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NUMERICAL SOLUTION OF THE BOUNDARY VALUE
PROBLEM WITH THE INTEGRAL CONDITION

Abstract

In this paper the boundary value problems with the integral condition are
investigated numerically.

In the work some boundary-value problems with the integral condition are
numerically solved by Riccati transformation [1] method.

1. First let’s consider the boundary-value problem with the integral condition for
a linear differential equation of the first order

y' = afx)y + b{x) (0<x<T), ()
T
falsiskds =, .
4]
Let’s consider the function
2(x) = fols)(s)es
0

Then boundary-value problem (1) is equal to the following problem
' = alely +blx),
Z{x)=alx)y(x), 0<x<T, (2)
Z(O) =0, z(T] =%, .

Let’s divide segment [O,T] into N equal parts with step A= —;—-; O=x,<x <..<xy=h

and consider the difference scheme [2]:
Vi =+ ha))y, + hb,,
2, =z +hay, (i=0]..,N-1), (3)
zy=0,2zy =¥y,
Here a,=aly;), b, =b(x,), &, =a(x,}. We'll search the solution of difference scheme
(3) in the form
z, =Ry +4§,. (4
Then z,, =Ry, + S
Taking into account relation (3) we have
Ry +8, +ha,y, =R, (1+ha,)y, + R b, +8

IES ]
5
R =R, (0 +ha)~ha S =8,+hR b (i=0)..,N-1). )

1+1%t
Let’s take i = A in equality (4), then taking into account relation z,, =y, we have
R,'\-" '-5-50, AS‘N = }/0 -
By these values from equality (5) we find R,_,, S, .....&%,S,. By the known
values R,S; and from the equality z; =0 we determine y,. Further, the values of the

solution at other points of the net are found.
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2. Now let us consider the boundary-value problem for the equations of the
second order:
¥ =alx)y +b(x)y + clx) 0<x<T,

y(0)=7,. (6)
Jolo ks = .
Introducing the denotationos
=V )= falolekis

for the given problem we have the difference scheme:
Y =y, +hV,,
Vi =+ ha )V, + hby, + he,,
z, =2 +hay, (i=0L.,N-1)

Vo=Yes 20=0, zy =7;.

(N

The solution of this problem is sought in the form
z;=Ry +pV, +85,.
Then
Za =RV t PV + 8-
Taking into account relation (7) we obtain
Ry, +pV,+ S +hoy =Ry, +hR V, +
+paV, +hapV, +hbp.y, + Ap e+ S,
R =R, +hbp,  —ho, p=hR,+p.,+hap,,
8. =8, +hp,c. (i=01,..,N-1).
Further from the equality
Ryyy + onVy + Sy =74,
we have
R,=0,p,=0,8,=y.
By the known values R, ,p, .S, wefind Ry, p., Sy, Rg, 20,8 .
The unknown value y, is found by the values Ry, p,,S, found from the equality
z, =Ry + py +8, for i=0, The values of the solution and its derivative of the first

order at the nodes of the net are determined with help of equality (7).
3. Finally let us consider the analogous boundary-value problem for the
equations of the third order

v =alxy” + blx)y +clx)y + f(x) 0<x<T,
}’(0) =Yo-
y(©)=7. (8)

fels sk =

Introducing the denotations

V=V, V' =u, z(x)-—t :Ia(s)_x’(s')ds,

the boundary-value problem (8) will be equal to the boundary-value problem
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' = alxhu + b(xW + elx)y + flx) 0<x<T,
y' =V,
V'=u,
#(x) =a(r(x), )
H0) =7y, ¥(O0)=7,,
z=0, z(T)=y2
The difference scheme for this problem is such:
wu,, =(1+ ha u, + bV, + he,y, + hf,,
Vo=yv,+hV, (i=12,.,N-1),
Va=Vi+hu,, yo=74 Vo =71
Zig =2, +hay, z,=0,zy=y,.

(10)

The solution of this scheme we seek in the form
z;=Ru, + Py, +QV, +8§,. (11)
Then

Za= R:‘+Iuh-l + P+1yH1 + QH-IV +S

Here taking into account the relation (10) we’]l obtain
Ru, + Py, +QV + 8 +ha,y, =R, (1 + ha Ju, ~ R, WbV, +

+1

+ h‘RHIca'y.' + hRHlj; + Pf’+1y:' + hﬂ I/ + QHIV + hQ&}uI + ’Sn-l .
(R, — R, (1+ha)—hQ,  Ju, + (P +ha, —hR c,— P, )y, +
+{Q, —R B, —hP ~Q W, =hR  f +8., -85,

) T e+l i+

Hence we have
R =R, (1+ ha,)+ hC
P = —ha, + hR

? r+l Cis

Q, =R kb, + A, +Q

=+ i+l i+l =

S, =8, +AR

1+l 11 s

i+

=+l

(12)

Let’s assume /=N in the equality (11), then we have
Ryuy +Pyyy +Qu¥y +Sy =v,.
Hence we have
Ry =Py =Qu =0, Sy=7,.
By these values the values R, ;. P, ,.Q, .Sy, ./, F,,Q,, S, are found from (12).

By the found values R,,#,Q,.S, and by the given values y,.V, for i=0 u, is
found from the equality (11). Further the solutions of the boundary-value problem and
their dertvatives of the first and second order at the nodes of the net are found from
equalities (10).

Thus it holds the following

Theorem. Let boundary value problem (6) has a unigue solution. Then the

approximate solution obtained by formulas (10) converges to this solution with velocity
i
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