } we call the {2}-subdifferential of the function 7 at the point X, .

Let X be a Hilbert space and the function f satisfy the {2}~ lipschitzcondition
with a constant K at the point x;,. The set

b2 1) ={x* e B R [P Gos+ K B} [ G+ )2

>x"(e, )+ K <x,y>xnye X
we call the {2} -differential of the function f at the point x, . It is clear that

SO (x5 %)= max{x‘(x, x):x"e D 2f(x(,)} .

They say that (see [8]), / has a strict derivative D, f(x,) at the point x,, if
_____________(z+tx) f(z) =< D f(xg) x>,

S—Pxo
o

where the convergence is uniform with regard to x on any compact set.

Theorem 3. Let X be a Hilbert space, f, g and y be (O,v,,v,)- bi-
lipschitzfunctions in the vicinity x, and f has a strict derivate D, f(x,) at the point X,.
Then

1) Dz(g + Wxxn)c ng(xo)'l' qu{f(xo).

2) Dz(fgxxo)c g(xo)sz(xo)+ f(xo)ng(xo)+ ZDsf(xo)® @g(xo),
where D, f(x,)® dg(s)= & D, flr,)x > %°():x" e dgle,) -

Proof. Relation 1) follows from Corollary 4 and definition of the bidifferential.
Prove relation 2). It is ¢lear that

(7.e¥*(x, x)=Tim S+ 2x)g(z+ Ax)-2f()e () + flz - AxJelz ~ Ax)
AZ

io
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gelf e+ 4x)-2/(2)+ flz-4x)) |

< lim
e 3
f(z + Ax)(g(z + ;{x) Zg(z)+ g(z lx))
+ Tm (f(z + Ax) - f(z - Zx))(g(z)u g(z - Ax))‘
PR A2

Ado
Under the condition of Theorem 3 we have

2 (2 x)< g(xo)fH (xo,x);g(xo)>0 (xo)glz}’(:;o;x);f(xo)?-0+
varTens {(xo)f“*(xo,xlg(xa)w {f(xa)g”(xo;x);f(xoko

L]2<D x> g 1|+(:x:0,:c) <D, f(x,)x>20
2<p A ) x> g™ (g ), <D, frg ) x><0
Analogously we have
Y2k x)< g(xn)f (xo,x);g(xo)>0 {f(xo)g[:!}_(xo;x);f(xo)z 0+
e 69 { (10 ) (e 820 ) <0 7o g2 sk £} <0
2<D, f(x,)x> g' (cp:x); <D, flxy)x>20
+
2<D, fxo ) x> g {xg:x); <D, fxo)x><0’
Therefore we get from the definition of the bidiferential and Corollary 4 that
D,(f.g)xo )= 8, )0, f(x,)+ £(x, )D,8(x, ) + 2D, £ (,)® B (x, )
The theorem is proved.
We say that f has a strict second derivative Q{x) (Qx)e B,(X)) at the point

Xy, if

f(z+21x) 2f(z+/’Lx)+f(z) -00),

F4 —-)xg
Ado

where the convergence is uniform with respect to x on any compact set.
Lemma 6. If f has a strict second derivative Q(x) at the point x,, then f is a

{2}- lipschitz function in the vicinity x, and forany xe X
fim 112_0(2 +24x)= 27 (e + Ax)+ F2)=00).
71

alo
Proof. If f has a strict second derivative, then it is obvious that the equality is
satisfied. Show that f is a {2}- lipschitz function in the vicinity x, . If it is not the case,
then there exist the sequences {z, and {r, converging to x, and 0, such that z, e x, +
1

+-B, x, el_B and
H i

|f(zi + 2xi)”‘2f(zi + xa)"'f(zil 2 i“x "2 S}
Define #, and v; by the following way: x, =tv,, |, ||_— It is obvious that

t, >0 .l is clear that V = {O,U,;i: 12,... is a compactuni. Therefore, by definition of
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the strict second derivative for any £>0 one can find such a number »,, that for all
izn, andall eV

if(zi "'2’1'”)_2{2(21' +rfu)+f(zi)"Q(04<€.

But it is impossible, since when v =, we get from (5) that

}f(zﬁ-?.tu) 21(z, +tu)-t—f(z)}ZI " _

rr'

The lemma is proved.
Lemma 7. Ifis a f 8 -bi- lipschitz function in the vicinity x, and

ESO %(f{z +22x)-27(z + Ax)+ f(z))=0lx) (6)

forany xe X, then f has a strict second derivative (X(x) at the point x,.

Proof. Let ¥ be a compact set in X and &> 0. By relation (6) for each xeV
there exists such a number &(x)> 0, that

]fz+2zx)-zrf2(z+rx)+f(z)_Q(x*<g '(-,)

forall zex, +&B and re{0,8(x)). Since
G+ 20) -2 +t0)+ 1) flz+20)-2/(z + 1)+ £(2) o 0
/ - / <kl el

then appropriately over-determining & (v): & from (7) we get
2te)-12 -
,f(z-l- v) l{;(z+rv)+f(z)_Q(U%

<2 (8)

for all zex, +3B, vex+8 B and te(0,5). There exists a finite range of the form
f+6@)B:veV} of the set ¥ dotermined by the vectors v,,.,0,. If we assume
&' = mmJ(u) we get that (8) is fulfilled for any zex, +6B, veV and te (0, é') ie.

Q(x) is the strict second derivative. The lemma is proved.

It is clear that, if {(x,@)eep [V }*(xo,.)_{(x,a)eXxR:f{2]+(x0;x)$a and
£20, then (ﬂx,ﬂza)eep £ (0, (—ﬂx,ﬁza)e ep M (x,:.).

Let C c X . Assume d(y)=inf{ly - 2|:ze C}, d,(y)=a?(y).

Lemma 8. If C is a non-empty convex subset of the Euclidean space Y , then at
any z, x, ye¥ the relation

|4, (z + 2x) - d, (z + 20) - 2d, (z + x) + 24, (z + v) £ 10f}x - 0] x| + ]}
is fulfiiled.
Proof. Let ¢,c,€C be such that diz+2v)=fz+2v-¢f, d(z+x)=
=]z + x - ¢,]| . By using theorem 3.4.8 [9] we get
d,(z +2x)—d,(z + 20)- 2d,(z +x)+2d,(z +v)< uz +2x-¢ ||2 ~||z +20 -0 Hz -

~z+x-c,ff +2z+v-o,ff =[z+x+v-c +(x-0)f ~Jz+x+v—0¢ ~(x-o) +
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+%ﬁ]2z+x+u—202 4*(0“"7»2 ~z+x+v-2e, —(U‘x]i2)=

=<x—~v4z+4x+4v—-4de, > —<x~v4z +2x+20 - 4c, >=
=<x —0,2x + 20 - 4, -c,)>.
It is easy verified that if C is convex, then |jc, —¢,| <|2v — x| . Therefore
d, (7 +2x) - dy(z + 20) -2, (z + x) + 2d, (z + V) < |x - V)2 x + 0] + 4|20 ~ 1]}
< o @] + 2ol + 8] + 4fel) < 10 ~ ol (o] + ). )

Analogously it is verified that

dy(z +2x) - dy(z + W) - 2d,(z + x)+ 2d,(z + 0)2 ~10x — 0| (x| +Jof).  (10)
It follows from (9) and (10) that the lemma is valid.
If ze C, then it is casily verified that

ldy(z +2x) - d {z + 20)- 2d,(z + x)+ 2d,(z + V) < 6x ~ v "G[x” + "u“),
!dz (z + x) + dz(z - x) -d, (z + v) ~d, (z - vl < 2“:: -v “("x“ + HUH) .
The vector x is called an admissible direction (see [10]) of the set ' at the point
x,, if one can find such a number A, >0, that x,+ AxeC for any Ae(0,4,). The

totality of all admissible directions at the point x, of the set C denote by y{(x,;C).

Assume uep f = {x,a)eX xR, : fx)<a® , lep f:{(x,ﬁ)e)( xR, : fx)s-g* .
It is easily verified that the following lemma is valid.

Lemma 9. Jf 20, i(y,a)ey((xa,,/fixo i);uep f), then @ (x,;y)< 20>,
Assume g(x)= fx, +x)—21(c, )+ f{x, —x). It is clear that

£ ()= BEE) o )= i EA D).

o g? e A _
Lemma 16. If f{Z}"(xo,x)ﬂal,_ az0, then there exists n>0 and

0(1):[0,7}]»12,{, where —Q%I%O Jor 240, that (Ax, Aa +0(A",))e uepg for 16[0;7?].
Proof. Since lim==-- g( ) , then inf sup 'ﬁ—)sf. Therefore for any

70 ey <n

&>0 there exists 7, >0, that ('?'x)sfz +& for O<i<ny,  If .s':%, then there

exists 17, >0, that —gg’#}Sa +% for 0<A<p, . Assuming 0&1):% for

A€(,m) we get that 0,(1)—>0 for A40 and g(Ax)<a®2 +4%0,(1) for
Ae(0,m]. I 0{2)=1,J0,(2). then we get that g(Ax)< (A +0(R)} for 1€(0,7,], ice.
(Ax,2a+0(2))cuep g for Ae(0,7,]. The lemra is proved.

The following lemma is proved similar to lemma 10.

Lemma 11, f(z)“(xo,x)z -f* B=0, if and only there exist >0 and
0(2):[0,7] = R, , where 9% —0 for 240, that (Ax, A8 +0(A)elep g for Ae[o,n].

Let : X - R, w(0)=0. Assume
7 ({(0,0);uepy)={x.a)e X xR, :(Ax, Az +0{A ) cuep v
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for Ae(0,7,, )07, >0, o )—yo for Ado ,
7 (0,0 lepy )= {{x, B)e X xR {(Ax, A8 +o(A)elep
for A€ (0,7, )75 >0 , (”“)—»0 for 440 ,

N (y{0))= b & B,(X):0fx) - a® <0 for (x,@)ey*{(0,0) uep v} ,

N (p(0)= bEBO(X):Q(x)+ £220 for (x,B)ey (0,0 uepy) .
Theorem 4. Let X be a Hilbert space, f be a {2}- lipschitz function at the point

x, with a constant K, g(x)=f(xo+x)~2/(x,)+ flxo ~x)+ Ko, g, (x)=
= flrg +x) =21 (xo)+ [ - x)- Knx“2 Then
D)= (W 2, 0)- K ) )+ K1)

Proof. If QEsz(xo) then fz}F(xo x)20(x). It is clear, that l'ﬂ,‘ gl(ﬁ-x)

= @ (x;x)+ K" 20 Assume asz(z}*(xo;x)+K"xH we get, that there exist
>0 and 0(2):[0,7}> R, , where @——) 0 for 240, that (1 x,da +0(1)ecuep g,.

Since  Q(x)+ K|’ < S (xo;x)+ K, then we get Q)+ K|’ e
N (g, (0)).

It is clear that %%(%ﬁ: S (s x)- K <0,  Assuming

ﬂz\/;(nxnz— f“}(xo;x) similar to lemma 13 we get that there exist #>0 and
0(1):[0,7] > R, , where P—g‘)—»o for A4 0, that (A x,48+0{2)elep g for 2e(0,7].

Besides, O(x)— K[|" +Kfjx|" ~ 7@ (55;x)20, ie. Q0)-K|x|" e N (g,(0)). Thus

Ww¢e get
0(x)e (Ve (5, ) - Kl ) (V) (g, (0) + ).

Conversely,  if ()N (e, ©0)- K )m (W (g,(0) + KJ).  then
0 KB e NG 0), 06Kl e NFGa). et
O@x)+ K|x|* -a* <0 for (x,a)ey*((0,0}uep g,). Since @* = F&* (vo;x)+ K[|, then
Q)+ Klx* = £ (xpsx) - Kfx* <0 or £ (x,;x)2 Q(x). It is verified analogously
that  fOr(x;x)<Q(x). Let g, (x).: flz+x)-2f(@)+ f(z-x), therefore
Qx)e 5 ./ (x,). The theorem is proved.

r+ (g(ﬂ))={(x,a)e X xR, :¥n exist 37, >0, that [}L x, Ae +—i—]euep g,

Jn
for0<A<y,, ZEB(xo;’?u) }’
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I"(g(())):{(x,ﬁ)e)(x& :Vn exist 37, >0, that [Ax, Aﬂ+7A_-Je!ep g,
. H

for0<A<ny,, z¢ B(xo;’?n) }>

NEF (e(0))= b e B,(X): 0(x)-a® <0 for (x,a)e T (g(0)) ,
NEH (e(0)=f0 € B(X):0(x)+ 220 for (x.8)eT(2(0)) .
Theorem 5. If X is a Hilbert space, f is a {2}-lipschitz function in the vicinity
of the point x, with a constant K, g,(x)=f(z+x)-27()+ flz-x)+ K",
22, (x) flz+ x) 2f (z)+ f (z x)-K ||x|[ then
D, 7(s0) = (VP (&, 0) - Kl ) (VP (2 00)+ K.

Theorem 5 is proved analogously to theorem 4.
Consider the space B,(X) with a topology o{B,(X),X). We shall say that Q,

converges weakly to O, if O, (x) converges to Q(x) for any xe X . It is known that if
X is finite-dimensional, then we can identify B (X Z,R) and L(X 9. ¢ ) ; |

Let CcX . Theset DS flx)={0eB,(X):Q e D,f{(x,),x,eC,x. >x,0Q is a
limit point the sequence @, } calls the C -relative bi-differential of the function f at the
point x.

The following lemma immediately follows from the definition D5 f(x,).

Lemma 12, If X is finite-dimensional and f @ -bi-lipschitz function in the
vicinity x,, then

1) Df f(x,) is a closed subset of D, f{x,),

2 chf(xo)=sz(xo)' if xoeintC; DS flx)=@, if (x, +&£ B)nC=D for

some £>0,

3) the mapping DS [ (xo) is upper semicontinuous in x,.

Remark 1. If the function f satisfies the @ -two- lipschitz , weak #- bi-
lipschitz or weak & -two-lipschitz condition in the vicinity x,, then the statement
Theorem 1,2, Corollary 1 and Lemma 7 is also valid.

Theorem 6. If the point x, is a local minimum of the function f, then

Oe lv);f(xo)‘

It is clear, that D}/ (x, ) D Flx,)d; flx,), where d f(x,)={0 e B,(xX)-
fll](xo;x,x)zg(x),xeX.

Consider a subdifferential of higher order which is a direct generalization of the
second order subdifferential.
Assume

Z( Y CE fz+(n- k)ﬂx)

fs““(xo,x) hm k=0 .
m A
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SEFCi - k)ﬂx)
S (i) lim =5 = .
Ado

£ x)= hﬂ%;(— e, f[x: (_wk}ﬁ x]

Aﬂ

The symmetric functional x, € N ( ",R) satisfying the inequality
f{”]"(xo;x)Sx;(x,...,x)s f[”}’ (xo;x),
(f(”)“ (x,:x)< 2 (x,...,x)< F O (xo;x))

we call the [r]- gradient ( (n)-gradient) of the function f at the point x,, and the set of
[n]-gradients ({n)-gradients) at the point x, we call the [n]- differential ({r)-

- differential) of the function £ at the point x, and denote D, f(x,) (Dn Flx, )] .

Assume C(z;x,4)= i(— V) CE f(z+(n-k)A x), R

87 (z;x,2)= i(— yct f[xo + [321 - k)/l x). ,
k=0
The function f we call [n,ﬂ]- lipschitz ((»,0)- lipschitz) with constant X in
the vicinity x,, if for some g >0 it is fulfilled the following condition

D~ Gy} < K=o (e + Y,

{sGisa)- s v <Kl Qo)
for x, vee B, zex,+&B, 0<8<n.
If for z=x, the relation (11} is fulfilled, then the function f we call [n,6]-
lipschitz ((n,@) - lipschitz) with a constant X at the point x;.
Theorem 7. If f [n,6]- lipschitz function with a constant K in the vicinity u,

(11)

then ™ (u,x) is upper semicontinuous as a function (,x), and as a function om‘y x
satisfies the condition

£ )= £ )< - o e A

The corresponding statement is valid for £ (:x). ’
Theorem 8, If X is finite-dimensional and f is a [n,O]- lipschitz function in the
vicinity x,, then D, f(u) is upper semicontinuous in x,. ’
Let w:X —> R. Assume
n—ep y= {x,a)eX xR, w(x)sa®,
n-gp = {(x,ﬂ)eXxRﬁr ‘ylx)z-p",
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K {x,, iz, )= {{r.2)e X xR, : (x, + Ax +0,(A)plx, )+ Ax + 0,(A))e n—ep ,y for

p
K (o )= {x. B X xR, (%, + 2x + 0,(A) wlx; )+ A8 +0,(2))en—ep _y for
1e0.m,5)m.5 >0, Ol(f)ao,of)ao for Mo},

Ae O, >0, 28 g Of)—w for MO},

A
d,(a)=int e o] +fa - A" 0 B)en-ep.y
Lemma 13. (x,a)e K; (x,,w(x,)) if and only if
Tire dn((xo ? W(x() )) + A(I,(Z)) =0,
2,”

lim
Ao
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