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ON A SPECIAL REPRESENTATION BY SUMS OF FUNCTIONS OF LESS
NUMBER OF VARIABLES
Abstract

In the present paper it is established the criterion of a special representation of
Junctions of many variables by sums of functions of less number of variables, where the
coefficients of the representation have supplementary properties. This theorem lakes the
central place in construction of an extremal function in the corresponding best
approximation problem. '

Formulation of the problem.
Let the real function F(x), x={x,,...x,} be determined on the parallelepiped

[a,,b, ;...;an,b,,].
Let’s divide the set of variables {x,....,x, } into the subsets
£ :(xk,_1+1:xk,._1+2s"-sxk,)7 i=lm
O=ky <k <..<k,=n.
We'll consider 7{x} also as the function of m group of variables F(x)=@{). The
function (D(t)=(I)(r] ,...,tm) is determined in “paraltelepiped” TI = [c,d,;...;cm,dm], where
¢ = (“k,._]n seesly, )’ d, :(b PRNEIEN S )
Let’s introduce the denotations:
AD )= T OW Vet Vi Va) -

Yt
t=1m, ek

Let o,(r), i=1,m be real functions determined on “segments” [c,-,a',], and

P,» J=12" be all possible tops of the “parallelepiped”.

The main results is:
21"

Theorem 1. Let Z(D(p J.);t 0. In order that the representation
=1

()= i(, ' Ta, o, 2)0al) o

e ’
by Em (PJ] Iil "(P:}t I:j.

where
1 .
aa’ = E[‘pr (Cr ) + (pr' (dl )] (2)

hold it is necessary and sufficient that the function ®(t) satisfy the functional equation

—(m—k-1)

#)- 5 1)*-'2--*{2"_']@(}1 )} 57 L), &

ISh<. <psm e=lm
Proof. Necessity. Let’s denote

R ()=(=1)" Zan--ﬂq %(‘1)---@»;(%)_ )

]S.r]<...<f‘.5m 4 tj‘ "(pik '{,r*
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Then by (2)
ol)=3 R, (). 5)
k=l
From (4) we obtain

a@gﬂ%ﬁ”,mmmh

i=1

+ﬂ2(P‘(f }P (r“{)' (pm(r )+ +amcpl(t1)"(pm(‘m)'
Using the property (2) we’ll have
Rileystyrty )+ (A1 st )= 2040, {8 )9, (20 )+
¥ iat_ [(Pl (C:)““ N (d;)]‘Pz(’z)--‘Pm (tm) =20,0,(1,).0, ({M)+
= (Px(x)
+ 2a1ia M%‘(%’M = 2“1‘4’2(‘2)- By, (tm)+ Salty et ) (6)

Here it is used the denotation

I3
S =S ltysat, ) =201, Za,}. 9(8,)-0,, ¢ m) )
25i, < <h Em (P,z A (P;k 1

where in the note S,, the first index & points that in every term in (7) product of
multipliers is involved and I points that one of the muitipliers is ¢ .
Further

R()= Taa, 0.(,).0,(,)

leq<iysp ('Pr] i (‘P.-z [
:_al[a2(p3(f3)‘"(pm(’m)+'"+am@2(‘2)’"¢m—l(1m~l)] az[aa‘Pl(fl)%(ﬁ)---(Pm(fm)"‘

+ oy, (1 )os (6 Jps (650, (t )+t 00,0, ) O (- )] -
ST, O (2 WO (Y “%Szr (t20ret) — @ los0, (1 J0, 02} 0, (2, )+

+ a0, )03 (3 )05 1 )0, (1) + o+ 2,00 (610, (0 ) -
S (7 )‘Pz(fz)---fpm--z (ta). (8)

From (8) by using property (2) and denotation (7) we obtain
Rz (Cl ,12 ,...,IM) + RZ (di ,rz ’“"t-ﬂ):

£, ).
= _Szl(%""’tm) - 23} zar:a% &Lflﬁﬂ((r_njl - _Sll (t2-s~--s:m) - S3 (129---:“”:) .
254 <iyZm (pa'z '(fz fry [‘3

Fulfilling the above pointed operation over

!
RS (t): Zaluab i (PI()D
sy <ry<izSm :] x, ;1 i[’

Ll AL
=a, E:G; a, (PZ( ) (pm( )_+_ 2 Qo
1 Al 1 2
2Ly <hsm (P,E tr'z 3 r;_, ey <fy <ty <m

We obtain
Ry(ey tapems )+ R{drstyns b )= St )+ Sy (st )
In general case we have
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R (Cstyreonty )+ Reldhsnontysnsty )= (= 17 8 (1ot )*(_1)HS[k.ljl(fzsmsfm)s
k=1m
where S,y is absent.
The above expressed allows to write

D{ey,ty sty )+ Od) 15,0, ) = kZI:[Rk (cystyrnt, )+ R (d) et )] =

m-1
=R (Czatz:---afm)+ R (dl’IZ""’tm)+ Z;[Rk (c,,tz,...,tm)wL R, (dlv"z TS )]+
=
Ry (estastn )+ Rl stpsmnnt )= 20005 (6 10,0 (6 )+ S5y st ) +
-1
* Z(" l)k_l [Skl(!b""tm ) + S(""‘”' (rz""’IﬂF)]+ (“ ’)""1 Sml (‘h’""‘m) = 20‘5‘([}2 (I?.)"'['pm(rm ) .
=2

Thus, we obtain the formula
2010,,). 0, t,,) = Dley,1y,et, )+ @l 1ty ). &)
Now fulfilling all above cited operations over &* by a group of variables
{y,-.u1,, We obtain
2000, (6 )03 (t: -0, () = Dy 030055000, ) + Pl 130000, ) _
....................................... (10
2am(Pl (tl )‘"(Pm(rm) = (D(ti 9"‘!tm—l 5cm) + t:I}(‘rl !"‘Srm—! Sdm ) '
Taking into account the denotation
(D(I \ bi} 9'"551} ): (D('{l ""’Iﬁ—] ’bh ’tﬁ"l ""’t’k"l b‘x t‘; +Hor I’")
and uniting correlations (9)-(10) we obtain

20, @-200) i\ Y (i), =T, an

o,(t,)

We have made some transformations over every group of variables ¢, , i=1Lm of
functions ®(¢} of form (1) with the property (2) and have obtained the representation (11)

with respect to the group of variables 1, , i =1,m. We obtain

do,01 @ ). (P’"(I ) fD(t\(c,c_;))+(1>(n'(c,-,(ﬁ))+ (D(t\(d,,c}))+ G)(t\(d,,d_;)),

0.t (12)

i,j=tm, izj 1<i<j<m.

Operating simiiarly over (12) we’ll have
(P] (‘t] )“'('pm(tm) .
8a,o v (tf T, k(tk) = d)(t 4 (c,,c} Cr ))+
+ e\ e,c,.d, )+ ol le.d, )+ (1)(: d,.c .. )+
+@fi\(d,d e )rol\ld.c, d ) ol .d,.a ) ol d,d,4 ). 03
Going on with this process for any k =1,m we’ll have
' 0.(6).9,0, )
: i ‘Pq trl --(pr* i - b,-—%i?(t ' (b”’""bﬂg )) (14)
by=c, o, :
J=ik
I <. i, sm

For k=m—-1 and k =m we’ll obtain
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Glhn o (¢ )= A(®,1), i=im, (15)

J'

20,0y =):¢>(Pj). (16)

=l

gl 2...

Let’s determine the function o,(z,) from (15)
0(6)= 7% 4.,

17y

Using the representation ¢, {¢, ) we have

o )0plta) o 27 a@) Ar,)
‘ 0 Tkm-1)
' cpﬁ( Jeo ) T D fo g, ToAlor, )

i

(O$| S ) f-mrk Nm-1) \A@)’t])'A(q)’til
=2 . . 17
X(ﬂ; O e “nl dor, Ao, (17

The last fraction can be writien in the form

AlD,2,)..A(D,1
ne= [14(D,z,). 18
A, |.AlD,, ?E!;( ‘) (18)

R/
Moreover from (16)

zm
&y, =27 S0P ). (19)

=1

Using (18) and (19) in {17) we obtain

" ~{mk1)
0t ) ultn) _ o mekin-2ynl-rke 1)]&@(;1)} «

y

{'p:] i ('pi‘ i 7=l
x [Ja@.)=2" {Z@(P Jor [T 4y, )} | (20)
w=lm S=1.m

Setd iy

Now we must substitute the obtained expression in (20} to the expression of d)(t) from
(1), that leads to the desired representation (3)

” - ~{m=k-1)
Olf)= g(— 1) 2"‘{Z¢>(11 )} > [A@.). )

=l 1Sy < i £m =l m
The necessity has been established.
Sufficiency. Choose a,, i =1,m subjecied to the condition

”
.y, = 2*”2@(};). 1)

Since by the statement of the theorem ZCD( ):#0 then from (22) we obtain
o, =0, i=lm.
Let’s determine the function ¢, (z,) from

o,{t,)=2""1 - —Z_A.1,). (22)

]“' E
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Using (21) the functional equation (3) can be written in the form

o(t)= i(— 1) [2'"a, ., F’"“""” Y JT4@.2,). (23)

Izh< cngm S=lm N=i, 0

Using the expression of A(¢>,tj) from (22) we have:

=k
[1+3 - m-l oy.. 2y, - 2{m—l)(m—k) ¢ (tl )"'(pm (tm) (al"'ak) =
[J4@.e)= []20.l)—

S=Lm Sal,m § ('P:', txl --(P,* (r:'k _q_]_:"a_””
Sl S#iy By aﬁ .-ﬂ,-ﬁ
Y ke TR KGN )
— ol m ‘.)afi"‘a& (alu-am (m-k~1} (pl( I)' (Pm(m) ) (24)
('P‘il !jl "(pf» t';k

Using (24) in (23) we obtain
‘D(T)Z i(_ ly—l 2—k ) -mim-k-1) _ 2{»:—1)(m‘-k} ©
k=1

X(a]..am)_m[m_k_”-(a]..‘am)"""“ Yo, .0 (p](ti)'"(pm(lm)=

iz
1&g <l sm (px', I:, "(‘Pr*. rr’,\.

m
— 1 k-1 @, ..o B (t])'"(pm(tm .
E( ) 1<q (2:'* o9 (‘;‘, ):--(Px'* [r;,, ')

We have obtained the required representation of the function ®(¢) from (1).

Now we must show that thus determinations «,, i =1,_m satisfy the correlation

(2)-
From (21) we have
2JN
2a, =272 _Sop). (25)
2ol

Further, the expression A{®,t,) admits to write

o
A®,c)+ Mlo,d)=Fop),i=1,m.
A=l
Using it in (25) we obtain
20, =2 VL[ gw,c,)+ d®,d)],
a..0

11—- bl
which by virtue of determination o,{z,} from (22), taking k = y
2o, =@, (c,.)+ (p,-(d,),

and that is (2).

The sufficiency has been proved. The theorem has been completely proved.

Remark. As it is seen from the proof the constants «;,, {=1,m in expansion (1)
of the function (I)(t) can be chosen only arbitrary satisfying only (2).

Author expresses her gratitude to her supervisor Doctor of physical and

mathematics sciences Babayev M.-B.A. for the formuiation of the problem and attention
lo the work.
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