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GADJIEV A.D,, ISPIR N,

ON A SEQUENCE OF LINEAR POSITIVE OPERATORS
IN WEIGHTED SPACES

Abstract

The authors present a modified sequences of operators which were introduced by
Ibragimov and Gadjiev and established the theorems on weighted approximation by these
operators on infinite seis.

Ke;words Linear positive operators, Korovkin type theorems, modulus of
commmly .

1. Introduction.
The sequences of linear positive operators

L(f.%)= Zf[ 2 0) au,,K(xfui (—'555,-@ ()

u=a,y,(0}
£50

were introduced by Ibragimov and Gadjiev {1] * under some conditions on functions
K, (x,t,u),,(t) and the sequence {,} , which shall be noted below. In [1] authors
showed that this sequence was a generalization of well-known Bemstein, Szasz,
Bemstein- Chlodowsky and Baskakov operators, Some new properties of the operators
(1) were established in different papers. We refer to [6], [7]. P. Radatz and B.Wood [6]
have given an approximation of derivatives of functions in a certain class by the
derivatives of the operators (1). Generalization of this result may be found in [7]. In [2],
[3], [4] and [5] some results on the approximation of derivatives by derivatives of
Baskakov type operators have been given.

Note that all of these papers, including the Gadjiev- Ibragimov’s paper [1], are
devoted to the case of finite interval [0, 4].

The aim of this paper is to solve the problem of weighted approximation of
continuous and unbounded functions defined on semiaxis by the modificated operators
(1), which will be defined below.

Note that the weighted Korovkin’s type theorem were established in [8], [9]. We
give those theorems, which will be used throughout the paper.

Let p(x)=1+x* ~o<x<w and B, be the set of all functions f defined on
the real axis satisfying the condition |f (x] <M, p(x) with some constant M s » depending
only on f. By C,, we denote the subspace of all continuous functions belong to B, .
Also, let C} be the subspace of all functions f e C,, for which | 1&, 7(x) p(x) is finite.

Theorem A. Let the sequence of linear positive operators {L,}, acting from C o
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to B, satisfy the conditions
lim

n—yot

Then, for any function f e Cf,,

an(’”J)-x"H =0, v=012.

P

fim |L.f - £, =0,
and there exists a function [* € C,\C}, such that
|
Now, let {a,} be a sequence of positive numbers such that lim a, = and
If (x)
Ao 20 L5

For lincar positive operators, acting from C 5 10 Bp.{ﬂ‘a’], theorem A gives the following

(see [10])
Theorem B. The conditions

lim e x)-x ey =0 V=012
implies
bm 2 f = £l fo0y=

for any function feCk.
Now let us determine the modificated operators (1).
Let {7 } be the sequence of positive numbers, which has finite or infinite limit.
Let {K,,(x.7,u)} be a sequence of functions of three variables (x,¢ 0,7, ], ~ 0 <u <),
having the following properties:
1°. Every function of this sequence is an entire analytic function with respect to
u for fixed x and ¢ on [0,y,];

2°. K,(x,0,0)=1 forany xe [0,}’,,];

g
3° {(- ) %Kn(x,r,u* }z 0, (v=012,..,xef0,y,];

W=y =0

av av- -1
4. =K, (x,t,u =—nx | K, . (x,t A
Ou =y =0 Ou u=ny =0

(xel0,7,]:v.n=12,...), where m is a such number that »n + m is zero or a
natural number,
Moreover, let {p,(1)} and {u,())} be two sequences of the class C[0,7,] such
that, ¢,(0)=0 for each t<[0,7,] w,(t)>0 and
lim 1
- 2 n’y,,(0)
Also, let {a,,} denote a sequence of positive numbers satisfying the condition

& _ 1 _
= _1+0[ o (0)). (3)

=0. Ne)
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We call the operators (1) under the above conditions the modificated operators
Note that in the case of limy, =

A4 and lim 22 =1 we obtain Gadjiev-Ibragimov
_ [
operators, defined in [1].

Obviously, the modificated operator is a linear positive operator having the
properties
L,(,x)=1,
L(x)="2x,
n
L 2’ — @, n+m o +a 1
,,(t x) [n] n nnw,,(O)

2. Convergence of the modificated operators in weighted spaces.

@

Theorem 1. Let {L”} be the sequernce of linear positive operators, defined by (1)
Then for each function feC f,

tim |,/ = f] . jo,.1=©

Proof. Clearly, |L,(x)~ lnp_[w >0 as n-» on [0,7,]. The second of the
equality in (4) and the condition (3) give

p a3 " _4,0:{?5.11;: =0[”2V’1»(0)].

[0 y,,] 1+ x

Hence, by (3) and (2), we obtain
lim sup —IL x)- x|
90 oo ;v,,] 1+x?

Using last equality of (4) we can write

)2 g Vnem a x
sup - 5 s[ "] »—l{ +—— sup <
wby) L+x n i+ 2 7 iy, O)sdan 1+ x
{af ] nem | e, 1
n n n*y,(0)’
which implies that

) L(r x x|
miﬁ)’f] 1+ x?

Since the conditions of theorem B are satisfied, we obtain for any feC*

m sup Ml 2L | x) ﬂ

nmeloy]  14+x?
which completes the proof.

Now, we investigated a rate of convergence of the sequence of the operators
{L,,(7();x) . By the definition of the operator (1) it is scen that ¢ & [0,%0). Thus, we can

not find a rate of convergence in terms of usual first modulus of continuity w(f,8) of
function / because a modulus of continuity @{(/,5) on infinite interval does not tend to
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zero as & — 0. By this reason, we consider a weighted modulus of continuity Q(f,5),
which has this property.
For cach f eC* let

[ x+h)- £x)
QUf.d)= .
(£:9) 1&[-.:5?15[0,?,] (l "y XI + xz)
We call Q(f;5) the modulus of continuity of the function f on the space C. Consider

the properties of function Q(f,8). By the definition of Cﬁ , for given £ >0 we can find
%, = X, (£) such that the inequality
f &)
1+x7
holds for all x> x,. Therefore
Qfr, 5)5 sup |f(x+h) f(x1+ sup s
f( ) _

where @(f,8) is the usual first modulus of connnuity of f on the interval [0,x,] and
‘lsirngm(f ,6)=0 since f is uniformly continuous on [0,x,]. Consequently,

(x+4)
1+ (e +hY

kol <o{f,0)+28, +¢,

k+

2x
+&, sup ——-
xpsxsy, 1+ X -ro—xsn

. _ £
1151_131000',5)_0, for every feCh.

Now for a natural number m can write

e+ ) - f(q:‘i Sl k)= e+
(1+h2)Z(1+(x+(k-1)h Jr:6).

Hence we obtain the inequality

Q(f;md)< 2mll + 57 ) 1,6)
and then for any 1>0, Q(f;45)<2(1+ 2.)(1 + th(f;t?) also holds. This properties of
modulus of continuity C(f,5) and its definition show that for every FeCto,0)

70~ FE < oo -7
<2[| 5x|+1}1+x Xl-t—(t x)z) )

for cach x,¢€{0,7,].
Remark 1, For the rest of these paper the paper the expression

—K, (x,r,u* will be denoted by K¥)(x,0,a,,(0)).
ou
w=a gy, (0)1=0

Theorem 2. If f € C), then the inequality
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ap [ASX)-7G]

; 1
selora]  (L+x?) 4 anm(ﬂ)]

holds for a sufficiently large n, where K is a constant indepent on n.
Proof. Since

\;K 20, A AU “.,vf,,(o))

we get

L,.(f,x)~—f(x)=§{ ( ~ O)J f(x)}K(”’(an,,y/,, (O)M

Using (5) we can write

1L, (7.%) - £ () < 2( 1+xX1+52)Q(f§)ZK )(x,0,0,1,(0)x

CowOy {H " ;u,,(o) [I[WH
v L n'y,

< 4(1 + xzb(f;&,){l + (—;—i x-—-

n v=0

(s 0,, @) O

o
e Y K 0.a o) O
Z[ (o)J 0., (0=

2
1 & o v | v (~a,w, Q)

— 3 k¥)(x,0, 0)ix - - AN
L ) e
Applying the Holder’s inequality, we obtain

IL{(f,x)- f(x]s4(1+x )Q(fé‘{ +-3—I‘f'2+1 +-‘§L12],

" n

where

2 v Y ko Caw,©)
e At

and

1, =§K£V)(x,0,any/n (0))[,1: - n2; (O)J“ (- 2w, ) |

vl
Using the equalities (4), we obtain for 7,

Il_x[ ( ]n+m [] £n+m1n+2m)J+

n2

A

and for I,

(6)

9

. (8)
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I =x4[1d4[%}(n+_ml_4[&f (M+m)(mv-|~§m)(n+3nr:)_‘_’5{_4::’zi_,,J2 y

R n

(n+an+2m) [n] (n+an+2an+3an+4m)J 3[6(0,,,)1,”._,”))(

n® n n n

W - 12[ J (n+ m)(n +2m) (nz,),,i o N 6[%,_ T (n+m¥n +,jm)(n +3m)
" n’wl,, (0)] o [ n ] = mzi(;, 2 (n wl ©f ’(J e Q,zwi o ¥

Using the condition (3), the equalitics (8) and {9) can be written as follows

=t ”)O(nz;,,(o))

Using this equalities in (7}, we have

1L, (F,%)- FleN<all+ 2 )( 76 ){ L J(x +x)0[2—1—)+

n*y,{(0)

ol o e ot

Choosing &, = 1 , we have
V7w, (0)
L, (7, %)~ 7(x) < 4(1 + xzb(f;&,){l +24x% +x +
5§(x2 + x)+ (Jc4 +x7 +x* + x)
and since 87 <1 for a large #, we obtain the basic inequality

|L,,(f,x)-f(x]s4(1+x2)n(f;5,,){ 1+ 2vx? 4 x + x4 4 57 + 247 +2x]

From this, for a large », we can write

L, (%) - flx) _

sup ——————-—~———_
xef0,7,] 1+x f{ 1fn y/,,((} ]

where K is a positive constant. The proof is completed.
Remark 2. As shown in theorem A, {L" (/:x)} converges to f (x) in weighted

spaces with weight function o{x)=1+x?. But, as may be seen from theorem B we could
find the rate of convergence of the operators (1) only in weighted spaces with weighted

. function (1+x2)3. Therefore the rate of convergence of the operators (1) is an open

and

problem when weighted function (1 + xz)a » 1S <3,
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3. Existence of the derivatives L”)(f:x).
Let f be (p—1)- times continuously differentiable function on [0,00), which
belongs to C, and let also its p-th derivative f*# satisfy the Lipschitz condition

lf("’)(x)—f(")(qSMlx—ﬂ“, O<x=<l
for any x,t=>0. In this case, we write f(*") € Lip,,a .
Now, supposed that the function K,{x,z,u), in addition to the conditions 1°4°,
satisfies
5° K (x,t,u) is continuously differentiable with respect to x for any fixed u
and ¢ on the interval [0,7,] and

d
—K \x,{ =-
a (x uiu_ﬂl o nul nint (x 4 ul)

Theorem 3, Let {K,(x,r,u)} sotisfy 1°-5° and let f be a function p -times
continuously cﬁ_ﬁ”erennabfe on [0 ®). Then

L= S kG oaw o))

is infinitely differentiable on [0, yn] and

LP(f,x)= ;ﬂ x, f(%} n(n +m)---(:! +(p-1)m) .

x K n+(v+pm)(x=0= @n¥n (G)X" X (0))V+p :
where A, denotes the difference operator with the step ht = (nzwn(O))] and A*‘;,_, is
the p -th iterate of this operator.

Proof. The series is absolutely convergent on [0,7, ] because for cach feC s
we have

Ei—dlc (x.0, cx,,;y,,({)))———————( @, (0) stZ(H (0))2
xK£v>(x,o,anwn(o))("“’—"&@)l=M,[1+(%] e

]

a i a a,\ n+m a 1 a
| T 4 2B I M T 22 i P .
[n nw,(0) nJ } f[ (n) n " [n iy, (0) n }V"]

By v -multiple application of property 4°, we obtain

K@ 0.0,,0)= 1 wnln+m)...(0+ - DK, (0.2, (0))

or applying property 5°, we get
2 (K50, 0)= 12 ). o+ = D) 0.0, 0) -

~ 1) 2+ m). -+ v,y QK gy (0,00, 0)).

Hence
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—L (fix)= z (0)} 4 (x ")(xoa,,%(o))) ,,%(0))

i iﬂ[f[ ":wt (10)) ) /fn"’;:n (O)HXV et m);!' et Vm) X (10)

x K ax{v+l)m (x’0= Wy, (O)Xan‘yn (0))v+] :
By property 5°, K, (x,t,u) is bounded on the interval [0,7,] for each fixed ».
Thus, we can write

K, (0,0, 0) € max K, (x0,0,1,0) = K, {63.0,0,0.,(0)).

Since |£(x) <M {1+ x2), 2 2
swf(n(;—;ﬁa) }sﬁM{H(m] ]

/{n:y:,zo)] - f(n%f:,(o)}

On the other hand, we have
K% (x.0,a,,0)=(x) (n + m¥n+2m)...(n + vim)x

X Km {v+1)m (x,O,an;yn(O)) -
Using this equality in (10) we get

%L,, (f.x)=na,v, (O)Z[f [ n:wj(IO)J i f[ ”2":'(0)” ><

K (20,0, @) 0O

The upper bound of this scries is

- _M_)_ ® v 2 )
A=6nM v O Zj}[l [“2%(0)] ]
x K, (x,, O,a,v, (O)F.M
and we can write

4= Wfﬂnwl,.(ﬂ)[ {2 EY }

'Consequently majorant scries of the series (10) is convergent which implies that the series
(10) is uniformly convergent on [0, Va ]

Now, we can establish the existence of p -th derivatives of L,{f;x) for certain
class of functions f . Since the series is uniformly convergent on [0, y”], repeating the
process of differentiation which can justified in the same way, we reach the result

LI(f1x)= 2 N f (_}"(ﬂ +m).. (n + (V +p=Um)

X K s pim (%0 chc,,t,r/,,(O)Xa:,,t,t»*,,(0))""p : Yy
Now, considering property 4°, we can write

K,(,:m(annq/,,(O)) (n+pm)(n+(p+l)m) (n+(p+v l)m)x
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x (— x)v K na{vepim (JC,O,.G“I,V,, (0)) .
From this equality, {11) can be written in the form of

W)=, f[v\n(mm) (4 (p-Dm) ,

v=0

x Kn:—(v+p)m (xaoa &V, (O)X'— oy, (0)) ((Z,,W" (0))}1 '
It is well-known that

P v |- v+l . v+p
4 f(n %(O)J s w,,(o))”[ n %.(0) ny,(0) nz%(ﬂ)}

v+1i v+p .
where | f; yeeos is the divided diffcrence of f at the points
[ 'y, (0) n’y,(0) " r'y, (0)}
14 v+1 V4p

n*y,(0) n*y,(0)" " n*y,(0)
Moreover, since the divided difference of f satisfies the equality

v+l P {r)
[f’”’% (0) ny, (0)"" n? w,,(O)] 776

v+8,p

v,(0)’
£9(f:x)= ( ]n(n+m) {n+(p- l)m)zf{p[v+9p]

v=0 R Wn(o)
K9 (200 p (YO (12)

R+ pm vl
Theorem 4, If the function f{(x) is (p —1)- times continuously differentiable on
[O, w)}, and its p-th derivative | (r) belongs to the class Lip,,a, 0<a <1, then

() _ glp)
fm sup AR I

20 oy.] 14+ x®

v+ p
n*y,(0)

n %(0) <<

Taking Q’- 0<8, <1, we have

P
Proof. Denoting [_a_,,J n(n+m)...(r;+(p—l)m) by I,, we can see that
n n ’

lim 7, , =1. Considering the series (12), we can writc the inequality

L2 (73) - P < fan p)[v w(f;] FPE )+ )

3

np ~1

where
P, (x)=k¥ (0 %%(@)%

Since f e Lip,,&¢ we have

200~ G 1 pE AL {Pv..,(x)qu(xi\x,,,p4\,

where M is Lipschitz constant,
Applying the Hélder’s inequality, we obtain
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2 /2
|1 (70) - ) < z,u@[% ~ xJ P,.,,(x)) @, -1 a3
From the inequality
|f(’}(t)— f(”}(:q <Mijt-o" forall £,x20
we can write
L) <P (0) + M= < max( | f(ﬂ)(oj,Mﬁ +x%)=M (1+x7), (14)
where M r= maxq Vi (’)(OX,M).
Considering the equalities (4) and by simple calculations, we obtain

i{v:f),,p_ J ()= {(_"lj zpma,,+mn+2pn;(n+pn=)(ﬁ]}g+

=0an(0) hon h kn

e, 1 i P’ :
+[[ i P n @ T w,(ﬁ)Jx Tv.0F ()
If we substitute the expressions (14) and (15) in inequality (13) we have '
E2(f x)- 1O <1, M b+ of” +M Qa0 -1, 6)
where a,b,¢ denote first, second and third terms in right hand side of (15), respectively.
Therefore, we reach the result
P r
G-

0 xe[0,7,) 1+ x®
Now, we give a rate of convergence of L(:)(f ,x) to f (p) , when f (r) g Lipa.
Theorem S. Let f be a (p~1)-times continuously differentiable function and
ler f(f’)eLrpMa. Then

2, 2)- ) o T
sup =0 | maxq{—,
<o) 1+x® [ {n n"w,,(O)H

Jor a sufficiently lnrge n.
Proof. By condition (3) we get

Using this equality and the condition (3) in the inequality (16), we can write

£2(f x)- f(p)(xj =M [O[mJ + O(%]O[m] + O(i) ] x% +

Aol el fal lemr]

+Mf(1+x«)o[ w:(o))"}

I,

Consequently, we obtain
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o] Lap}(fi“) ;ﬂf(”(’q i {0{ ("’wi ©f ] ' O(%]O[ nz';,, (O)J ’ 0( nzv'ln (0))}#2
[- 354
) A e o)
af2
) [1 : O( (n’w: oY H i O( (nzw:(o)jz ]“-;O [max{%; nzwl,.(O)H

for a sufficiently large ».
Corollary. If the function f sarzsﬁes the Lrpschuz condition on [0 ) then

IL (f.x)- f 0 - ) 1 &
el
foralarge n.

In conclusion we consider an application of our results to the special case

K (xtu) [l—ﬁf—-] n:1,2,.....

1+1¢

It seen that this function satisfies to need conditions with m=-1, 7, = and m

1
n*y,(0)

this case operators (1) has the from

L= E g e O Bar.

By this reason our Theorems 1-3 holds also for operators (17) too. Moreover, choosing in

(7

1
a,=n, v,(0)= —

. b : ) : .
where limb, =, im—- =0, we obtain y, =5, and (17) gives a classical Bernstein-
n—yon L

Chlodowsky polynomials

mo= S )]

Cotresponding statement on weighted approximation by polynomials B,(/f;x) may be
obtained from the Theorems 1-5 above.
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