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THE IMBEDDING THEQREMS FOR THE SPACE OF BESOV-MORREY TYPE
WITH DOMINANT MIXED DERIVATIVES

Abstract

In the work the new functional space S;ﬂ_a e B I8 constructed, the new integral

presentation is received and the imbedding theorems for functions from the constructed
space are proved.

Sobolev’s and Nicolsky’s spaces with dominant mixed derivative (difference)
S,W and S H were included and studied by S.M. Nicolsky [1], Besov space with

dominant mixed derivative S, ,B- by A.D.Djabrailov [2] and T.I. Amanov [3] by

different methods, Sobolev-Luiville space with dominant mixed derivative S, L-by P.L

Lizorkin and S.M. Nicolsky {4].
Further Sobolev-Motrey space W’ were included and studied by V.P. Ilyin

LV 4

[6], Nicolsky-Morrey spaces H L . were included and studied by J. Ross [7], Besov-

Morrey space B’ were included and studied by U.V. Netrusov [8], the space I

ro.ay péay
was mciuded by V.S. Gulivev and studied in [9]. Note that, the space of Besov-Morrey

type Blgo . (G)( B ouye =Bhoay ) and the space of Triebel-Morrey type
L‘;,Gaz, (prﬂaz —L‘},gaz ) were included by V.S.Guliev and studied in [9], and in

[10] Sobolev-Morrey space with dominant mixed derivatives S:,, ay W was includied and
studied.

In this work the spaceS,,, B(G),pe[L=); aclo]; z.t 1e(0,);
8,7 [l,oo]of Besov-Morrey type with dominant mixed derivatives has been constructed.

The new integral representations have been obtained and from the point of view of the
imbedding theory of some properties of function from this space studied in the case,

when domain G < R” satisfies the condition of flexible horn.

Let R” be n dimensional Euclidean space of points x =(x,...x,), GCR",
e, = {1,2,...,n}, e C e, . The number of all possible subsets e from e, is equal to 2", Let
also & = (k,.nk, ), k€ = (kf, ok ) ki =k, for jee;k; =0 at jee, \e;

A**(;)f(x){m%( )]f(x) S0 V0= e s Flevieel);

Jee

D f(x)=Df D¥..DJ f(x); h}f(ﬁf)dx” = [thdxf ]f(x);

¢ 4.
B a;

1, {x)= {y ny <t‘r’ s J=lsn);
G, (x)-(yﬂ P (x], I.le amln{l,tf}, J=12,..m.
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Let’s consider for T e (0,0)" for every xe G the trajectory
ple)= p(t,x) =(p,(t, X 2 (ty, )50 2, (2, X)), 0< t,<T,, 1<j<n,
where forall j, 1< jsn, p; (O,x) =0, the functions p, (uj,x) are absolutely continuous

with respect to u, on [0,? J,j and |p}(uj-,x]£1 for almost all “.;G[O’?}L where

p_}(ulf,x):—‘;‘—.pj(uj,x). For 66(0,1]” we'll  call each of the sets

s

V{x,0)= U[p(t,x)+t91], x+V{(x,8)c G as flexible horn and point x as top

0st, <7, j=l,n

x+V(x,0), where :01={8y)..00,v,):yel}. Well suppose that

X+ V(x,@)c:G. In the case, f=---=1,=t, p(t,x)zp(t’t,x), 6=(¢9’1‘,...,e9)“ )
0 (©1], v(x.8)=V(4x0)= Ulpl*.x)+161] is flexible hom 4, included by O.V.
Gt

Besov [5]. Let m={m,,...m, )}, m, be natural, k = (kyyenky ) k, be integer non-negative
numbers, m; >{, —k, >0, j = 12,..n, h, hy tye (0,:0)"; hy, 1, - fixed positive vector.

Wec denote by S; Gag B(G,l) Banach space of locally summable functions on
G with finite norm

ne Hdmg(hsGh)Dk!f gt dh,
Mon) = 2 <22 TT+ (M

s
oo [Ta™ e By

Jee

7,

rla. g1

where

# .r,'" 1
f = 8sups |... 7
\\ ’Lp_ﬂ_x_r{ff) xEcE‘) 5[ Jﬁ[t }Z‘Zf;} * G:pj[x,,]l (;é!(:z) X
J.

Pl mipy  |PelPr v ”
™ a dt;‘
<\ A" | vy - @, -+ . 2
G‘frl {x) 4= I.f
If instead of A™ (1,G,) we take A™ (1,G), then
SL,Q.a,z,wB(G=1) = S;.G.a,z,mB(G) ]
S:J.G,a,z,mB(G) = SL,B,a.;; B(G) > S::,nc\a,);,rB(G) = Si;,a,z‘rH(G) »
l< p=p =..=p, =8 <o, ! isanon-integer vector,
Si‘..{’ﬂ,x .7 B(G) = S;J,u,;g rW(G)7
forevery l and p=p, =...=p, =0=2

S;,Z,a.z ,rB(G) = Sé,a,l\rW(G) .
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piax, rB(G)

H f“s’ oB{tF) "fns’ RlG) Scnf“:,’ G}’
B(G) are complete,

Propertlcs of space S

2. normed space Spgaz .

3. for ¢ >0 the norms
“f“sj,_h_q LBlG) and Hfu‘s*

plag.r

are equivalent;

4 ) |7

iy w8

56y =M lsz sy ® 1l oo <l

LE RN

1 1 .
£ =1l;-a, -0 mA4 {?m?} e
f J
g.? =l -a, - ( ZJQJF JEe,.

Lemma }. Let ISPSQSrSco,0<x£1, 0<t, 27T, <1, O<p; <o,

Assume

j=12..n, fel,, (G), I<r<w
¢ ¢ T%"ﬁ’ 'e! 1
1) o A A 1),

x A" (§u)f(x+y +u’ @u'dy,
where ®©,(v,z)e Cw( " R”) & eCIR ( |‘?':)(I) (.z)} are infinite differentiable functions -

and finitary uniform with respect to z from arbifrary compact. Then the mequahty has
place:

sup

xell

11
HT T 2K x

pazr(} (U]JE‘: nl®

(e Tf»f"']

i1, 8 @) f

Jee

f()

1,+2-(1-z,a }{ - } f] :J
<1, Hbf Hm”f*, 3)
Jee
Up,[?c):{x:‘ )4,0‘, ,;-1,2,‘..,?1}.
Lemma 2. Let all conditions of lemma 1 be satisfied n=(n,,...n,), 0< n, <7,

a= (afl,...,o:,, 1 a,; 20 are integer, j=12,..n

0= 11 1 7

Jee, fe o¢ jee

K, (x) = [p*%jnfmq&z+r#k*

Jee, fe 7 ISt fe
Then the inequalities have place:

—a;-(l—zja}-{L—--] j
SUP“KW( )| iz, )y,

r’MOH

q(; {x

LRI {tr) /5% ie
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100
XH[P;], %H’? (f-‘j- >0), (4)
Jjee
. (l —¥ al{ l.__L.
SuP”K’”"'(' 1‘4{! (%) =G Ht_;.{‘A"’ (t)f l__[T e "?J'J x
xel/ Ray-Y Jee p,a,z,r,GTX(U]"Eenf‘g
177, & >0
Jee
" HL" r ' H’“ ©)
jee
[1ny.

Jfee
Lemma 3. Let 1< p<g<o0,0< y<1,0<z, :éTJ,Sl,a=(a,,...,a,,), a,20 be

integer, j=12,...n;1<1) <1y <00 and let £, >0. Then the inequality has place:

(6)

Al 2" @) f
Jee

%l
gy mild
Ay n.0G

Theorem 1. Letr G R" be the domain with condition of flexible horn,
lspsgsw, a={(a,..2,), a, 20 be integer j=12,..n; 1,,7,,6,6, ¢ [1,00], 1<
Sn<1,; <o, fe Sp,s,”r B(G), &, >0, and let j=12,..,n; then the imbedding has

place:
b* 'Speaer((’ l)C L#ﬂlﬁz(G)’
more exactly
1
@ 4l no A (I’G" )Dkﬁf pa.y.r dt,
Pl Z I s T O
jee
!Dﬂf ‘q,h.x.rz'.(} = C‘”f”ﬁ'i.uya.x.nﬁ{(?"}’ (psg <), ®
g.,f.’ j ce

5 = Lo
ce,_,f _aj_( I j’ja}{p q Js Je(en/e),
. ! J A

and, if ¢, -1, >0, j=12,..,n: 8 <8

20 Si:ﬁa,cr ((’])Cr*qﬁiber(Gl)'
g
, Jar (.G, )D* 7
i Yo il ax.r
|p M mion = 2ZHT j R Pt I,I“ . ®
J s
Jee

2 A, o <€l ey PS5 a<2), (10)

PN N
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moreover T < min {I,T0 }, C,C,,Cy, C; are the constants independent on f , and C,C,
independenton T .

Particularly, if ag >0, then D® f is continuous on G and

[}
o (r © )Dk f Pax dt}
sup|D* fl< C, T s —3 an
ng egzeng I Hr?—k'f ’ !:! t.f
jee
6‘_?,jee
s, =

| S
—aj—(l—,{'jaJ , jee,fe
pj
Proof. Let feSpgﬂx,B(G). If £,>0, then I, -, >0, j=12....n; since
psq,0=ax<l.

€800, oBG) >S5, B(G)>S,,B(G), then D*f exists and

Difel, (G). Then for almost every point x € G the integral representation is valid:
Fid c e, e
@ e -1-a, () y ,o(t + I ,x)
O g ><

Jeeje pw P Temfe L Te,,fe
;Ee

x;"e(?,pg‘x) l,of(t ))A’”e(ﬁu)f(x+y+ue}1’u"dy, (12)

where lP‘g("‘J(-,z)e CS"( "), g, eCy (Rie}) their carries are constrained in 7' and such
that, the carrier of representation (12) is contained in x + ¥(x,8)c G . The parameter of

representation & >0 is considered sufficient small, so A™ (u,G;)f =A™ (8u)f . Then
o 1], <€ Tk )

where

K= TIT" S R Y CERY: L Py
_,’E(. 8 i t.;- ! i)
jee

From inequality (4) U=G,n, =1,, p, > o, r,=q,, j=12,.,n;

K W =GITTE A (.G )f

X
fee paer {1
(14)
—ﬂr(‘—z {p——;] a—'
x [T, CUTIET [
Jee, fe jee =1
Consequently,
o211, < ZTT7 )08 .6y

b 71 JEe Pty TG

With help of the inequality
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a6 < Jli "), ,dn-

for 1 €& <=0, we obtain that

15 4" (.G )f

lo~ f”q,u <, ¥ HT‘ { W
ece, f=
For proof of other inequalities we estimate
|4 (.G, )07 1]
g7

We divide equality (12) into two integrals from 0 to H and from A to T . In the first
integral we transfer difference to A™ £, in the second integral we transfer the taking of
the difference to the kernel. Then we write the taking of the difference as the integral on

pay.nG 1% 1

[0, and we make substitution of variable in it, reduce it to |e|-dimensional; after that
substitution of variable we transfer the integration from the kernel to function f . After
these transformations we obtain the following inequality:

. o Ht dfﬁ
A G D fleC Yy Tl x
( h) f 3;3;“ jee, fe ! GJe- Hr::’*'ﬂ;

FC

el o)
1+

T wie P Te,,..-"e

<[]

R

<0 (BN (@0,Gy )f e+ + o Jducay + €, 3 [T ]‘[T“‘ “

L, jE2 Jeg, fe
g, M, J.J-

a+M (t +T6’m""«,x) [ p{f x) 1 }
[t T LT =N JCe e p,(tx
[ @Gl y s e g =, (04 ),

e, w50, o, )

From inequality (4} it follows, thatfor p >, H=T,

S[E,M,%p:(t,x)] x

i 2

i

HJ‘ ]_If

jee
o

1A

i —a}._(_l—-g;aj{—;—i——;—rJ :
”B‘?( XL,(:’ <G ;E; n T i

e

[T, 8" (™ (,G,)f

Jee

Py s

[T 8 (1, G,)f

Jee

n
Sos
<C,[17,
=l

From incquality (5) for p—>w (1} <M, je 3)

“Bg(-)“q___ <C Hh nr’ | N T (XY

_fEl’..

pag.ne

<

N SN
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<C T T 11‘[:;* A" {t,G, )] P )
fee =l fee LR R
hence, for 8 <8,
6, =
hi “AM (h, G,)D" f dh

<l T[22t <
Hh;} jee B

o
Jjee
1
L . " —t P # dt ; ] C
<A ZIr s s ay] T -
ege, j=i e || fee paym e T
1
a 8, .—.’f, $ ,kj.-?}. "=k 5 I ? dlj é
o, T e e oy
ege, j=1 0| jee pagn tSE
Taking into account the inequality
"KET ( ’ ]‘q,b,x,rz;ff £€ gt.f_;} Am” (I’G)‘ )f
4 Py, nl

inequalities (8) and (10) are proved analogically.
Now, let Ef >0. Let’s show that then D® £ is continuous on G . On the base of

identity (12) and inequality (7) for g =cc, &, =&, >0 we have
”Daf _Daf?"”m 6= 2 HK‘T
M e,

<

Lo,G

1
§ 7
dr,
- -

page 15601

[, 8™ (.G,)f

jee

Ll » ta
< 21174
Of

Bxrece, j=1

lim
F=0

D*f-D%fy| =0

Since D £, is continuous on G, convergence of L. (G) concides with the uniformity,
in the given case, and consequently, D% f is continuous on G . Also it has been proved
that generalized derivative D” f satisfies Holder’s multiple condition in L, metrics for

J of the constructed space.
Author expresses his sincere gratitude to Prof. A.D. Djabrailov and Prof. V.8,
Guliyev for attention to the work.
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