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APPLIED PROBLEMS OF MATHEMATICS AND MECHANICS
AGAYEVA Ch.A., ALLAHVERDIYEVA JJ.
ON A STOCHASTIC OPTIMAL CONTROL WITH VARIABLE DELAY
Abstract

The stochastic optimal control problem with variable delay is considered. The
necessary condition of optimality is obtuined when the coefficient of diffusion depends on
control.

In [4] the necessary condition of optimality for stochastic control systems with
constant delay was obtained. In [5), [6] the principle of maximum for stochastic contro]
systems with variable delay was obtained under the condition that the coefficient of
diffusion does not depend on control. In the present work the principle of maximum is
proved for the stochastic control problem with variable delay when the diffusion
coefficient depends on control.

Let (Q,F,P) be complete probability space with the determined on it non-
decreasing flow o -algebras {F’ el F a F} and F'=5(W,, 1, <s<t).
L (IO,I,;R”) is the space of measurable by (f,@) and adapted processes

i
x:[to.1,1x Q2= R" such that E_ﬂx,{2dr<+w. Li-C(to,i];R”) is the space of functions

Iy

X € Li— (tﬁ,rl ;R") with a.c. (almost certainly} continuous trajectories.
Let us consider following stochastic system with variable delay

dx, :g(xnx;—h(t}’ur")dt"' o'(xr’xf—h(r)’“n!pm ) I‘E(to,!,], (1)
x, =), t €[~ Aley Lty ], H(r)>0, )
, euz{ueLi(:u,:l;R”]u,eUgc:R"’,a.c}. 3)

Here U, is non-empty bounded set.

Let on the set of admissible controls U it is required to minimize the functional

16)={ ) o @
fo
Here x(-)e IZ. (ta,t,;R"), o Je Li-C(— L NINY ), h(¢) is a non-random function and
dhlr)

—2<l-g,for Ye>0.
at

Suppose, that the following conditions are fulfilled:
1. functions I(x,u,t), g(x, y,u,t), cr(x, y,u,t) are continuous by the population of
arguments and:
(,g.0): R xR x R" x[t;,6,] > Rx R" x R"™"
1I. for the fixed (r,u) function {,g,0) is differentiated by {x,v) and satisfies the
condition:
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(l + | + ;yD_] ﬂg(x,y,u,l] + ’cr(x,y,u,t) +|g, {x, y,u,t)+ o, (. y,u,8) +
+ ]gy(x,y,u,rx + ]o'y(x,y,u,rj)g N,
(l + |xD—' ﬂ!(x,u,t] +1l, (x, u,s‘])s N.
i function p(x): R” — R is continuous differentiated and satisfies the condition:
P+ (o)< ¥+,
where N is some constant.

Let us reduce the definition, which will be used further.
Definition [3]. L(x,X ) is named a star neighborhood of point xwith respect to

set X if:
L(x,X)z{y:yeX,x+a(y-x)eX,forvg<go,£>0}. (5)
The following result is obtained
Theorem 1. Let conditions I-III be fulfilled and (x,o ,u,ﬂ) be the solution of

problem (1)-(4). Then there exist random processes w, e LLC (tﬂ,tl;R”) and
B eliC (xu,z] ;RW‘) which are the solution of following stochastic equation:
;
dy, = “[H_:(x?:x?_h{f)auf,%sf)J* H_v(x;}!'x?—h{z)su.?’WzRZI m(;)]df + B dw,,
f, <t<t, — A1),

(6)
dy, ~ Hx(x?,x?_h(,),uf,g/[,t)dt + BAW, b~ Ht )<t <y,
Wr] =Py (xf(:)
and
ul“i j)H(xf,xf_h(f),u,%,t): H(xf],xf’_,,{,),uf,%,t), a.c. (7)

Here t{t)=1t - h(t); t = s(t) is the solution of equation 7 = r(t);
H(xf,xf'_,,(,},u?,w”!): y/:g(xf,xf_h(r),uf,t%- B -O'(x,“,xf_},m,uf,t)—{(x,o,uf’,r),
and sef A(uo) (see [3]) is determined by following way:
A(un): {ue U,: (g(x,“,xf’*h{{),u,t), o’(xf,xf_h(f),u,t))e
1= L(g(xf,xﬂh{,),uf.,(), a‘(x,o,x?_,,(,),uf,r)), (g(x,o,x,a_h(‘},[fg,t), (8)
ol 54, Ut .
where L(u" U ) is star neighborhood of point u° with respect to set U .
Proof. Let’s & =u +Au,, X, =x, + Ax, are some admissible contro! and the
corresponding trajectory. Then it is clear, that
dAx, = @’{JEr - xf°)= {Agg(xf,xf'_h(,),u,n,t)Jr z, (x,o,x,"_h(,),u,ﬂ,t}Ax, +
+ g, [ 3t W g 4 e (o A, + 0, (5,07 A g+ ©)
+ Aao'(x:)ax?—h(f)sufs‘)}dm +7, 1elh.n ],
L\x, =0, re[-hlg)t],
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1
??:l ___{]‘[gx(x? +#1Axu:fr-h[r)>§rs‘)"' gx(xf,xf_},(,),ﬁ},r)}&x,dpl + ﬂgy(x:]sxr—h(f] +
0

1]

{
+ ﬂz‘ﬁxr—h(r)sﬁrst) - & (x,o,xf_h(,},uf,t)](uf_h{,)dpz }dt + {J'[O-x (xro + pAx, :Er—h(r}sﬁr »t)_
' 1]
1
— Oy (x.'{)!x?--h(r)!ﬁnt)&trdﬂl + J-[O'y(IP,XP_h(,) + ‘HZAJC,_},(,],EI-, ’t)'_ o, (x?sxf—h(f}su:}’t)]x
i]

X M?—h{:)dﬂz }dW: .

According to Ito’s formula (see [1]) we have:
d(W: ’ Axr): dW: -Ax, + 'f/.-‘dAxx + {ﬂ:AE . O'(xf,xf_,,{,),uf,t)+

+ ﬂ:O'X(IF,X?_h(,),I{P,I)X Ax, + ﬂ:ay(xf],xf_;,(t],u?,! r—hfr)}dt :
Increment of functional (4) along the admissible contro! has the form:
f
Agj(uu ): J@) - Juy) = E{p(fﬁ )— p(xﬂ )+ _[[I(ff 1) - l(x?,u?,t) } .
iy
Taking into account (9) and (10) for increment of functional we obtain:

AiJ(uU ): :IJ.[W:A;g(xf,x?_h(,),uf,t)+ BA o*(x?,x?_h{,},uf,t)-— Agl(x?,uf,t)}ix -

'rli

(10)

By + 7 (0 ot B 0, (60 )= 1, (608 et - an

fy

B E’iAxf(‘J[;y:gy(xf,xf(r),uf,t)+ ﬂ:ay(x?,xf{f),uf',t)}:’r +n,,

fa

where

n = E o+ man, )= o The, dia + B TG0 + e, )~ a0 e
{0

ty

St
x Ar.-d.ui }dt +E J{f‘f/: [gx (xro + oale.tsf:—h(h)suto?t)_gx(xfﬁir—h(r}sufat)]Axfdﬂl +

o Lo

1
+ JW: [gy (xru sx:u«h(t} + ;‘Usz--h(h)suf !t)_ gy (x,o,xf h(:}vufn'!t)ldx:—h[r}dﬂz }dt +
(]

5 . k *
+ EJ{ J-ﬁr [o_x(x‘[) + ﬂiAxnfr—h(r}!ufuaf)_ O'x(xf,f,_h(,),uf,t)]dx,dpl + Jﬂr X
nlo 0

x [U ¥ (x:] =x?—h(t] + #zA’fp-h(:)’“? ,!)— a, (xxaax?-n(,}:ﬂfoaf )]Axf-h(f}d#z }dt .
Let random processes , € Li—C(to,tl ;R") and B, €1.C (Ia,q ;R”x”) are solutions

of adjoint equation (6). Assume that (7) is not fulfilled, i.e. for some &, ueA(ug) the
inequality is fulfilied:
H(xg,xg__,,(ﬂ),u,%,ﬂ)f- H(xg,xg_h(a),ug,w9,9)= a<0. (12)
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According to the definition of set A(ug) there exist the sequence of numbers
{6,}, £, — 0, £ >0 and the sequence of vectors {u,-}, u, € U such that

Au,- g(x; ng—k(ﬂ)! IJ’S * 9)= 6!'Au g(xSng—k[B}! ug » 9)’ ( 1 3)

4, U(xg X p-h(o)¥p> 9): £4, O'(xg Xo-h(o): ”3»9)- (14)

Let us consider the variations of the form:
o {u,- ~ul,tel8,6+a)u e L}(ﬁ,é + a,-;R”')

- 15
w™ V0. re 6.6 +a,),a, <hB) {1

We denote the trajectories corresponding to the variations (15) by x) =x° + A,x’. Let us
estimate the quantity EIAl-x,U ]2 .
Using Gronuoll’s inequality, by (13) and (14) it is not difficalt to show that:
Eax =0, vre[0s),

Epal] <Vela,  vielp.o+a),
E‘A,x,or <N,e’a, , Vielf+a,,6+ho)).

Therefore: E‘.ﬁ\,:!c,ﬂl2 <Nela, , Vield,0+Hg)).

Here: N;,N,,N, are the constants obtained at the result of the transformations.

Let us consider consequentially the segments [@ + (j — D)h(@),0 + jH(@)], j=Lm,
6 +mh(6)=1,, dividing each of them into the segments
[0+ —)hle)e + (j - 1)) + a‘,-] and [9+(; - i)h(t?) +a,,8 + jh(&]] Wwe can prove
validity of following estimations:

Eax <Neta, . refo+(i-1HO)O+ jHOY), j=T.m.

As far as random processes ,, 3, are the solutions of (6) for increment of the functional
we obtain following:

e
Au, J(u0)= —E ﬁy/:Auig(xf’,xf’_,'(f},uf,t)-k ﬁ:Au, ﬂ(xrnsx:)—h(r]’u.-ﬂﬁf)]* + =
, 8

= —afg,.E[gyﬂAug' (xg,xg_h(s),ugﬁ)ﬂ— ﬁ;Aua(xg,xg_h(E},ug,Q)]+ osa,).
Now by choose of numbers «; and using assumptions (12) for sufficient large i
we obtain
A, J)<0.

And that contradicts to optimality of control . Theorem 1 has been proved.

From the aboveproved theorem the series of other results is obtained. For
example, it is valid

Theorem 2. Let the conditions of Theorem [ be fulfilled and moreover, assume
that the functions g{x,y,u,t) and o(x,y,u,t) are convex with respect 1o u. Then there

exist random processes , ELi-C(to,tl;R“) and p, EL?;C{IO,!];R”"") which are the

solutions of equation (6) and
max H(x,”, xf"_,,,(,], uy, ,t): H(x,0 ,x,o_,,(,),u:),m ,1‘), a.c.

uell,
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