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GULMAMEDOYV V.Ya.

ON MULTIPLE COMPLETENESS OF A PART OF ROOT VECTORS OF A
CLASS OF POLYNOMIAL OPERATOR BUNDLES

Abstract

In the work the sufficient conditions are obtained which ensure multiple
completeness of the part of root vectors responding to eigen values from the left half-
plane of a class of polynomial operator bundles with normal main pari.

In Hilbert separable space H let us consider the polynomial operator bundle of
n =2k -th order
PRY=C1XE+ 4+t A4, + A", ()
where coefficients of bundle (1) satisfy following conditions:

1} spectrum of operator A is contained in finite number of rays from the
angular sector

S, = {4 arg A| < £} ,Oggg%;
2) there exists quite continuous inverse 47, ie. 4 'e o, (H);
3) operators B, =4, - 4" U=1,...,n) are bounded in # ,ie. B, e L(H);

4) operator E+ A,A™" is reversible in space H .
Operator bundle P(A) satisfying conditions 1)-4) has discrete spectrum with unit
limit point in infinity (see, for example, [1], [2], [3]D-
Let us denote by K(I1_) the system of eigen and joined vectors responding to
eigen values from the left half-plane
M. ={4Rei<0}.
Let A, eIl be cigen values of operator bundle (1), and ixq gseer X qmq} be the

corresponding system of eigen and associated vectors.
Definition, We will name the system K(11_) amplified k -mudtiple completed in

, if the system of vectors X, = {ET, Xy o ,xsf‘"}}, s=0,l,..,m, constructed by the

A= A'Z(s-_h) o)l

is completed in space H = EB H

m=0  w-m--
2

rule

=0k~ 1, s=0,1..0m,

Here spaces H, = {x ixe D(A“), (x,y)a = (C“x,C“y)}, where C 1s the positive
determined operator from polar expansion of operator 4: 4A=UC.

For proof of the main result of the work we will reduce some lemmas which give
an opportunity to estimate the resolvents of operator bundle P(1) and they are used for

proof of the theorem on multiple completeness of system K(11_).
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Lemma 1. On rays T, —{/1) argA = £ + m} , m=0,1.. %k the estimation has
n

place:

|]:L-"A”"-ffg“ (Aj‘ <b,(£), j=0luun—1, | 2)
where

1 for 0<z< -2’1 ;
by(e)= i (3)

’ (\Ecosk.t-:yl for ££g<£,

2n n
4 a
ble)=d, (coske)', d,, = (i] {”—sl] , j=h2..n—1. “4)
’ ’ ’ F43 43

] 2‘.{:1!’
Proof. Lot A=re ( ] , then using spectral expansion of operator A

d A=A B () = e v ) “— sup J?‘ wil )=
i HeT A
= sup |r/&" *’(r +§”e“’"’}\— sup [r/E" ‘( ML E 2T ccrsnrq)}2 <
cfbﬂ,'q\‘(b &40, |q>|<s
i
<supjr’/ET! (rz” +EF 120" E" cosne ) 2
£

For j=0 and 055<~2£, cosne >0, and so
n
gﬂ(ﬁQﬂ + r:»:u)""‘_:] .

s g .
and for b <& <—, cosne <0 and so the estimation has place
7 n

do(2) <

dy(A)<

1

4—‘”( +rl (;—’" + rz”)cosna'ﬁ =

(5« 2 )3 |7 coske]”

=(l + cos m:)”zl' sup

£=0

For j=1,..,n—1 wc have
Ir"‘.f

ET 4"

]
- +2§n H P ~
E' oy 2;’ "yt cosm:] -

(2)<S;0

&=l

1 : 1
r"(1 - cosne) ]2 <d sup( 267" (1 - cosns) }2 _

_':d”"_.l’sup I+ " 2n non Mo H 2n n.n
£50 E'+r” + 28" cosne &0 7+ 28 (1+cosn5)

i
(cos ks) 3
Lemma 2, Lef conditions 1)-3) be fulfilled and the estimation hasplace

Z(&:):%b,,_,f (EX‘BJ ” <. (3)

n;
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Then on sectors T, 4= {AHarg,l - (% + _2‘1_17"_]
n

<9} , m=01,...k for sufficient

smull O the estimations have place

[P~ (@) < constla|”". (6)
|47 P (2] < const 7)
Proof. By lemma 1 on rays [, = { arg A =£r£+ 2:;m} , m=0]l...k the

estimatiou (2} has place. On the other hand

P(A)=n(1)+ R(1)=(E+B(3) B '(A))B,(A),

so by lemma 1 the estimation on these rays has place:

|A(2)- B (2) = ‘ 22,,__,, 4,5 )| < E;HBJ“ A AR < f{bw A= 2le)<1.
. J= i= i=
Therefore, bundle P{1) is reversible on these rays and
PHa)= A GNE + R(2) B (2) ®

and so

S s B

On the other hand on rays I", , m=0,1,....k the estimation has place:

| @Y -fle s+ 4]

= sup{(rz" Y SR cosm‘)_5 <
&30

< suplr ( + EP 2 cosna)

£=0

" <8ole)- 14

where b,(¢) is determined from equality (3). Further for Ael,

P(&e’e) [mzz’ AP 1(;t)( =io )]P(}.) 9

and for 06 < ( ) the estimation has place (see lemma b
n —

”Z_I;a"—f A,(r-1)p (;b# _

41

"Z-l - J-BJAH-—_;’)%—] (lXP(ﬁ)PU"] (/1))—1 <

i=
[< 224¢) sin(k ~1)@,

[E+ZA"‘A P2 } e

where Z( ) is determined from inequality (5). So, choosing @ sufficient small (for fixed

g)sothat Z( ) sm(k-l)t9<1

#le)

Cunsequemly for sufficient small 620 bundle P(}be’ﬂ) is reversible and from
(8) it follows that

< 2sinfk — I)HZ"B |5, ,(e)-

lpi (e} <o)
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Inequality (7) is proved analogously.
Now we can prove the theorem on multiple completeness of system K (H”).

Theorem 1. Let conditions 1)-3) be fulfilled and the inequality has place

a(s)=Y c, ()B] <1, (10)
J=l
i for 0<e< Z. .
where (&‘) = 2n
(«ﬁcoska) for T <g< £,
2n b7
for j=12,...%
-.';_ E
J (2coske)x for O0<se<—,
2n
G T L
MZ " coska] for —<g<’s
2n n
and for j=k+1,.,n-1
(- 7 Xkls-k)-2) n .
2 " (cosks)"i' for 0<g<—,
¢ (e)= o
! -y XEG-R)T) \ p ju
2 (coske)" for —<e<™ .
2n n

If besides them one of the following conditions is fulfilled

1) A eo, (Uépék);

2) B = AJ-A"’ € am(H) ,and A7'e T, (0<p <co],

then system K(IT_) is k -multiple amplified completed in H .

Proof. It is obvious, that all coefficients C,; () from inequality (8) is not less

than .b),(.s') coefficients from inequality (6), iLe. for 0se<Z al.ways b;.(s)éc;.(g),
. n . .

F=01..,2n—1. So for fulfillment of {10} all confirmations of Lemmas 1 and 2 have
place. On the other hand it follows from fulfillment of (10) that the problem

d
Pl — lult)=0, 1!
| [ dJ ()=0. an
W= v=01. k-1 (12)
2
has only regular solution from space W;(R.;H) (see [1]), for any @, ED{C 2},

v=0]1..%k—1 (see [8]). Let us denote this solution by u(t).
From lemma 1 it follows that it is possible to represent it in the form
u)==—  fu(Redi,
- y

Ti,

ix
L=
W2
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where l"t[,r ] = {/1 rargd = i(% + 9}}, and & is the chosen sufficient small number and
T8
2

u(A)= P (A)ZQP(AW(”}(O), 0,(A)= A'“””[P(A)— ‘;A A,,_.,] , p=0l.,n—1

k-
Let there exists vector e H=@ H | orthogonal to system K(I1_) in space

=0 n—j-
H . Thenitis gasy to see that vector—fun‘ction 2
R(’l) E[ " 2P—]( )J )‘ICH_I—I;(P_;' s (6 = ((PL ’(st---s‘Pk—l))
is holomorphic in half-plane T1_ (see [1]). Then for the scalar function
)=, |- L [ (S0, b0, ) e
j= : [ . p=

we can confirm that it is equal to zero for ¢>0. Really, as far as function
n-l -

(ZQP(A)u{”}(O),R(E)]:q(/I) is holomorphic in left haif-plane II_ and it is
7=

holomorphic in right half-plane as Laplace transformation of function from L,{R,;H),
i.e. g(4) is an entire function. From the condition of theorem it follows that this function
is entire in order p'< p<w and in each of the angles argd = % + —Z—?EE =0,,..,k -
n

/1”

and T, } does not grow faster than and consequently by Fragman-Lindelef’s

+ = T8

(2
theorem (see [9]) q(/l) is the polynomial with power no more than #. Then hence we

conclude that Lp(t)z 0 for t >0, as far as

I‘}(;v)eﬂd/’- [ i/’if‘a}e""dt =0.

rr J=0

; f_w + l

1M ¥
Passing to limit for t = 0 we obtain that

3] L ey &l
0(0)= Z(C 2(0), ¢ 2%]— ):ﬂ(tp,,tp ) =@0)i=0, ie 9=0.
4= 4= " '-"_;
The theorem has been proved.
Let us yemark that for £¢ =0 our result coincides with the results of [5] and
amplifies the results of [6] for =4 and [7] for n=2. :
The author expresses his gratitude to Mirzoyev §.S. for uscful discussions.
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