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HUSEYNOVA A.T.

ON THE ASYMPTOTICS OF SOLUTION OF A SYSTEM OF VOLTERRA TYPE
SINGULAR PERTURBED INTEGRO-DIFFERENTIAL EQUATIONS

Abstract

In the given paper constructed asympiotics of the solution of a system of singular-
perturbed integro-differential equations of Volterra type and shown that integral terms
play main role for boundedness of solution as p — 0.

1. Statement of the problem. It is known that for the stability of any solution of
the problem
dx
E;_AI+B(I)’ (10)
x(0)=x,, 01T
it is necessary and sufficient that all real parts of all characteristic numbers of the matrix
A were negative. This condition plays an important role in studying asymptotic behavior
of the solution of a singularly perturbed system

% _ Ae)z + BG),

# dr
20, u)=z2,, 02T,
where >0 is a small parameter.

By fulfilling the stability condition the asymptotic behavior of the solution of an
initial value problem for singularly perturbed integro-differential equations is compietely
analogous to the asymptotic behavior of the solution of problem (2°) [see 1-3]. The
asymptotic expansion of solutions of these two problems is of the same form, and the
difference is only in complication of construction algorithm for the asymptotic expansion
in integro-differential equation case.

In this paper, we also study asymptotics of solution of a singularly perturbed
Volterra type integro-differential equation, but of the other type initial conditions.

Consider the next problem

pfd—? = A1)z + ;“k(t,s)z(s,p)ds‘ + Blt), ey

a)

AT, p)= 2, )
where 0<¢<7, 0<s<T, Aff) and &{t,s) — nxn-dimensional matrices, B(t) is
n-dimensional vector and they are sufficiently smooth, 0< z is a small parameler,
Besidcs, assume that {¢,s)}# 0, and characteristic values 4, (¢} of the matrix A(¢) satisfy
the conditions:

2"

Red (t)<0, i=1,n, tel0,T]. (3)
It is clear that for k{t,s)=0 (i.e. in the absence of integral members) the solution
of problem (1), (2), under condition (3), generally speaking, is unrestricted for 4 -»0.In

the suggested paper it is shown that problems (1), (2) under condition (3) have solution
restricted for 4 —0, and a limit function is the sclution of the following integral
equations system
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0= AQ)0)+ [kt $)e(s)ds + B+ 4™ (O{t.0)a,

where a is defined by the data of the problem. With that end in view first consider an
auxiliary problem.

2. Statement and solution of the auxiliary problem. At first consider equation
system (1) with the following initial value of the solution:

i
0.u)= | alu), )
where alu) is representable in the form of asymptotic series in powers of x for x#—0
alg)=a | + pag + ...+ g*a, + ... (5)

In the given case under a{u) we understand »-dimensional vector-column, whose each

component a(")(,a), i=ln is represented in the form of asymptotic series in powers of u
for u—10

du)=a") + pal’ + ..+ " a) + i=ln, (5.1)
al?

where  a, are the components of 4, —»-dimensional vector-column
k=-10]1,.. f=Ln.
Then the components of the vector—column 2(0, 4) are

z(O;:)— ) i=tn. (6)
We shall seek the solution of problem (1), (3), (4), in the form of the following series

At i) =7 o)+ 12 ()4 ot 17 )4t LI 2(0) 4 o
M
+ Hoz(r)+ ey + o+ 1)+

¢
where r= .

7

Similar to abovestated ones, here the components of vector z(t, ,u) are

z, (r.,u), i =1,n, each of them is represented as

2 e)=200)+ w20 w3 v LI+ ®

+ T02(z)+ w1V2{r)+ ...+y"ﬂ£’}z(r)+... i=1n,
Here zi’}(f) and H,f'}z(r) are the components of vectors 2k(t) and Hk.(r), i=1n
respectively.
Now by substituting (7} into (1) and taking into account all aboveadopted
denotations we get the following

p;f;[zo(t)+ pz [+ .+ i zk(r)+...]+

d

+§;[in_,z(f)+uoz(f)+...+ p*nkz(f)+...]:

= A(I)[Eﬂ(!)+ et pk;k(!)+ ]+ A(fp{—l;ﬂ_lz(r)+ Hoz{e)+..+ p* I 2{z )+ } +

tw
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+ ;[k(:,s)[go(s)-i— gtz (s)+ ]:!s + yj‘k(t,ay{iﬂ_,z(o-ﬁ ok @ 1 2(0) + ...:lda -

- ,uu]'k(ry, o;u{lﬂ_,z(aﬁ Iz(e)+ ...+ p* I z(a)+ ..}1’0’ + B(t), (9)
T #

where o=5/u.

By representing the right hand side of (9) in the form of series of powers of u
and equating coefficients under the same powers of g in both hand sides of equality (9)
(moreover, separately depending on 7, and separately depending on f), we get an
equation to determine 7, z(r), z,{)(k=0,1,..). In an analogous manner, by
substituting series (7) into (4}, replacing a(y) by expression (5), taking into account all
denotations and equating coefficients under the same powers of u, we get an initial

condition for the terms of series (7).
For I7_,z{r)we get a system of differential equations

dil_,z
dr
with initial conditions /7 z{0)=a_,, whence

1_,z(z)=exp(4(0)rJa, (r20). (10)
Since A4(0) is a constant » xn-dimensional matrix, then exp(4(0)r) is a matrix

cxponent.
For z 0(!) we get an integral equation

— 0= Az o)+ M5 ofs)s + [REONT 2(o)do + BE). (1)
Now substitute here expression (1 8) for 17_,z(z) antll write equation in the form

2400)= [kle.s)z o(s)ds + 1,0, (12)
where Ko s)= -4 OK(5h Fo()= [ A4 Ok, ~ 47 ()B).

By R(t, s)denote a resolvent of the Kernel k(t,s).
The solutions of equations (12) write in the form

zo(’)zfo(f)+ :}[R(t,s]fo(s}is.

Substituting here an expression for f, (t), get

= A(0)7 2

2 ()= -4 f(o)[}z(;,op F(,,S)E(s,omJa_, .
1 +[_ e (r)B(r)—;[A" (S)B(s)ﬁ(t,s)ds}

Since for R(t,s) it is valid the following
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R, 5)=K(r,5)+ ]R(;, P)K(p, 5)dp.

then coefficient for a_ equalsto — 4 ' (0 )R {¢,0) . Then

zo{t)=-A"'(O)R(t,0)a_, + Z,(1), (13)
where

Z,()= -4 (B~ 47 (5)Bs)R G, s)es

As we see from (13), ;o(x) linearly depends on a.,, this linear dependence
further will be used in consideration of the main problem (1), (2), 3.
Analogously we can determine /7,2(r). 7, (£)17,2(z), 2, (t).... To determine

1T, z(z} at each (k =0,1,2,..) we get differential equation
W 40)1,Z + P expl4(0)],
T

where P, (r) is some known n-dimensional vector-column with initial conditions

7,z(0)=a, ~ z (0), hence we get

17, z{z) = exp{a(0)r Ja, — z: (0)]+ exp(A(o)r)E)ij (o)da] . (14)

* To determine the functions z«(t) at each (k =1,2,...) we get integral equations analogous
to (12) for za(t)

z&(t)= }K(t,s)z& (s)ds + f, (t), (15)

where £, (1) is expressed by the problem datas in certain manner.
Acting like in definition of zo{t), we get
ze{t)=~4" (OR(0)a,, + Z, (1), (16)
where Z, () is a vector-function.
- The lmnear dependence of z«(t) on a,_, will be also used below in considering
the main problem (1), (2), (3). _
Assuming A(), B(¢) k(¢ s) sufficicntly smooth, determine the terms of series (7)
up to number » inclusively and denote by Z, (r,y) a partial sum of order n of series (7):

Z,,(z,,u)zLn_]z(r)+§p*[zk(z)+ ,2(c). (17)

Theorem 1. There will be found such comstants p, >0 and ¢ >0, that for
O < u < gty the solution z(t, ) of auxiliary problem (1), (3), (4) uniguely exisis and it
satisfies the inequality

lz(t, )~ Z, (e, m) scu™ for 0<t<T. o (18)

Proof. Since equations (1) are linear, then it is clear that the solution exists and it
is unique.

Let’'s prove inequality (18). Represent the following denotations
ult, )= 2{t, )} - 2, (t, ). Substituting into (1) z=u+ Z, we get the following equation
system with respect to u(r, )
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d /
7, dl: =A(!)u+ _[K(t,s)u(s,,u)ds+ H(t,,u), (19
0
where
! dZ,
H(t”u) = A(!)Zn(f,ﬂ)+ IK(I,S)Z,,(S,,U)C’S + B(f)* ,N? .
o
Here u{t,u}Z,(t, ) and H (r,u) are w-dimensional vector-functions.
Substituting into H(r,z) expression (17) for Z,(t,42) using the equation for
17,z(z) (k =-1,0,...n) and zx (¢} (k=0.1,...,n} and making replacement ¢ =1, s=ou

in corresponding summands we get the following estimate
[H, p)i<cp™ for 0<t<T,0<pu<py,, (20)

“(09 #): (/"HQGMI + ):t :

whence
' w0, uf <cu™ for O<p<py,. (21)
The solution of system (19) we may write in the form of
!
i
ult, 11)=D(,0, (0, )+ | ) @, 5, 1 )H (s, 22)ds . (22)
{

where &, s, 4} is the solution of the homogeneous system

douy, s, |
H (d: ,u) = A(!)fb(t,s,,u)+ _[K(t,p)ﬁb(p,s,p)dp (0 LsLts T)
satisfying the condition ®(s, s, u}=E,, vlvhere £, is a unique matrix.
It is known that ¢J(t, s, ,u) satisfies the inequality

o, s, 1l < c{u + exp(_—;{-(Ltﬁ—)H ,

H (23)
0<s<t<T, O<pu<spy,, y>0.
Form (22) by virtue of inequalities (20), (21), (23} it immediately follows
jult, Y <cu™ for O<t<T, O<p<y,,

that proves (18) and thereby same theorem 1.

3. The solution of the main problem. Now return 10 the main problem (1), {2),
(3). For their solution we use already constructed asymptotics of the solution of auxiliary
problem (1), (3), (4). Denote this solution by z(t, a, ,u). We must select such a vector a
that z(t, da, ,u) satisfies condition (2). Thus, with respect to ¢ we get the following system

2(T,a, u)=z,. (24)
We shall seck solution (24) in the form of the following vector '
a=a_, +pag+..+ ™o 1.
To find vector-coefficient a_j,ay.... substituie into (24) instead of precise solution
z(T,a, y), its asymptotic expansion (7). Since at the point =7 all boundary vector-
functions have the estimate '
,2(T 1 u)<cexp(~ g T/ p), 0< x<}a(0),
then (24) has the form
zo(T)+ uz (T)+ ot it zi (T) +..=2z,.
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Now taking into account the dependence z4(T) on a,., [(13) and (16)] with.
respect to a@_;,a,,... we get a system of linear equations
zo(T)=—4""(O)R(T,0)a_, + 7, (T )=z, (25)
2 (T)=-4""(0)R(T,0)a,, + 7, (T}=0 (k=12..). (26)
Let R'I(T,O) exist. Then equation (25), (26) are uniquely solvable with respect to
a_;,a,_ . Denote these solutions a«, k =-1,0,1,..., (each of them is a vector column} and
construct Z,, (2, &) determined by the formula (17), for a., = a1, @y = G0,y @y = n .

Now consider the solution z(t, a-, ,u) of system (1) with the initial condition
. 1 . . .
Z(O,Cf-l , p)= g (a-1 is ndimensional vector column).
U

Foritat =T we have
(T a-, ,u) zo(T)+ o(p) =z, + olu),
since a-;was chosen so that zo(T)=1z,. Hence, the solution z(r a- |,;.1) satisfies the
condition (2) to within o{z). Thus, there exists a unique value of a=alu)=a. + o(u)
such that
(r,alu) p)= 2,
This means that the solution Z(r, y) of system (1) with an initial condition

Z{0,u)= —I-E(/u) satisfies the condition (2), i.e.
H

V4 (T, ;1) =Zy.
Thereby we proved the existence and unigueness of the solution of problem (1), (2), (3).
Now consider the solution z(!, a,,u} for

a={a), =a_ +pay + ..+ p"™'a
Foritat ¢+ =T by virtue of equations (25), (26), where & =1,2,...,n+ | we have
AT, (@), )= 20T+ szt (T ot 1™ st (D)4 0l )= 2 + 0{u™?).
Hence it follows the inequality
) - (@), scu™?, ie for alp)
it is valid the asymptotic representation
;(,u)=a_r + yc_?o b+ ™+ o(ﬂmz).
From theorem 1 now it follows the following
Theorem 2. Jf there exists R (T,0) then we can find such constants
Uy >0, ¢ >0, that for O< u < pu, there exists a unique solution Z{t, u)of problem (I g
{2), (3} and there holds the inequality
Z(t, )~Z,,(£,,u)_£cy"*' Jor 0<¢<T . 27)
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