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DIFFERENCE APPROXIMATION OF AN OPTIMAL  CONTROL BY GOURSAT
SYSTEMS WITH INTEGRAL BOUNDARY CONDITIONS

Abstract

The convergence of difference approximations of optimal control problems by
Goursat systems with integral boundary conditions is proved,

Optimization problems of the Goursat-Darboux system arise in describing the
controllable sorption, desorption, drying and other processes [1].

Many problems (for example {2-5, 9]) have been devoted to the difference
approximation of controllable systems, where the case of Goursat problem with ordinary
boundary conditions has mainly been investigated. But in this paper an optimal control
problem has been considered for Goursat systems with integral boundary conditions. At
first the existence and uniqueness of the solution of the considered boundary value
problem are proved. Then a discrete analogy on the given problem is constructed, the
convergence of difference approximations on the basis of the method in [2, 6] is proved,
one-sided convergence rate in the nonlinear case is indicated.

1. Problem statement. It is required to minimize the functional

.}(u) = zj::d)(y(f,‘_ .S, ))+ HF(r, 8,0V Yss u)dtds (1)
= o

under restrictions :
Vo= I8y, 3,50u), (s)eQ )
with integral boundary conditions

:}Iu(f)y(t,s)dr:é(s), sefo); ffm(S)y(t,s)dHf;(r), refo.7), @)

[;fp(t)g'(t)d! {_}fm(s_}é(s)ds =A4A= CORSIJ »
u=ult.s)eU=1{ue LY uls)< R, ae (hs)eQ ), (4)

where y is »-dimensional state vector; # is r-dimensional controlling function,
flt.s.7.p.q.u), £(s), £ (¢) are n-dimensional functions; the functions u(r} and m(s) are
given nxn dimensional matrices; ®{(y}, F{,s,y,p,q,u) are given functions;
Q={{t,s)/0<tsT;0<5¢ !} , 1,7 >0 are given numbers; {(tt‘ .8, }}, (t;.,r; eN, izi,_f) is
an arbitrary set of points from ¢; R >0 is a number.

Further, we shall assume that the functions F(t,s,y, p,q,u), f(t,s,y, p,q,u) and
their partial derivatives:
F =\F,...F )}, F,=(F,,..F, ), F,=\F,,..F, ),

T oy £ 2T by g TR
Fos (R, ), £=l01 09,). 1, =01 fon,)
f,=0r'fea,). 1. =01 o). i =Tm k= T7)
are measurable in (1,s) for all (y,p.q,u)e R continuous in totality of
(v.p.qu)e R ae. {1.5)cQ; the function ®(y} has continuous partial derivatives
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o, (y)=(e,,. .o .. ) for all yeR"; the matrices ulr)e L,{(0,7]), m{s}e L,,(0.1]) are

permutational, that is  ulm(s)=mls)ult)ae. (t.s)eQ and detﬁp(t)dt}tﬂ,

{
det}i | m(s}is:! 20;&(s)e H[0.1], ¢ (t)e H'[0.T].
0
Definition. Under the solution of problem (2), (3) corresponding to the control
u=ult,s)e L[,{Q) we understand the vector-function y={t,s;u)e L] (Q) having the

generdalized derivatives y(t,5),y.(t.s), v, (t,5)€ L3(Q) and that satisfy equation (2) a.e.
in {J, and conditions (3) in a classic sense.
According to [7] we can show that the continuous function y(t,s) (more exactly,

equivalent to the continuous on the function) is the solution of the boundary value
problem (2), (3) if and only if it satisfies the integral equation

es)=m (e + 7 (TR () - a7 (" (T -77 (7 )?ﬂ(ﬂﬁf (€. 3.3, 3, u)drdrdr
— '(!)_[m(s)”f(f P Vs Yoo VU drdrds + w7 {R 1(T)_f_[r:m(s)n(e‘)='=

on ne

* ”f(r_.r,y, Y, ¥, drdids + ”f(r,r,y, Vs ¥t dedr (%)
o o

where

7 -l
0| b | 0= |
Introduce the following conditions: 0

D |f(t,s,0,0,0,u)’ <M,, fv(t,s,y,p,q,ul <M, ’fp (t,‘s,y,p,q,u] <M,,

6.3 poad <My, £ (s, v, pag.u) < My,
ae.(t,s)eQ forany (3, pg,u}e L{(O)x L (Q)x L{O}x U ;

n |Fy(r,s,y,p,q,u] <K, |Fp (t,s,y,p,q,uj <K, Fq(t,s,y,p,q,r.f] <K,
|Fu(r,s,y,p,g,u] <K, ae. (1,s)eQ forany (. p.q.u)e L (Q)x L (Q)x L,{Q)x U
fd)J.(yL" <N, forany ye R”.

Let R(g) be a matrix with elements:

“12(1+6,)[]ﬂ—1(r1 e, T s ok T__L+'m fja o -

. L +r2f}w. ,

T of ey

R]2_12(1+s])0;i"(r e, — T" i

ol T 1
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o=l @l S 0 1ok, T+ 0
ok, T o
Ry, -6(1+52{|ﬁi“(1 Y il imz JME;
Ry =601 +82)Uﬁ-' ;= F]Mz :
Ry =6l vocf - Of ok Lrs}Ma,

I G TR

)

R32-6(1+53)Uu r) || I *T-‘HTJJM”

R, =61 +33{Iﬂ“] (TH "ﬂ“,im %""' TEJM;;

forany £ = (.6,.8,), €, >0, [i =1,3).

By using the method from [8] we can prove the following

Theorem 1. Let the above shown condition I) be fulfilled. Besides, for some ¢ a
spectrum of the mutrix R(s) lies in a unit circle. Then the solution of problem (2)-(3)
exists for any u e U, it is unique and has the following properties

masf <Ce), oy o= g I fee=ie),
mgxly(t,s) Mz, r)<C, (]t —t]+]s - r] a}ﬂy‘ 1,5)-y(r.sps <Colr -1,
r{}}zﬁ;;ﬂy, (t,s)— ¥, (:,r)p’r SCS!S - r‘ s mgx‘y(t,s;u + i?)~- y(t,s;ul <, (81‘57“”1,

T i
r&]fﬁc [ﬂy, (t,s;u+@)-y,(, s;ulzdt <y (sllﬁui; , r(;!l?_.!f 6ﬂyj. (t,s5u+7)-y, (!,s;ufds <

<G, ©
if along with I), condition I} is fulfilled, then

fJ(u + 37) - J(ux <C (E:]iﬁ"i ,
where C,, (i = i,l_O) are constants that are independent of t,tc[0,T|, s, r€l0,] and
controls ult,s). u+#, ueU.

2. Difference approximation of the problem. For approximate solution of
problem (1)-(4) we introduce on Q the consequence of rectangular grids Kti,s ; )x} that
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(tn,s,‘ ),z'zl,_K are contained in these grids, y =1,2,..., where O=t, <..<t, =T,

¥.x

0=s5, <..<s; =l and denote by

p=p,, L=L, t=rhx,s=s_’,-,x s At =t~ As; =5, -5,

?: [l 1+1)S ;+1) Q;_;—'TXS},:._OP l j"OL—l.
A f=max At A, s=maxAs;, 5 t=minds,, 5, s=minAs
i=l,p =1L i=l.p =11 /

()’u), :(yr+l..; —y{;) Al (yu)j —(}’, 7+ J/’,j) As, ()u),s ()’1 ,r+i) (yi,.:),-/ASf :

For each natural y consider a problem on the minimization of a discrete functional
I [u] Z(D(yr n &Z”Ft 5 yU y U)zitds (7

in solutions y, =y, [i1] of the following dlfference scheme:

Vi = O @)+ 77Ol ) - 37 @ (T)a, -7 (?‘)E] In(f)dr x

*ZZOQHf 2503100, ) 004, ), s = ‘(:);z[;) Jrlos

<3 Z@Hf(rsy(y )0 b 0™ ()5 Jzﬂg;—;@br (s
X}_ZHEUJ”I]J”(H%,;. o o )t s +

D R

Yino = 7 06 (10 ) + 5 (DEO) - 7 (O (), — (:)’g‘; Jrs

B E s ) ) s 0 ) ®
g;ﬂf”(’)"‘ Jm(S)dSﬁ_Zn “Zﬂgﬂf (! Y (O W SO O 7 MR s

fifl

Yoy = A O O)+ 7T ) -7 O (D)4, -5 (TS )3 S (e

=0 PENS ZGQ’E 4

Yiis (me ,“,] . }ltds +m R (T)s: Z In(t)dr _{m (s s x

10;-9;

XZZ _Uf(! S y’lh 1'[.!’1 qv.r] um}]ld'; j: » *Is

=0 41=00

Yoo = O+ 5 (T 0)- 7 (5 ()4, + 77 O (DTS e«

i=0 p=ft 1
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Jm(s)de): [§7Gs.30 00 ) s )., s

h=0.n~ er a
We choose the discrete controls [4] from the set
U, =i, Je 3, ju|< R i=0p -1 j=02 1}, ©)

where L), is a space of discrete functions with a scalar product

=12
< [u],[S] ‘,~~U2 = i Z< u, ,‘9,;. >ALAs .

t=0 j=0
Denote in problems (1)-(4) and (7)~(9)
" =i I, =i =12,...
S =inf @), 1= inf 1,[e], n=12
2. Convergence in functional. Let the following conditions be fulfilled:
lil) the fuactions f,&,.¢, are equipotentionally continuous inthe norm L, , and more
exactly in the following sense

5
(re+zs+rpy.9.00~ 15,99, ,u)!zdtds + fe e+ 1)-¢, () dr +
o) 0

+ fﬂéﬁ. (s+7r)- Q.(s]zds = ()(rz,rz)—a» 0, t+r,5+r)eQ,
6

for (r,r)—} 0 uniformly in controls w e U ;
IV) the sequence {(t,-,sj)} issuchthat limp, =limL, =+x, p A 1< (1 +a, )T,
P Pt

LAs< (l + B, )Iand there will be found C}, C} >0, not depending on

X. AgsSCl8,t, A,s<Cy8 5, where a,, B, -0, y .

We can show that problem (8), (9) is equivalent to the following difference
equations;
(11)

Below in notations [4] we shall identify the grid function with its piecewise-
constant complement.

Lemma, Let the conditions of theorem 1 and conditions 1), IV) be fulfilied,

besides, there are arbitrary sequences of functional and discrete controls u, U,
[uxle U,, x=12,.... Then there will be found such a x,>0, (xr,e N], that for each
X > Xy Jor corresponding solutions y, {t.s)= y(i,s;uxj and Yy, =Yy [“'x j of problem (2),
(3) and (8} it is valid the estimate

r‘?ﬂxryx (tf"s,; )— S I2 < Clﬂ(g(Ai‘t + A:;S + “ul’ B [ux ]Efz J ’

m.,?xpz_l ﬂyx! ({531')_ (yxu )t 2

=07

5 P ) ) 200 1+ e ol -l L ).

where the constants C\,C,,,C,, are independent of x . and O(Alx!;Alxs) is the quantity

O(*r2 o ) from condition II) for t=A 1, r=A,s. And if in addition to the condition of
Lemma, condition [ is fulfilled, then

< c”(s)’(ﬁxi + &5+ O{AL A s |\u ]| ) (10)

w




Difference approximation of an optimal control 161

2

]J(“x)_"z [ux]‘SCB(s) Azx’ "*'Azx +O(A21;A2?r)+"ur w[uff]ff, ’

where C,; >0 are constants not depending on y .
Proof, From equahnes (5), (B) follow the followmg equalities:

w0 (o) - ‘(f)jm(s _[f(t PV Yy, V. udrds + If(t,r,y,y,,y_r,u)dr

=5 (7K, ()~ '(T) Lu(f)Jf(f,s,y,y,,y,.-,u)dfdf+ If(r,sgy,yﬂys,u)dn (11
a.e. (t,s)eQ |

and

Oro) = 0D, - 7 O3 sl 2 [170 3,00, 01 ), s +

:Jﬂs =00,

*”'"i”f(“}’u ug) (,V,J,1 }:'rds i=0p-1,7=0L-1,

.’ !l"UQ

(o0) =770, . i=0p-1, (12)
b =80 ), =B O3 8 o3, (11l o, ) o), s

b =0 n= OQ

+ES——Z_Uf(tsyw (yw) (y”) }Jtds i=0,p-1, j=0,L~1,

4 ":‘OQ
(,), =070, ), . =0
Using formulas (5), (9), (11), (12) condition 1) Lagrange’s formula, relation (6) from
theorem |, Holder’s inequality, and the known "&" inequality ab<&a’ +—£—wa , £>0

£
we have:

8, v

<l O a5 0 B
XZX JTfI 5V YU ) f(l5ss.}’>fl_;'| ,(y,,]_;-l)r,(y,,-l_h) Uy ]dfdi-ﬁ-!m }(11

=0 = ﬂQJt

X Z _ﬂm(s]ds - 2 i Iﬂf(t,s,y,y,,y_‘.,ux)-—f(t,s,y,m m ,m Uy ]dtds+
,r-—ﬂ‘ iy=0 —ﬂQl
+iy ‘(TH‘m l(sniz‘m,u (¢ )jmls Yatds < ZZ mj(t 5, ¥ ViV ul,)
=0 R=0 rl-.(!(_)m

- f(t,s,yw.l ’(}’fm) (yw; )3 - ]dz‘ds}z < Cm[&z -+ Az s+ ﬂu - [u ]I )

+ RY maxf_){ar (t,.,sj)— yw\ +R% maxif‘ﬂyh r,s_;. - (yxy ):

+ Rmmaxz ﬂyx (t s m l ds,

=08,
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3 I froles) D> el 0- )+ a0 Ik

ds +

<3

A=0 Sy

+ iof(rSSDy:’yrSys !u;; )_ Z‘l;_ If(t,s,ym ’(yﬂ. ),’(ym )s’“x!h }]I
he= 1
SCII] (Azx{ + Azxs + O(Ait,Azxsﬁ ”“x - [ul, ]Ii ) + R, ml_j_axlyx (t‘,,.';'J,-)—yx,J-,-,2 +

-1 1 2
+ Rf, m?xi; ﬂyz, (t, s’,-)— (ym ){|2dr +R% m?xz{: J‘]yx' (r,.,s) - (yw )srds :
=07, =05, '
In a similar way

ﬂyx(t,,s m)fdscc,z(&:mzwo(&mz )+ e, by ]|]
=5

f(t,s,y,y,,ys, ) If(t § yrh U] 'fn Y, }dt

2
ds} drs (13}

-1
+ R{ m_ax|yx (tx.,sj)w ywr + RE maxpz ﬂyxl (r,sj)— (}’xu' )rrds +
=07,

TR33maxZ _ﬂyx (t,5)- vau)|

ist g,
Here C},C},,C}, >0 are constants

(i A prp+12p+)AisE |
R (e e e U

2 2,4 2
AN pAYSL (L+1)2L +1) . w_, (’ﬂﬁ"

2
Y el el <

) A (p+ 1)?2 + t)_fﬂ;l (L+1)2L+1) NPT ]Mf ;

Rg =120+, )[Lu il S o

x Aﬂ"’-‘x*“"z‘f;‘ LD of ok,

) Aipip+ I)A‘;I.ZL?(L + 2L +1) . AIIPZA?LQJM%;

RE (12 81)@;;_] (T)r"#\ﬁ,, AP (p+ 1)(62 pAsL . (’12""’"1 )

& 1 pA QLE(L +1)

@t O ol <
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) ALt pt(p +1)2p + 1)A° L + 1)

+ A Ip* A, qLJM3 ;

12
2 2
R = eu%)@m-’(q o, 2tz e L oL 4 Ax,pA;st}Ms;
Rn —6 l+82{lm ](J ‘I "2 A SL L‘;lsz‘Fl) AZxSLZ]MZE;
3 2
R24“6(1+£ {| ”](l “ "2 Agp- A sL £L+l)(2£+1) AIIPA;;SLJM_E;
A +12p+1 L
“—61+£3{‘ﬁ"'(T " HZ P (P )é 'y )A 8 AQX@FAISL]MIZ;
~_; 2 A!p (p%l)AcL . 5
Ry =6(1+ & ) | @) ol + A 1pA L M3

ol ) 0 o, “w(P+““”“ g

By R, denote a matrix with elements R}

I

of the matrix R, may be estimated as follows: R <R + 3F,8F >0, ( J—E) for

/A §

ij= 1,3. We can easily see that the elements

X >0,
Hence it follows that there exists such y, >0 that for y >y, a spectrum of the
matrix R, lies in a unit circle. Then for any y > y, from (13} it follows the following

relation:
A
maxlyx )'" yxu'r CIIG(A% t+ A s+”u _[u ]l2 )
-’maxiﬂyz tS ,{U ‘dt 5(E-—R ) C1|(A2Y+A25+()(£321A2 ] [u ]' ]
AOT
maxz _ﬂyx (r,,s}—(yw) l ds C [Azzr + AZXS + O(Ait,&xs}[ux —[ux ]Iih
VT A :

where E is 3 x 3-dimensional unit matrix, from which the validity of inequalities (10)
follow.

Now, we will prove the last inequality of lemma.

Using formulas (1), (7), we estimate (J(u )*- 7 lu

)1, = Sl 5, )-0lr, ]
+ S5 (s ypirn,)- Fes, b, ) ,(y;,-)y,um)drds]l ,

=0 =0,
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taking into account inequalities (6), {10}, condition 11}, Lagrange’s formula, Holder’s
inequality, we get:

W, )- 1, [, )| < c,j\/zs’;: v a5+ Ol s oy~ ],

The proof of the lemma is completed.
Introduce the mappings
A U->U, , B U, »U

functioning by the rule:

A ), =~ {fult,s)deds

AtAs)

B, [ull,s): ¥, (r,s) eq.
Further, by following [2] and using analogous arguments based on the above
obtained results we can cite the following
Corollary. Let under the condifions of the lemma the discrete controls [u Y Je U,

be arbitrary, and u, = B, [u . ] Then the left sides of the inequalities of the lemma
converge 10 zero and for y - x, and the convergence rate is estimated by the quantity
C(a)‘/Azx! + Alzs + {Azxr; Azx s) (C >0 are constants).

If under the conditions of the control lemma #, =u, and Iu]z [Ax (u)] is a fixed

clement from U/, then the left sides of the lemma inequalities converge to zero for
¥ —» o=. But in this case the convergence rate estimate is absent.

Theorem 2. Let all the conditions of the lemma be fulfilled. Then a sequence of

difference extremal problems (7)-(9) will approximate in jfunctional the initial
minimization problem (1)-(4) in the following sense:

lim 7, =J". (14)
rem

Remark 1. In the convergence (14) we can indicate the one-sided estimate of the
convergence rate

T ST, +ClelJait + s + OaL 1, 8% 5).
Remark 2. In some classes of controllable systems (for example, in a linear

case), we can show the convergence rate estimate. In these case we are to modify
somehow the proof method of the lemma.
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