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GEOMETRICAL NON-LINEAR TORSION OF THE THICK-WALLED
PIPE OF THE VISCO-ELASTIC MATERIAL

Abstract

A problem on geometrically non-linear torsion of a thick- walled pipe made of
visco-elastic material is solved by a sequential approximation method.

Let us consider torsion of the thick-walled pipe of the visco-elastic material,
which is under action of torsional moment (fig. 1), Let’s use the initial state coordinates,
The origin of coordinates is chosen in one of the ?
end-walls of the bar. The external radius of
across-section is denoted by R, and the internal
radius by r; S, and S, are lateral surfaces,
§ is square of the end-wall; / is length of the
bar considered sufficient big.

We represent displacements in the form [1]:
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Fig. 1.
where 0(t) is torsion angle, ¥,(x,,x,.¢), V3(x..x,,) are required functions, c(t) is
constant subjected to determination, ¢{x;,x,) is function of torsion which is equal to
zero in the considered case.

The components of deformation tenzor are expressed by the components of

displacement vector in the form:
e =y ;g tu . (2)
It is supposed that, the mechanical propcrtles of the pipe’s matcr.al are described
by the correlations of the physical-linear visco-elasticity [21:
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G { R(t - 1), ()r, (3)
o

X, =6. 4)

Here 3,=¢; —ed; is deviator of deformation tenzor, §; = o, —~ 08, is deviator of stress
tenzor, &= 3e=e¢,, is the relative change of the volume, o =, /3 is the mean stress,
G, is the instant shear modulus, X, is the instant modulus of the volume deformation,

function R{f - r) is the relaxation nuclear The volume deformation is considered as ideal

elastic.
The equilibrium cquation {3]

g(‘sh +Uk.r)J -
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taking into account (1)-(4) passes into the following correlations:
GV, +ah, =—(F, + F, )xl 5
GV, +aA,,=—(Fy, + Fp )x, .
The boundary conditions [3] after analogous computations are represented in the

&)

form:
[(“2V1,1 +a3V2,2}‘1 + G(VI,Z +V1,1)3‘21gﬂ +[(Roys + Rz )%, + (R, +szz)x2]sk =
"[(azyu +'“31"22)"71 +Gl:, +V21)r L +HRy + R e + (R, +Rv22)x2]s,s
[(anzz +a;V 1)"2 +G(Vl 2 +V2])x L (B2 + R0 v, + (R +R,32)x2]5 =
—[(“zvz 2 +a 1)":2 +G(Vl 2 +V21)x11g (Rvm + R, )0 + (R +Rv32)x2]s

where A=V, +V,,, V¥, =V,), +V., is Laplace operator, K, =a,x,, F, =a;x,,

R, =Ry = a{c + %(xlz + x%)] , Rau=0, F,= "ZGOJ(R(’ = 7)oy (£)adr —2G, x
4]
 JRG = )33 @ e, g =26, [ (R~ 2)55 (©))a 7 ~ 26, [ (R — )3, (0N
)] i} [t}
R,, =-2G, jR(r - 7) = (r)dr >

R, =-2G, IR(" —t)3, ()7, Ry = "“2G0,[R(f ~7)3p (M. | Q)
0 0

Equation (5) and boundary condition (6) are linear with respect to unknown
functions ¥, (x,,x,), V,{x,,x,). Let’s solve the problem by the Successive approximation
method. Take as the zero approximation the solution of the considered problem in the
case of the elastic material of the pipe that is for R(r ~1)=0. The pointed out solution
was given in [4}. Following that work we write out:

K(a)(xlsxz)zbl(O}ble + 3b£°)xtx§ +‘33’:50)3‘7:3 s
lr/'_.f(o)(xl,xz)*—-b,("}bzx2 +3b{00x x? + 58023
where b =(R,,G,,R,7), b =R* +rR+r?.

Let’s represent ¥, (x,,x,) in (1) and taking them into account in (5), (6), (7), we
obtain the equation and the boundary conditions for determination of the first
approximation V,.(l) . We obtain the torsion problem in geometrical- nonlinear formulation

with the imaginary first approximation of the force, which had already been detcrmined.
And in this case the problem is solved analogously the zero approximation. For any #-th
approximation there exist:

The equilibrium equation and the boundary conditions

GYW + 0 A = (B, + By, |

GV 1 a M) =By + EEV,
o) + a ) + GG+ |+ [ )+ RV, + (Rl ’*”)x L, =
fo.r +ap s, + G + v, | + 1RG4 R, (RS‘;“ RoY, ),
lla% + a0k, + G + vl |, + (RS + REDhs, + (RS + RS, |, =

(8)
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o) + a e, + GIAS + vk |, +{RED + RE N, + (R0 + RPN L. a0y
Moreover, F;.}"“) , Rfﬂ?“‘) are determined by the foregoing (r — 1) -th approximation. The
equation (9) and boundary condition (10) distinct from the corresponding equations of the
geometric non-linear problem of elastic torsion by that the known forces F;(,"“) , Fz(z"“‘] ,
R Rl - et} plet) !, Ri"Y take part in them. The solution of this

vil > 1z = 21 22
problem considered in [4]. Startmg from this we obtain

Vi (x x, £)=607x, +3b0x 52 + 6%,
Vi (x,,x,.0)= b{"bx, + 3p{x,x? +b0xd |
where 5" = 5B, K, G, Rt~ T\R r.1).
Substituting K{”] into (1) we determine the components of displacement vector
for n-th approximation:

u 1 "
W % 5,00)= 05,5, +92(:)[_5x1x§ w7 )(x,,xz,t)},
" 1 "
yg )(J\:,,Jc,z,xs,r)zf;'»‘(r)xlx3 +92(r{— Exzxf +V2( ](x,,xz,(t)):l,
ug”}(xl >x2 >%3 ,I) = 92(’)C(")(f)x3 '

The quantity C is determined from the condition {3]:
[[osdndr, =0.
5

For example, for the quantity C for the first approximation we have:

c(*?=3“‘4"’{ [b(‘]bz ( 3500 4 30 }(R2 )]+
1-v 2 v

3-5v

11_?: { I - (35(” v - 1 VHIR& r)dr} :

where C =02,
Moreover, from the integral condition [3]

H(xlo'ﬂ = X053 )i‘:ldxg =M
5
we have

M = %nG(R“ - r“{eiﬂ)(r) - iR(t - rp(""‘}(ryr] +
+G£f{9{")(r{(~;~x;x§ - szlf;) + X, 2(’;})1:1 (— —‘I;-—chx3 - x2V1(23 +x ¥ ("} ] }
, pe(: st ﬂ(r)[ [_x,x3 Ve eyl n)

- X, [— %xzx3 - szIE{' Dy leZ{,'I"l)Hdr}cbq dx,

Numerical calculation had been carried out. In fig.2 the graphics of dependence
of torsion 8(t) on time ¢ are represented for various values of the torsional moment M ;
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fig. 3 the graphics of dependence & ~ M are represented for various values of ¢, from
which it follows that the influence of the properties of the visco-elastic medium is
sugnificiant for torsion determination.
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