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Abstract

In article, existence of transformation operators was proved for a class of Sturm-
Liouville differential operators, which have singularity in finite interval and some
properties of kernel of this transformation operator was investigated.

1. Introduction. For solving of the inverse problems for Sturm-Liouville
differential operators as regular as singular the transformation operators have a special
place. In [1] some types of transform operators for Sturm-Liouville regular operators
were given. In the present paper the construction method of transform operator is given
for one class of Sturm-Liouville operators with a singularity on the finite segment. In the

case when Sturm-Liouville operator has a singularity of Bessel’s type (J(I "2_ l), lisa
: x

positive entire number) on the finite segment the transform operator was constfucted in -
[21, [3], and in the case [O,co) it was given in [4]. When Sturm-Liouville operator has a

singulérity of Culon type (i, A is some real number) on the finite segment, the
x .

transformation operator was constructed in [5].
2. Construction of the integral equation. Let’s consider Sturm-Liouville
differential equation
= y"0)+glhp(x)=Ap(x)  (0sx<a), (1)
where g(x) is a real function satisfying the condition |
x
[ da(x)ee < +o0. (2)
0
So as in the considered case the function q(x) satisfies the condition (2) it means that the
differential equation (1) has a singularity in point x =0 of the order 1<a <2.
Let’s denote by S(x,4) the solution of the differential equation (1) satisfying the
conditions

5{(0,4)=0, 8'(0,2)=1. (3)
Then function S(x,A) will satisfy the following integral equation: '
S(x,ﬂ,)= sm;Lx + Ismigx - f)q(r)s(t’;ly‘ . @

o
Now let’s prove that for solution S(x,4) of the differential equation (1) it is valid
the representation:

A

In order to function S(x, }.) of form (5) to satisfy the equation (4), it must be fulfilled the
equality:

S(e2)- A Ix(x,r)i‘?;idr. ()
4]
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fK(x,r}sm’”dr _ j-‘ sin A(x - r)q(r‘sm“dt .

A 2 A g
+E&§f'—f)q(r)i KGEE  agar, ©

and contrary if the function K(x,t) satisfies this equality then function S(r,A) satisfies
the equation (4), that is the solution of equation (1) for the initiat conditions (3). Let’s
transform the right-hand side of (6) so, that it has the form of Fourier transform of some
function, So as

sin A(x—1) sin2& _cosle—7r—&)—cos Ax 1 +§)ﬁl{’ j)'gsmﬁ,sds

)
A": A 2/12 2{:‘_,}_{ .2. '
and for & =¢
sinz(x—r)_sinm_cos(x—zr)-coszx__1_T sinds
F] A 202 2, A
then
Ismlﬁx—t) (r\smﬁtdr Ismlgx t)smlr (o)t =
Q
lj( sm)ls }q(t)if chtyf SmASdS:
2lf.'! -2t /1
\
lj' I ()‘S Slnﬁtdf“*—]' IQ(S smﬂ,tdt_
2.. 2t 0 -t ’l
7 K /
x+.r
)lt 2,
-] Jatos (2 df—J I()ds mily ®
0 X+t
iy z

Using the formula (7) again and going on with finction K{¢,£) with zero for |¢]> H for
all re{-x,x)

f%ﬂ%@j K(g,z_‘;')sm% dé&dt = jq(t)j- K(t, 5){ % ”T"‘ Mds}df dr =

0 xt-f A

-—jq(r)J{IJK(rg)dr:}S‘““ =—J jq(r) ((K(fé)dé‘dr S“‘“a's=

x-2¢ -x| X2 I_,_

——I fals) [K.)agst Sy S‘"’“ =-I fas) [&(s.e)eds |20 S“"“ )

"-" _"’:‘_ (-2} 0 et i{x-s)
"z

From (8), (9) it follows that the equality (6) is equivalent to the equality
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yx(x,t)si'j-’df_j _fq()ds S‘“"‘"m j fals) [K(s,£)agds Sm’“

25 f—(x1) .
2

- I Lids) &G, a)daa AL

mr Je+(x—s)|
1

Consequently, from the theorem on uniqueness for Fourier transform we obtain,
that function X(x,f) satisfies the integral equation

x+t

K(r)=3 I(s)ds+ fals) IK(s E)gds - Iq(s) IK(s deds.  (10)

it x‘-f I Pty | x+t [+{x—s}
2

If the function K(x,f) is equal to zero for [ > |x and satisfies the equation (10),

then the functions S{x,4} constructed by equation (5) are the solutions of equation (6) for
all 4 and contrary.

3. Proof of the existence of the of equation (10). Let’s write the integral
gquation (10) in the following form:

x+:

KGet)= jq@)m.._ [[a6) it (10°
= D {r)
‘::‘
&
| b s
\ % 44 %}3?'
! i : &
NP o
\ /&
. 7
Xt -t xtt X x+t 8
> )
Fig. 1.

In fig. 1 the integration domain in the double integral which is in the right-hand
side of equation (10°). So as for |£[>|s| K(s5,£)=0, so0 in fact in equation (10°) the
double integral should be taken only by the rectangle D_(f).

Therefore, if the solutions S(x,z.) of equation (1) for the imtial data (3) can be
represented for all values of A by equation (5), then the kernel K{x,f) must satisfy the
equations (10°) or (10) or contrary if the function X (x, t) satisfies the equation (107), then

w
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the right-hand side of (5) for all values of Ais the solution S(x,A) of equation (1) for the
initial data (3).
We will solve the equation {10°) by the method of consequence approximations,
taking
.n:n

Kos)=1 faoas,

-"‘-!

K,(x,f)= I{?(S)Kn_,(s,cf)dsdf, n=12,...
Dt

So as

ks jdt_lq(s]ds=%i|g(s){ ja:}m%@q(s){ fdr]ds _

x-2s 2y-x

i(x — x+2s)g{s)ds + %I(x ~ 25+ x)g(s)ds = zslq(s)ds + I(x - s)g{s)ds <

-1
2

< Islq(s]ds + is!q(s}ds - Islq(s)drl co,(x).

2
Let’s prove by the method of mathematical induction that for all n=0,12,... the
following estimation is valid:

.”K (x t}its {0'1( )}

+l)
But if it is valid for n—l,thenltlsvahda.lsoforn as far as then

i|1<,, (x,0}dr < %Eerj ! |}q(sl |K s (5, & Yol = % j !j lalshiK, (5, Wisd g dt <

= j dt ﬂq(s]ds | |K,H(s,.f;]dg+— [ dt j lg(s)ds j | (s, &)de<

x-t—-s x4t h"" _,

x-H

oLt e 3 LT a2 -

K3 B3

%j( er‘q(s]ds J’|K,,4(S,§}dr§+*~ f ( jdr]tq(s)ldsf K, (5. £)de +

x 25-x

Mi-‘

f{ ?df)q(sldsil&l(s,&]dés’islq(sxﬂlxﬂ(s,gxag {Cfl n(?{) |

Thus, if K(x,7)= iK,,(x,r) , then
n=0
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it e < ZﬂK (s, 1Yt < z{"('(g}l;” ]

z{"*(")} ) 1= explor ()1

Consequently, the mtegra.l equations (10) or (10°) has the only solution X (x,t).
4. Differential equation for function K(x,r}. If we write the integral equation
(10) in the following form

K{x, r)_— Iq(s)ds+— Iqs _[K(s' {f)dgds +— Iq(s) IK(S EYAE ds ~

x——t x—t-3 —xH
2 2

-4 Iq(s) I K{s,£)dds

-3
2

then differentiating twice the last equality by x and by ¢ and subtracting each other we
will obtain that function K(x,t) satisfies the differential equation -

8*K(x,t) & K t
a(’f ) (" ). e, (11)
Moreove‘r, immediately from equatlon (10) it follows, that
K(x,0)=0. (12)

Now let’s prove that for any « & [1,2) the function X(x,¢) satisfies the followmg
equality:

X+

tim (e KGe)- 3 falos|=o. 13
x=!
T
For proof of equality {13) we will need the following auxiliary confirmation,
Lemma . Let f{t)e L,{0,a), 8>0. Then

g_mﬂf(r]( J dr=0.
Proof. Let’s take £ >0 and choose &, = 8,(£) so that
&
[f@ar <Z.
o 2
As faras
a £ 8
rOf£) ar<c)-er.
5
then there exists such 0 <& < 4§, that forall £<J <4,

j[f(t][ ] dr<—.

Consequently,
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& £

Z|f(r)|[§)ﬂm < ‘1‘] e+ o [g]ﬁ dr<fifeg

for all £ <& . The lemma has been proved.
For proof of the equality (13), let’s write the integral equation (10) in the

following form:

x+:

K(se)=3 i (+5 } o) [KGo.eMgas 3 [als) TKG.azs-

-2 Ja) [KG.epzas.

x+i-x
2

(x -y iK(x, r)—— }q(s)ds <—(x £ ﬂq(s] HK(S EYEds +

N-i—K
2

—(x i _ﬂq(s] “I|K(s,§1d§ds+——(x £y “q(s] I_|K(s EWEds .

Using the properties of function K{x,f) let’s estimate the integrals in the right-
hand side of the last mequa]ny

—(x i _Hq(s] _j;|1((s {]d;’ds<~—(x i j Iq(s}{e"‘{’ e Ngs <
ﬁw(x r)”ljs|q(s] Ca ds+—(x ) I(x—-r s]q(sl i ds <

-\'-"—!

=3 .[sl‘i'(?l (x—r)“ o s IS|Q(S)1 )il ds'szﬂ-lfshf(s}( ] )

x=t
2 (ecrl s J 2 (e"’lh"""’;) z
Using the lemma by virtue of condition (2) we obtain, that

Jim -—(x oy Iq(s) IK(s EdEds =0.

X-f—5
2

By analogy the second integral in the right-hand side can be estimated:

LI i!q(s}sj]l{(s eagas<] | s q(s}( )_ds.

x-r
By virtue of lemma we obtain, that

Jim *(x £y [|q(s] _”K(s Efdeds =0

SI—-‘

S0 as the third integral for ¢ — x > 0 tends to zero then we obtain
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F+

. - 1
lim (e " K(x,t)-i-j:}(s}is 0.

2
Thus, we obtain that the function K (x,r) satisfies the differential equation (11)
and the conditions (12), (13).

Remark 1. fi<a< -;i , then condition (13) can be written in the form:

by

. 1%
r!li!_lo K(x't)_i,;[?(r)dt =0,

2

Remark 2. If instead of (1) we consider the differential equation
- y"(e)+lao )+ o)) = 27y()  (0=x<x), (14)
where function g,(x) satisfies the condition (2) the real function ¢(x)e L,[0,7], then
using the above expressed method it is proved that the solution $(x,1) of equation (14)
satisfying the conditions S{0,4)=0, §(0,4)=1 can be represented in the form:

S(r,A)= S, )+ [ K. 0)S, (6 ). (15)

Here the function S,(x,4) is the solution of (14) for ¢(x)=0 satisfying the initial
conditions S,(0,4)=0, S5(0,4)=1. Moreover, the function K{x,f) satisfies the integral
equation of type (10}, the differential equation of type (11) and the conditions of types
(12), (13).
Remark 3. Particularly, if in the equation (14) put ¢, (x)zé +—%— (A, & are
X X

real numbers, 1< p <2), then for solution § (x ),) of the differential equation

y(x)+[ +—+q(x)]y(x) 2y()  (0<x<7)

satisfying the conditions S(O,/‘L)=0 , §(0,4)=1 the representation (15) is valid, where
function S, (x,A4) is the solution of the differential equation

- 80, ,1)+[ +——~]So(x A)= A28, (x, ;t)
which satisfies the initial conditions: S,{0,4)=0, §;(0,4)=1.
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