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GULIYEV N.A.
ON ONE GENERALIZED BALLISTIC PROBLEM IN HILBERT SPACE
Abstract

In this work the problem on existence and absence of solution of the problems of
one generalized ballistic problem for the non-linear abstract differential equation of the
second orde which has linear general part is studied.

Let us consider in Hilbert space A the differential equation
@)+ Au(t)= £(,u0)), 1e(0,7], )
where A is the positive determined self-conjugated operator in H , f(r,u) is the given
function.
It’s desired to find such a couple (u(),z) that z < (0,7], and u(f)e CO([0,7]H)
and satisfies the equation (1) in [0,7'] and the following supplementary conditions

u©=a, [e)
u(r)=5 3)
under the condition
jziz(r)dt:é?, : 4)
0

where a, & are the given elements from space H , & >0 is the given number.
Let’s denote the energetic space of operator 4 as H ,. '

For the first time the problem of (1)-(4) type was formulated and investigated by
Shamilov A.Kh.

In the sugpested work the existence and absence of the solution of the problem
(1)-(4) are established.

First let’s consider the following auxiliary corresponding to (1) linear non-

homogeneous equation
i)+ Ault)=olt), tef0,T] )
with conditions (2)-(4).
Theorem 1. Let
1) A be the self-conjugated positive determined operator acting in Hilbert space H
and having the discrete spectrum;

2} abeH,' a#b;
3 elyec(o.riH); .
4) forsome £, & e(0,T) it takes place the inequality

r 2 P
6 -l CimnfA & bl + J’T‘( ! ”(p(g}lzds] } <9,

where A, is the least eigen number of operator A.
Then the problem (5), (2)-(4), where the conditions (2}, (3) are fulfilled even in
sense of the norm of space H,, has though one solution (u(t),r):7c(0,7 ]

u(r)e C(z)(IO, rlH ) If instead of condition (4) the inequality
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[lb,, R —Jﬁnw(s)rdsj } > ©

is fulfilled, where a,, b, are Fourier n-th coefficient of elements a, b by the system of
eigen functions {un} of operator A, and A, is the corresponding n-th eigen number of
operator A, then the problem (5), (2)-(4) has not the solution (u(t),7):u(t)e Cz(]'_(],rlH )
re(0,T ]

Theorem 1 is proved by analogy to [3].

Remark. Solution (5), (2), (3) under the conditions of Theorem 1 by virtue of [2]
can be given by the formula

u(t):i[ah S”fJ}Ej - N g:ﬁ__: —_EGn(r,s,r)(p,,(s)ds Ny @

6. (57) ] {ShJZ,rShJZ(r—s) 0<rss ®
P JaSh A, (Shy2, (e~ SRS s<tse

a,, b,, ¢,{f) are Fourier coefficients according to @, b and ¢{f) by the system f },

0<A <A, €54, <+, 4, —> o0 are cigen numbers of operator A .

Further, with help of the obtained results for the considered auxiliary problem,
the problem (1)-(4) is reduced to the system of operator equations and the method of
dependent variables suggested by Shamilov A Kh. [2] is used.

Let’s introduce the following operator

of Shfile-1) . Snfar
Pl )= = +4 =— -G, (1,5, ), ns 9
e o LY COWCY) T
where G, (t,5,7) is determined by (8).

Let’s consider the operator

n=1

where

=]

def
(o)) = £ (Poe)). (10)
Using (9) and (10), we reduce the problem (1)-(3) to the following operator equation
o0)=(P.9)r). )
Taking (9) into account in (4) we obtain
d d(l"oq:)(f)]2 _
8P = ![ ” at=9, (12)

So we obtain the following system of operator equations cquivalent to the

{(P(f) =(P.o))

g.9=9

problem

(13)

Theorem 2, Let
1) A is the self-confugated positive determined operator acting in Hilbert space H and
having the discrete spectrum;
2) abeH,, a+b;
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3 f :[O,T]xH — H is continuous and satisfies the Lipshits condition by the norm
clo:H), ie  va()u@)ecorlH).  v(E(), Cul)elo,r]xH,
@) - £ eul)f, <o) -ule,; -

4) forsome £ (O,T] the inequality )

V8- ﬂb";& - ”b - a“HA Cthﬁf >0;
5) the inequalities are fulfilled
9. = or <] |lf(t=(PoOX“)l| < ‘/E_gb"m _"b ‘“HHA Crh\lzg
Y R N £
vre(0,7] where (ROXt)= i[an S/ (¢ ~1) +b, Shy4,1 }:,, :
Shy2,7 Shyf4,z

Then the problem (1)-(4), where the conditions (2) énd (3) are fulfilled even in
sense of the norm of space H ,, has though one solution (u(t);r):u(t)e C(z)([O,r]:H ):
re(0,T)

Proof. It is known that the problem (1)-(4) is equivalent to the system (13). In
order to solve the system (10) first we find the immovable pomnt of operator F,¢.

It is known the problem (5), (2)<(4) has a solution for ¢{x)e C([0,7]:H) by
Theorem 1. Also by this theorem (P,p)t)e C([0,7]:H). So (Bo)t)= 1), (PeX)
also belongs to C([0,7]: H) by the condition (3) of this theorem. So we obtain .-

P..clor].H)->c(o,1}:H).

The probiem (5), (2)-(4) is alsc solvable by virtue of condition (4) of Theorem 1 for the

~ following ¢lt): lr)e C([O,T]:H)

B —Iply, ~lp—al,, Conli
ol = - -

Now let’s prove that operator P, is the compressive mapping. We take

def
v, (1), 9,{e {spe clo.rlA|lg|, < R}= Sk
where R is some given positive number.

(7,9 )0) - (P.o2))= /(. (P Jb)) - 7. (Po. Y1)

Further, by virtue of Lipshits condition

[P0 )E)- (B XY, < O}(Poo YO - (o, YN

In the last inequality using (9) we obtain

)0 )05 - [l o (- 0.0

Hence using Bunyakovsky inequality we obtain

390~ @0 =5 - 16,65, 6)-0 (s))asf .

n=1

=3

< ngi (t,s r)dsi ((pn_, (s) - (P”.Z(s))z‘is .

Bu virtue of [2-3] it is valid the inequality
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|Gn(e,s,rxszjz. (19)
Then
(a0 Cen)of =5 {5 = | - ou
< 3] 0,6)- cp,,z(s))zds--—ﬂ-gg(%(s) 0,26 s =
P JORTNG RSNt P OERNS e INORTAC ey
ence

n(Po‘Pl Xt) (Po(l’z )(f]lc \{_ “(Pl (s) P (s]|c (15)
By virtue of (15) from (13) we obtain

)("][c <O —= J""‘Pi (s) ‘Pz( ])c J’—H‘Pl (S) o, (Sl[c (16)

From (16) it follows that operator P. is the compressive mapping in C{0,7}: H) if
G, = L2 <1
X
Let
G-l -l CAE

z (175
Then from (5) of this theorem we obtain
17.9).
-9, =R.
Hence
POl oz sy < RO=6o)- (17)

The last inequality shows that the compressing mapping P, represents the sphere Sy
with radius R into itself. By virtue of compressing mappings principle P, in sphere
Sy has the only immovable point ¢lf). Moreover, the coefficient of compression doesn’t
. depend on 7. Consequently, the immovable point ¢ continucusly depends on 7 on any
closed segment 0 <z, ST .

Let take into account the found immovable point ¢ff;z) of the operator in the
second equation of system (13). Then it takes the form:

s.0le)= i Q=] .-

$ -y B, R (2680

Now the whole problem has been reduced to the establishment of the sufficient
conditions of existence or absence of the solution of the equation (97).

2

=3. @)
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Let’s study that g ¢ by parameter 7. It s clear that g ¢ can be represenzed in
the following form:

g.p= Z{(b W, — T Chyf2, (e - . 5, J_,.Ch‘(_ t-Chf2,c-1)

Shfa, Shyf2,7
[Geam] <Eafe,-ara TBEo0
572, (ChJ_tSth\L:(T l‘))z [OaG {t,3,7) ()ds] } 3o, + 11 +u,), (18)
where
Ch\J4,(~1) .. lenfane-cnJ7 e - t))2
_E(b ) n Shz\/— Zb /1 Shz\[_f
As far as 0<rSr _
| Ché;;’)SE:::Crhr ; %—;'i<g'3=6rhr.- (20)
From (19) '
= $los-apa, T S o pacon s
<Cm* JA, rz_;(b,, -a,f A, =Cih[hp-d, . (21)
From (19) " |

@ o \ChJar r-1) 1/_(’ )2
L e Z“"( el

Asfaras O<t<7
Sht-%4) ShY, _
Chy Chy
From the last one and the fact that th¢& <1 for £ € (0,00) we obtain
uy S Y B2 I, P <362, =blf, . @3)
nel P y

From (19) using Bunyakovsky inequality by virtue of [2, 3]

6Gn(r,s,r) <1
— % |F

(24)

we obtain

-5 {[ 2 ()ds] ) () PRETNS
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<Tr foble)s = o] S alo)ds =< flals) s @25)
n=1 0 on=l i}
Taking (21), (23) and (25} into account in (18) we obtain the following
g.0< 3["5 —al, Confne+|ply, +e] ||<p(s1[2ds] . (26)
o

From the last one it foilows that the initial series in (18) uniformly converges, By virtue
of its uniform convergence of the series it will be continuous by ¢ . Therefore g,¢ is
continnous by parameter 7 < (0,71
Now let’s consider the equation (97)
£:9=9
or

n=1

$ oo B OO

_zﬂﬁ%@p%% 9.

o L,([o.]

2

Let’s consider the left-hand side
go=W +¥; +¥|, @7

=S -eNH S, 5205y g,

a ChyJA,t ~ChyfA, (t 1)
v, =Y b,JA, " ? u, . 28
? E Shyfa,t “ @8)
From (28) and taking (20) into account

o Chz A,, -t ©
R R

<Co* RT3, - a, Y 4, = Cor* Tyelp —aff .
Wil<[e-al,, Cinfaz. 29)

From (28) and taking into account {22}

2
& ChyfA,t —ChyjA {r ~1
par = Spia R g |
ali< el - (30)
From (28) and taking into account (25)

(A g[{ *ag-"—g;sh—’i)cpn (s)va < rD{(p(s]fds ,
: %
pbe e o] -

Taking into account (29), (30) and (31) in (27)
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go=lW; +¥, +7[ SQIV [+l + Al <
12
[ d,, Cfat + [, +c [I Jote )} ] ]

Thus

> T
g.p< |:Hb - a"HA Crhﬁr + "bﬂﬂd + \E(I"(P(Sl'z ds] ] . (32)
From (25)

i <<Jlotel

— 2 2
=2l

Wilselol,. G1)
Taking (31°) into account in 132)
go<lp-d, confmr 4o, +Aelogomn! ¢2)

Let’s now estimate g_¢ below

2.90=1 V2 + Vil g0

From (28)
] . Ch ,/ (7 - r)
7 =36, - a4, X0

So as by the known property of function chx the mequallty chx 21, xe(0,) has place

= Cn? Ja, -1)
VIP=S(b —g Vi N2
" l|| E( n au) n Shg\lj:‘r

- 1 1
>3 -a Y4, ——20 -a VA ——— , YneN
;}(u an) "Shzﬁ (n au) nSthZ‘f ne

”V" z,—a )2 Ve N

hz,j—
]|K]]2pn—aﬂ|JZ§;;jl_ﬂ;, VneN. G3)

Hence it follows that if b —a = 0, then there is such » that 5, —a, #0 and the

or

product b, —a,|\/4, TS%,}T; for 7 —0 becomes rather big. So || - +o for ¢ 0.

From (30) it follows that [, becomes restricted upper @Vzﬂ sHbHHA} And from

(31) also it follows that [[V;| becomes restricted upper too.
Taking (33), (30) and (31) into account in (27)

. /2
BtV b ol b - -l |l )
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. 2 P
N e (O

g,cpz@b,,wams},—jﬁ—w:|\m—J?@ko(sxrds) ] e

From the last one it follows that for + — 0 the first component in the right-hand
side of (34) tents to +o0, and the second and third components ase restricted. So we
obtain that g(r)>+w0 for r—>0(g(0)=+w0). So for all $>0 for

r 0 glr)-9->+x.
Moreover, the inequality (32°) is fulfilled

eo<ls-dl, Confhr bl +edd.] <fo-d, comdme o, +7 R}

As we have proved that (32°) is valid for all 7e{0,7], so (32) is valid for
& € (0,7] namely

Thus,

geoslp-dl, cmfig+pl, +£Rf.

Taking (17) into account in the last inequality we obtain

gg‘Pﬂmb - a"HA Cthﬁf + “‘b"ﬁg, +/8 - ||bu;;, - “b - a“HA Crhﬁé]z =4.

g:p—8<0. ' (35)
Taking into account by virtue of continuity of g ¢ on (O,T] we obtain 'that
equation g =4 has on the segment (0,&] at least one solution.

The author expresses his deep gratitude to doctor of physical and mathematical
sciences, professor A.Kh. Shamilov for attention to this work and useful discussions.
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