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ASYMPTOTICS OF THE WEIGHTED TRACE FOR THE FOURTH ORDER
OPERATOR-DIFFERENTIAL EQUATION

Abstract

In the present paper the asymptotic formula for the weighted trace of the 4-th
order differential equation with vperator coefficient is obtained.

l.et H be a separable Hilbert space. In space Lz[O,oo;H] let’s consider the
differential expression ‘
)=y + 00}y, 0gx<w N
and the boundary conditions
¥"(0)- 4y (0) =0, @
»"(0)- By(0)=0.

Let D' be totality of all four times continuously differcntiable functions y(x)
with values from D(Q), finitary at infinity and satisfying in zero the conditions {2} for
which Q{x)y{x) is continuous. Let D' be dense everywhere in L,(0,00;). In D' let’s
determine operator L': L'y=I(y),ye D', Operator L' is symmetric and positive

determined. We denote its closure by L. Under some assumptions, which we’ll reduce
below, operator L is self-conjugated and has pure discrete spectrum (see [3]).
Let Ay A5k, be cigen and ¢,(x), ,(x).¢,(x).. be corresponding

orthonormalized eigen functions of operator L. Let’s introduce the function N.\,(p)

N (u)= 3¢,

Apsid

where 1) = ?ﬂQ‘“ (x)o, (ﬂ)iJT dx,s< —;—

We’'ll call it the weighted trace of operator L. For s=0 it is converted to the
number of eigen values of operator L less than the given pumber g . Qur main problem

is to study the studying asymptotic behavior of the function N,{u) for y —»co.
We’ll suppose that the function Q(x) and operators 4 and B satisfy the

following conditions: :
1) Operators O(x) for almost all x e (0,0) are self-conjugated in H , moreover

for almost all x € (D,«0) they have general dense domain of determination

D(Q) in H forevery /e DIO)(QG)f, 1)>(f.1).

2) Operators 4 and B are self-conjugated, non-bounded, moreover
D(O)c D(4), D(Q)c D(B). For every feD(B) (~Bf,f)>(f.f), and
for geD(A){4g.g)>(g.g), where D(4) and D(B) are domains of
determination of operators 4 and B.

3} For all xe[o,oo)!%[|x'-‘3||: lim“A-K"‘[lu |im"K“3A-K”=0,

A—yaml A
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{[(fm_,K)z ~io AK| [ K} + :'a);AK] <Cy, jl=12

[, %)~ 0, 4K ico, K +iw;AK]}4C2, jd=1,2 and j %1,
where K = {Q(x)+ AL }% , { is a unit operator, A is a positive parameter,
@, O, are roots 4/-1 arranging in the upper half-plane.

4) Series i B2 M(x) converges for every x¢[0,©) and its sum

k=1
F,(x)e L,{0,0). Here B,(x) are eigen values of the operator ((x) in
increase order.
5) For [x~n<1 the inequality

o) ¢ [06)- ol @) < €4, 0<a<, €50

hoids.
6) For 1x—§|>1,

ofe)- exp{— LN (x)}

> < B ,IIQ"] (x)-Q(éHI{BZ , BB, >0.

In order to obtain asymptotics of the function N (u)} first they study some
properties of Green function of operator L. It was proved that Green function G(x,n,k)
of operator L satisfies the following integral equation

Glx,n,1)= Gy (e, 2)~ [Golx. 5.1 M0E) - o m s . @)
where U
Golxm..2) =M@5ﬁ!—w Y e o] @
is a Green function of the problem (1)-(2) with th;: }“frozen” in point & coefficient O{£).

Using conditions 5), 6) and integral equation (3) it is easy to show that for
A — o« the correlation:

| Q" (x)G(x.n,4) = @ (x)Go (x,m,x, A1 + oU)] 53
holds.

It holds the following:
Theorem 1. If conditions 1)-6) are fulfilled, then for A — o the formula

@ (\) o Ix

A, +Af 16 Tl )+ A"

holds.
Proof. By the fact that G(x,,A) is the kernel of operator R, =(L+ A1) we
can write

0,(x)= (4, + 2)Glen.2)p, (r)n

Applying the operator 0*(x) to both sides of this equality we obtain:
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0 (W), (x)= (2, + z)‘jg-v (G, 2o, )
Hence

2 o, (x) _ JQ ()G 0xm A, (n)dn .

A, +4

Taking into account that @ (x)G(x,n,l) behaves asymptotically as O (x)G,(x.n,1),
then for A — o we obtain

2 ko, _ ~ o (2

/l + A
Hence

lor e, "

(A, +AY

where a, = Q" (x)G(x,7. L), (m)dn .
4]

Integrating the both sides of (7) on the half-axis, and then summing them we

~Janl, (7)

obtain:

5(1 /’L)2 ®

The expressions for a, remember Fourier coefﬁcnents for operator-valued function

Q‘(x) G,(x,7,A) by orthonormalized system {(p"(x)} Then by Parseval’s equality we’ll
have

Z||a I = [3r2,Cem, i, (9)

n=1 - o =l
where 7, (x,7,4) are diagonal elements of the matrix corresponding to the operator

0*“¥G{x,n,4} in the orthonormalized basis composed of eigen vectors 8, (x) of the
operator O(x)., i.e.

¥ -3 4
)= BallBu @)+ AT & et L 1)),

Vot (x! mA .
4j k=1

Then from (8)-(9) we obtain the correlation (6). Theorem has been proved.
Correlation (6) is main for obtaining the asymptotic formula for weighted trace

N ().

With this purpose let’s introduce the monotone functions

o) = mes{f (x)< i}

Assume

()= | a2 g ()
o )= f(u— vy da ().
0
Then it holds the following:
W2 prld T2 “]dcpﬁf’(p)
16 3{8,(x)+ A" 1*(%).1*(%)0(!‘*1)2

(10)




-

*

Asymptotics of the weighted trace 19

Indeed,
u
d L4 2.¥d 0] .
d [J (]J,) ocr (!LU V) yvao (v)—._l-ajd:m u—3f4du jl_vz"do-{‘.}(v):
D(p+l) .;' (p+2.)2 47 0(v+u+/1)2
g 2‘dU{'J(v 7 [S] [7)°°v2"'dc(’)(v)
sdz =T = |- T| — | |-~
4J s A" Sy e e

From (6), (10) it follows :
i o) _paNdw) W2 rdcpg(u)
= (3, +,1)2 $u+ AP 161“(5} [ ) H

()

Here o,{u)= }:cp O(p).

In order to obtain from (11) the asymptotic formula for N, (p), with help of M.B.
Keldysh is Tauber theorem {4] we must put on functions o, (,u) the following restrictions.
There exist such positive constants ¢ and S that for sufficient large u the
inequalities:
a o)< po, (1) < Bo, (1) (12)
are fulfilled.
Thus, the following main theorem has been obtained.
Theorem 2. Let the operator function (x) and operators A and B satisfy

conditions 1)-6). Suppose in addition the conditions (12) are fulfilled.
Then for g —» oo the asymptotic formula

R A P E TS

16| ~ 21 7] e
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holds.

References

[1]. Kocmodenko A., Jleeutan B.M. 06 acumnmomuveckom nogedentin cobomeennuix
sHayentt onepamopholi saoaunr Limypma-JTuyswins. PyHKLLAHATIH3 M €70 NpRANOK., 1967,
BbifL |, ¢.86-96,

[2]. Acpanos T.H.  Acumnmomuxa wucna  cobemeeHHBX  3HQUENUlT  OOBIKHUBEHHBIX
ougbthepenyuannvix ypaauenuti ¢ onepamopuuimy kosgp@uyuenmavy na noryocu. Jloxmags
AH A3ep6.CCP, 1976, 1.32, Ne3, ¢.3-7.

{3]. Hcmaunos C.M. Pezonveenma O8y4TeHHOz0 OREPAMOPHOZO YPABHEHUR YeMBepmozo
HOpAOKA WA ROAYoCH  © ONEPAMOPHEIMN  Zpanuwnumu  yorosuawy.  Marep. VI
Pecrry6.kont.Mon.yueH, no mMat.H MeX. (Baky, 6-8 Man 1985r.), Baxy, 1985, c.86-89,

{4]. Kenprim M.B. O8 oonoii maybeposoit meopeme. TpyIpl MaT.uH-Ta uM. B.A Crexnosa AH
CCCP, 1951, 38, ¢.77-86.




20 Aslanov G.I., Guseynov 2.G.

Asfanov G.I,, Guseynov Z.G.
Azerbaijan Technique University.
25, H.Javid av., 370073, Baku, Azerbaijan.

Received November 25, 1998; Revised February 14, 2004,
Translated by Soltanova S.M.






