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APPLIED PROBLEMS OF MATHEMATICS AND MECHANICS
ALIYEV G/F.

THE IMPROVED CONYERGENCE OF A.A,DORODNITSYN’S
METHOD AND THE METHOD OF QUASI-LINEARIZATION FOR NON-
LINEAR PROBLEM OF GOURSAT

Abstract

The improved convergence of A.A  Dorodnyisin’s method and a
quasilinearization method for Goursat's nonlinear problem, when u, and u, are not

contained in a non-linear part is considered in the paper. By means of Dorodnitsyn’s
method and a quailinearization method the stated boundary- value problem is reduced to
the system of ordinary differential equations. Finally, general ervor for the formulated
problem is estimated by a step estimation mechanism.

The differential equation of partial derivatives is met in different branches of
science. But to get their solutions in explicit form, in the form of some series or integral is
possible only in simple cases. In this connection the main meaning acquires the
approximate methods of solutions and their basing. One of these methods is A.A.
Dorodnitsyn’s method, which was reported in the city of Moscow in 1956 and
immediately became wide-applied in different applied problems. It played and continues
to play a great role in computation theory. In particular the convergence of Dorodnitsyn’s
method for linear and quasi-linear problems of Goursat was investigated by us (4] and a
number of authors (for example, [3]).

At the present note for getting the order of convergence, when u), and u] are

included in non-linear part the identity in the problem is defined the convergence of is
A.A. Dorodnitsyn’s successive approximations is investigated by different scheme, which
gives us possibility to get the improved order of convergence for non-linear Goursat

problem.
Let’s consider the following non-linear Goursat problem:
u, = a(x,y)ux + b(x,y)uy + F(x, y,u,u;,u;), %))
w(x,0)=0 (0<x<.4,), «(0,y})=0 (0sysg,), (2)

where a(x »), b{x y)({} x<$.4,0<y<4,) are given continuous functions,
F (x JTRT u) is continuous and is continuously differentiable on y,u,u;,u;:

(e 3w, )e D=[0, 4 )x[0, 4, }x |- 2, £]x[- 2. 2]
Applying the method of A.A.Dorodnitsyn’s for the Goursat problem (1j}-(2),

splitting the rectangle [0,4,]x[0,4,] with the chosen %= 4

of lines y=y, =rh,

F

n=1,..,N to N strip and interpolating each sub-integral function we get:
u:H-] (I) A!E[j-l (x)un rl (x) = B.»E‘i]; (.‘C}M’ (X) - Ar(:?r}] (x)un (x) + hCr(IKi]l ( )
x [F(x Yoo R+I5u:m+1’ }'n+])+ I’( BT U‘l’ yn}]+ 2C“—1—'-.(x] n+\(x)
(n=1..N), (b<xs.a), (3)
u(x)=0,4u,,(0)=0,0sx<4 , n=0,. . N—1, 4
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where

R (x )——J{‘-j (‘m) i L W -y,
oxdy’ o
Yn <.F)”“;'H] ""“;NH !
unlx}=ulx.y,), u,(x)=ux.»,),
2b (x) 2 ha, (x)
A9 PR RCTA— —
L M b e S ey o
Rejecting the remaining term R, (x) and applying the quasilinearization method

[5] we get;

iyt (5)— 411 (1)1 ) = Bﬁl’l ()i (o)~ A7) (8, )+ RO () x

XI_F(X ym xnﬁu )+F(x yn+}! n+)’u u )J (5)

a1yl fle

i (x)=0, u,,+](0)—0 (0sx<2),n=01,..,N-1, (6)

A0, (x)= (A“” (x) + hCi‘il F - R E + 7)),
()= - reOhe + 2 ).
Br(al-r)l (x) = (3531 (x) - hCn+I (x)F~ )/( hcﬂ (x)(Fg; + Fl‘;:, ))

Further we’ll suppose everywhere, that for the solution of problem (3)-(4) (the
existence of solution of this problem is supposed) takes place the estimation:

b, (e} s 2, p(x)< 2. 0sx54 ,n=12,....
I. The estimation for %, (x] and |i7] (x) .
Theorem. Let's suppose, that

o =h2CVE 3 M (A0 (B0 1) { {1))“ z“ /(kml)'kw.c’
k=1 b'
{k)

a,:th(I)FB{iMIk(A{I})‘"I(B(‘) (i Bﬁ ) J +

k=1 B{ﬂ

e ®
A(”[ '(B“)Tl £ k!k:+2(3(‘))’}sz’
v=0 B(H w=4
is fulfilled. Here

A = max A9 (x), eV = maxC(l.} (x), F, = max]ff;“ (x)+ F,{x),

y':j}n-l

here

B0 = m:audi?,{]+J (x), M, =exp Am.é‘
Then it takes place:
i, (x)=a <&, and ) =a'<2’,

A=l (-1} r—l )
where l: (B[l))v} means (k —1) derivative of the polynomial Z( })L with respect

# =}

Proof. Solving the problem (5)-(6) by the successive approximations method
when n=0 we find:
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i () < M, ﬂB{’)l o+ A“}lu [+ hC ”q (x,yo,uo,uwuy 1 |Fx Yoollo Bty 2y })}1 <

<M, [2hCVEFds,
0

| < M2hCOFx .
(e} < 4O (o) + BOJ () + 4V, () + HC™
X QF(x,yosEa,H;ﬂ ,u;b ] + |F(x,y0,ffn,ff;m ’ﬁ;’u: ])s MIA{I)zhC{I)FGx + ZhC(]JFﬂ ’
(e} < M, 4V 2hCV F x + 20C VR,

Now let’s suppose, that [ﬁ,,(x} and |§,:(x) are successively estimated by the
following form:

7, (Y= h2cF ZM"(A(”)* (8 + 1}[ (Bﬁ))v](k__”x* /(k_l)!xkr, )
e e S ) o By |

v={) g
+ A(’){ 3 I(Bf‘ )”} Jx*k!xkunf(gm)"} (8)
= v=0

ix)

RG!

consequently it follows that
7, ()< 2, g {x)<e, 0sx<d ,n=12,....

With the help of estimations (7) and (8) from the solutions of problems (5)-(6) we P
have:
)
7., (x) < M, BV 20C OF, ZM*( 010 41" {( 040 | 408 ( ”)"}
ye= H[”

x x“‘/kzx(k + 1M, B“)zhc“)Fnz (89) x4 21,4024 VR,

x ZM* (40 (B0 1) [" ](B(”)"] /(k ~ (e + M, 20O,

Lv=l

Grouping the similar terms and takmg mto account the identity:

- 3] - (%)
B(u)[f(gmﬂ /w (0Y /(k-_l)'— f(B“’)”} /k' )
v=0 Py o} ey

8., () < 20C “FZM*( Y (0 4 1) { B“J)“ /(k—l)!xk*

Now using the estimation (7), (8) and taking into account the identity (9) from the
solutions of problems (5)-(6) we get estimations for i, (x]

ni ) " [.k]
inetscor Sty o ot ({5601
k-l 3{5)

ve]

we pet
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H { ) H
+'A{1}[Z(B(”)‘} k }c" /k:xk1+ Z(B{’J)“}.
v=i ~ g v=il

Thus, because of the mathematical induction method for all n:

|i}',,,(x]sh2C{1]FO§Mf(A{’)T_I( +1)T:( TLU /(k~l)!><k!,
|ﬁ,;(x)|ghzc(”Fo&M{’(A{”)* (B0 +1f" M >(5 ”)"] )

Lk=1

o[y ] b e g(gm)v}

v=0 B{!]

takes place.
Finally we get that forall »:

i, (x)< 4, i G)<e, 0sx<4)
takes place consequently the theorem is proved completely.
11, The estimation for |i,, (x)-#, (x] and [, (x)- %, (x). Let’s introduce the

8,ux)=5,,x)-7 (x}), n=0,,...
From the problems (5)-(6) we get the boundary value problem for §&,(x),

applying analogical scheme as in I to this received boundary value problem we estimate
5,(x)and 5’ I{x) by the next form:

ZMz( D40) 4 c@F { (g} f/(k—l'Xk‘
BUJ

notation:

b;(x)[skhz{ng(B(z)Atz)Jrc )* [A{?}[Z( 2})V:[ £

Lv—O
+ C(E)[”Z_l (B(ZJ)” }
V=l

hence for B <1 we have
6, (xh<koh® | 18, () <k h?, n=0,,., 0<xsL
k; and k| depends on numbers A, B®, 4% g @)
II1. The general estimation of errors of the methods. Let’s introduce the

notation
Ya (x): un(‘x) - a’"(x)

and substracting from the problems (3)-(4) the (4)-(5) we get the boundary value problem
for the error y,(x) in the following form:

Y:H‘l (x)_h AFEUJ (X)Y?H'l (x)=Bﬂ (‘xb’ (x) AFI+Iyﬂ(x)+ h('f”‘] (xXF (t yﬂ’u + Byﬂ’ulﬂ +

o]

B['H
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gyr i, +97 )7 + :‘y;(x)J"' hCm-I [F: (x’yml!ﬁ‘m] + G}rm_] ,i‘l-;n” + 9}’;+|,17W+1 "'Bﬁyml)><
XY:HI( ) F’YHH(x)]i-hCnH( {(urﬁ](x) u (x)) F“‘“‘(x yn+1’§n’nn!‘yn)+
NCAOEASD
2

+ (ﬁnﬂ (x) - izﬂ (x)X§;¢l (‘x) - E‘Tr: (x))F;;i?' (x’ BN Sgn s Wy,

x F’ """" (x yn+| PRy L )] + ZC,EEE (x)RnH (x) ’
volx}=0,7,,0)=0,0sx<4), n=01,.,N-1.
Solving this problem by the analogical scheme, as in I we’ll get general
estimations of errors of the methods in the following form:

(k1)
|}*,,(J¢HSZM"(B(3 ) Cmy U: ( 3})v(6,,v+6' ]m +

v=0 gl v=0 _
So, we have
. <k #’ n=01., 0sx< .4,
where k, depends on numbers M,,B’ ,Am,C ), )
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