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THE ASYMPTOTIC DISTRIBUTION OF EIGENVALUES OF NONSELF-
ADJOINT DIFFERENTIAL OPERATORS IN UNBOUNDED DOMAINS WITH
BOUNDARY

Abstract

Boundary value problems are considered in an unbounded domain for nonself-
adjoint operators of elliptic types. The Green's function are constructed and the
asymptotic formula for a number of eigen-values is obtained, where all coefficients are
used.

Spectral properties of elliptic operators have been studied by many researchers
(see survey works {1]-[6]). Asymptotic formulas characterizing the distribution of ¢igen-
values of self-adjoint elliptic operators defined on the whole space have been considered
in papers [4}-[7]. The matters on distribution of spectrum for the operators generated by
general elliptic boundary value problems have been stated in monographs [4]1-[7] and in
[8]. Non self- adjoint elliptic higher order problems bave been studied in papers [9], [10].
In [9], asymptotic behavior of Green’s function up to the boundary of unbounded domain
has been studied, asymptotic formulas have been obtained for the distribution of eigen-
values, where all leading and free coefficients of non-self-adjoint elliptic equation
participate. In paper {10] asymptotic formulas where intermediate coefficients also take
part under rigid conditions on their growth, were proved by means of bilincar forms
theory method. It is assumed that the boundary of the domain satisfies the condition of
cone [6].

Asyroptotic distribution of eigen-values of a non- self-adjoint operator generated
by a general elliptic boundary value problem in an unbounded domain is investigated in
the paper.

Here the author’s results [9] are generalized, namely, some conditions on the
coefficients of a differential expression have been weakened; intermediate terms may
have definite order discontinuity, besides, new characteristics for the asymptotics of
spectrum were suggested. The properties of Green’s functions of the considered boundary
value problem, and also Green’s functions of corresponding parabolic boundary value
problem were studied. By means of this method one can determine and asymptotics of a
spectral function, asymptotics of cigen functions. And finally, uniform asymptotics of
Green’s functions admits to determine the form of domain where a discrete spectrum of
the studied operator lies.

Let Qe R" be an arbitrary (bounded or unbounded) domain with the boundary
reC™ [4).
The differential operator L given by the inequality
Lu= Y a,(x)D*u (1.1)
lej<b
1s called strongly elliptic on €, if for all x €2 and for any real vector 0= & e R”

Rc{1zl_"aa (x)ﬁ“} 2 ¢, ||§||b , €>0. (1.2)
a|=b .

Here
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D* =DpDy*..Dg* , Dkzl,-a%; (k:fﬁ), i=J-1, a=(o:a,;.;a,) is a multi-
i
index and |a:]=o:, +a, +-+a,.
We are to note that for n>3 the order of the operator b is even. We shall
assume that the form of leading terms

L&¢)= |%a,, ()"
is uniformly elliptic, i.c., for all xeQ and real &=(&;&,:....&,)#0
mi | Sie. (g £ s mle

for some m, >0, m, >0, that do not depend on xe Q.

1. In a class of m- dimensional vector-functions it is considered a boundary
value problem on eigen values:

b
2

(1.3)

Lu=Lu+Lu+qu=

=(-1p kZDj (ak (x)Dtu)+ m%a»b.f WD u+glxu=2 r(xh , (1.4)

@, (x,Dp|r =0, s=1b, 1.5)
where the expression ®,(x,D) satisfy the Ya.B. Lopatinsky conditions [4], in other

words, if
O u= Zb_,-.a (x)D“u E
|afsm,

bia(x)eC(T), j=Lk

for any vector v, , normal to the boundary I" at the point xeI" the conditions
ij,a(x)v:rz #0; ]:i_k- ’
|ecf=m;
O<sm<m, <--<m, <2b-1;

are fulfilled and this set forms an additional system with respect to L [6].
The differential expression

L(D)= Th, (D"

1<k<2b-1
has, in general complex valued coefficients, they may have definite order discontinuities:
i () <m0, (), (L6)

where

™ ; for k> 0; | <1

O, (x) =4 —In|x|; for £=0; <1
1; for k>0;|1xl2]

It is assumed that the square matrix #{x)eC,(Q) is positive definite. Let
A;(x)=1,(x)+it,(&) be characteristical roots of the matrix r~'(x)g(x), and elements

l; (¥)>0, j= L» are arranged at decreasing order. We shall assume that

IO~ LoD <mbe— R e-sls1. 0<r<t, @)
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lalx)- g} < mgr (Y () - 5], (18)
b )< m @ T for >0 (19)

where ¢ =1+—
2b
there exists such a number p> 0, that

i 5P (e <o,

LE<LEF; [x-y>1, p<1. (1.10)
Seeley [11], and further Mizohata suggested a method to study spectral properties of the
problem (1.4)-(1.5) by means of studying Green’s functions properties of the parabolic
problem

%"—+Lu=0, into Q, =Q®[0;7], (1.11)
4o = 1 (x), - (1.12)
£ =0, [ =refoz] (1:13)

Let Gy(x-y, ¥,t) be a fundamental matrix for the solution of the system (1.11) for
Lu=Lju+g(y) . Then

Golx - y.y.1)= I { [ Z ity . (}')fq fk,
2=y tz” &
(1.14)
riye ol g ) r}m:
Jet=1 r‘lb
and the Green’s function of the problem (1.11)-(1.13) is represented as (see [9])
G(x,y,r): Go(x - y,y,t)+ G, (x,y,t)+ G, (x,y,r), (1.15
where
16, (x, 9,0 < mt 2 exp{— my [+~ > Ay (y)} (1.16)
th—l

“GE (x&y:t1| < mQ‘r?{E exp{_ m\O |]|x - yll - p(y,r‘)}] f_;;:; - ﬂj (.V)} » (1 . 17)

where g—g+l=1, m, >0; p(y,[) is the distance from the point ye < to the boundary
q

I". Inequalities (1.15)-(1.17) are proved by the schemes of papers [8] and [12].

Theorem 1. Non-self-adjoint operator L, corresponding to the problem (1.4j-
{1.5) and satisfying the abovestated conditions, possesses a full system of eigen and
adjoint functions.

Theorem 2. If the conditions of Theorem 1 are fulfilled, and besides

“(LD +Ij.tju,u}1“$ muu([,o + IJ,.)"? u“ . j=Lm,
the spectrum of the operator L lies interior to the domain
|r;'] g +dE, where A=¢&+im,
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>0, 0<y,, 7, <1, m;>0,c>0, d>0.
Note the following necessary cases:
a) in papers by S. Mizohata, even in bounded domains with a cone condition, it is
assumed the condition
1Im Aji <£
b) dense definiteness of the considered bilinear form, its closeness and spectral property
require more rigid conditions on the coefficients of the operator I ;
¢) these theorems are proved by the method of papers [4], [71, [9]).
Theorem 3. By fulfilling the conditions of Theorem 2, there exists a number

"l

r>

1 1

e |
ZKA_A!), - éH—O(I)‘er(xI}L 1 ()" dv, (1.18)

P=i
where

Flx)= Rf_ exp{-Lo(x.£ S

Theorem 4, Let N(1)= Y"1 and the conditions of previous theorems be fulfilled
i

Then

N(;,){(zx)ﬂr(%nﬂqrr mj gf?(xljl 4, (e (1.19)

ik
Proof scheme for theorems 1-4.
The resolvent kernel of the operator L is given by the formula

K(x,yA)= Ie"’”G(x,t,t}ir ,
0
or, the kernel of the integral operator {L + A7) has the form
I - =]
K, (x,y,/l): — t“"e_’"G(x,y,t t, u>l
)] ¥
and the operator is bounded, Then, if

8(x, 5. 4)= 3 0;(cJ5,(»)

&yt
the spectral function of the operator L,

G(x,y,z)= Te"”dé?(x v.t);

Iﬂ(x xii)dx > ”(p',(xl dx = N(1);

£<a0

1r[Glx, x, 1)t = I e aN(r);

- {;} (., A = \'(u ___) ay @) s [Pl - (e

F=1
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In formula (1.19) “mean” coefficients of differential expression as in [7] Q2= R”
(self- adjoint case) do not participate.
2. Now consider the case “equivalence” of all coefficients of a differential

expression.
Introduce the following notations:
J = [JL(x,2)+ Az, ' 2.1)
R .
HL(y E)+ Ar]

A, y)=inf =2 L 2.2

m( y) R "VL(y §1| ( )

Gz(x,)’s'g)-(‘TI [2(8.8)+ Ar]'eC~Vag @.3)

and let yu;lgm(l,y)>0.

Theorem 5, Let the following conditions be fulfilled:
1) integral (2.1) converges;

2) [mP(A,908 <o, forall 2>0, where p>0;
4}

9 Joa@)- 2, 0) <t~ or fof=20, e~ <L, b, (o)

9 lou)- )< 0Dl or -z

5) my [+ ) <la, @ s mu QU+ )" je|s26-n-1, m, >0,
Then

>0

a0 o0

i) a§|1+ﬂj| zz;(z 6,)2 +0(1) for 4> +o, @4)

1(,‘1‘, é 7 ~ [ f|G. (. y,y] dxdy for A -+, (2.5)

iti) |Gz (x,y,y}SmB GXP{‘ W} (2.6)
14

where my, >0 is a sufficiently large number.
The proof of these statements is carried out by the method of papers [7] and [9].

It follows from (2.6) that
2.7
26y ey @7
and if it holds the representation
[ J‘ dy(4)
QM (F ¥) c@+u)
then
N(A)~ mgp(2). 238)

We note in conclusion that there exist a large class of examples when formulas
(2.7 and (2.8) have the obvious form.
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