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ASYMPTOTIC ANALYSIS OF THE PROBLEM ON FREE
OSCILLATIONS OF THE CYLINDRICAL SHELL WITH THE
HOLLOW FILLER IN THE INFINITE FLUID

Abstract

In the paper the frequencies of free non- axial symmetric oscillations of the
circle cylindric shell in the infinite fluid and with the hollow filler are investigated. 1I is
supposed that the change of the sought stress-strain condition in the circle direction is
great and also the rigidity of the material of the shell is much more that the rigidity of
the material of the filler. The formula is obtained for the frequency of oscillations of the
considered system.

The problem on determination of lower frequencies of free oscillations of the
cylindrical shell with the hollow elastic filler in the infinite ideal compressible fluid, is
investigated. It is considered that the shell and the filler are joined rigidity and the inner
surface of the filler is free from stress.

The system of equations of motion of the shell is represented with respect to
displacements in the form [1}:
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Here L, and N, are known differential operators of the theory of shells
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where v is Poisson’s coefficient of the material of the shell, £ is Young's modulus, 4
is the thickness of the shell, R is the radius of the shell, ¢, are external forces, x,¢ are

the coordinates.
The motion of the filler is described by Lame’s equations in displacements
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Here a,,a, are velocities of propagation of lateral and longitudinal waves in the filler, S
is the vector of displacement of the filler, & is the angular frequency of oscillations.
The equation of motion of the ideal compressible fluid in the cylindric system of
coordinates has the form:
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where @ is the potential of the fluid. The contact and the boundary conditions are added
to the equation of maotion of the shell (1), filler (2) and fluid (3).
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The condition of equality of the components of displacements is given on the
joint of the filler with the shell:

S.=u, S,=u;, 8, =u; (r=R) (4)
and the condition of equality of pressures:
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Continuity of radial velocities and pressures is realised on the contact surface:
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where §,,,4,,.4;; are pressures to the fluid from the shell. ¥, and P are determined by
the potential @ by the formulas:
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where p, is the density of the fluid.
In the inner surface of the filler the condition of absence of stress is fulfilled:
O =0y =0, =0, r=R), (8)
where R, is the radiuvs of the canal of the filler.
Moreover, the potential of the fluid ¢ in the infinity satisfies Zommerfeld’s
conditions [2]:
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adding the contact condition (6)«(9) to the equations of motion of the shell (1}, medium
(2) and the fluid (3), we come to the contact problem on free oscillations of the shell with
the hollow filler in the infinite deal compressible fluid. The problem on free shell with
the filler in the fluid is reduced to the joint integration of the equations of the theory of
shells, medium and fluid for fulfilment of the pointed conditions on the surface of their
contact.

Let vs take the solution of the equation of motion of the shell (1) in the form:
u, = Acosn@coskxsinux ,
u, = Bsinnosinkxsinet , (10)
u; = C cosn@sin kxsin ox .
Here »n is the number of halfwaves in the circle direction, « is the angular frequency,
z/k is the length of halfwaves along the element of the cylinder; 4,8,C are the
constants which we must determine.
The solution of the equations of motion of the elastic filler has the form [1]:

ey}
Sx: A.rkfn(yer)“ e }n(yrr)+
J7i

(11)

+ AKK {y,r)- Stk ()qr)} cosnpcos kxsin ax
)7

!

Stﬂ :‘:—ﬂ‘{ﬂ (}/sr)_ Csnk In(ylr)_ i 51,,(7,?‘) -
r ru, n Or

— —

2K, )~ ) D20
r ri n or




Asymptotic analysis of the problem on oscillations 151

x sinn@sinkxsina ¢,
5 = { af (y r) Ckorl (7,r) "1 )
H
L3.%K (yr) Gk 0K (7r) BnK O;r)}
or 7 or r

x cosn@psin kxsin a¥ |

where  yi=k? gl yl=k? -t p =2 0 =2 4,,4,8,,8,C,C, are the
[

constants; I (x), K, (x) are the modificated Bessel’s functions of the » -order of the first

and second types, correspondingly.
Potential @ of the fluid has the form [1]:
® = @K, {r )cos npsin kxcosax , (12)
2

where Kn(x)} are Bessel’s functions, y° = k- @, is the constant.
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Components of the contact stress &,,,0,,.0, (5) and (8) are determined in the
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form:
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Fulfilment of the contact conditions (3)-(8) with use of the expressions (10)-(12), (7),
(13} gives the algebraic homogeneous system with respect to the constants

A_T,B!,CS,'AX,ES,C‘US, . As far as this system is homogeneous then for existence of its non-
trivial solution we equal the main determinator to zero and at the result we obtain the
frequency equation

det”au.”: 0 {i,/=12,....6) (14)

Equation (14) is transcendental with respect to frequency @ . For simplicity of the
frequency equation we use the following asymptotic formulas for the logarithmic
derivatives of Bessel’s functions 7 {x)and K, (x) and also for 7 {ex)/I,(x} and

K, (&x)/x,(x) 3]:
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Let us note that formulas (15) are valid for x << 4/2n III ~g* )

Frequency equation (14) which corresponds to the signification influence of
inertial actions of the filler on the process of oscillations of the cylindrical shell with the
hollow filler in the infinite fluid after simplification with help of asymptotical formulas

2 Ip2
: . . - R
(15) is reduced to the algebraic equation with respectto 4 [A Aoy g 2 ] :

OiA+0, =0, (16)

in' (v
& ={"{ x6 +'£ p )]So -—-SI}’]}X

[ -7 L]
x(l+(]—£)z*ﬁi+£2(l—s‘z)lz,&;+£g—}
n

where

rkh,
Qz [ ; ( vdj E)ME }51713
_ A2 3 _ 2. :._H]_“_vi_-
Sy =8(1 - £} APk’ +n(3 - dv s 2 )
h E
— i h, =k =kR E]

pS =00/ 5 P =P,/ P E=R /R,
The root of (16) has the form:
A=-0) /0. (7)
From the expressions for @, and Q, it is seen that for p; — 0 the formula (17) passes

to the formula for the natural frequency of oscillations of the cylindric shell with the
hollow filler without fluid. And for £ —1 it passes to the formula for the natural
frequency of oscillations of the cylindric shell in the infinite fluid.

The obtained qualitative results are confirmed partially. The frequencies of
natural oscillations of the cylindric shell with the hollow filler in the infinite fluid are
found with help of the precise (14) and the approximate (16} frequency equations.

The results of calculations have been obtained for following values of the
parameters characterising the materials of the shell, the filler and the fluid:
v=03,v 0,38 E =0,01p, =030, h/R=0,01, p; =0,13. In fig.1 the dependencies A
on number # of wave formation in the circle direction are represented. The dash line
corresponds to the solution of the precise frequency equations (14) and the continual
curve corresponds to the solution of the approximate frequency equation (16).

Analysis of calculation demonstrates that in the case of shell without the medium
with increase of the number of waves # by the circumference the natural frequencies of
oscillations of the cylindric shell with the hollow filler in the infinite fluid first decrease
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and then they begin increasing and achieving the minimum. Moreover, the results show
that the consideration of influence of the fluid reduces to decrease of natural frequency
of oscillations of the system in comparison with the frequency of natural oscillations of
the system “cylindric shell-filler”,

The results of calculations show that with increase of n the difference between
the precise and the approximate values A is getting smaller. In fig.2 the dependences of
A on the radivs of the canal of the filler is represented. It is seen from the figure that
with increase of the diameter of the canal the frequencies increase.
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Fig.2. (n=5)
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